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Abstract

The QCD Axion is an excellent dark matter candidate, while originally introduced to explain CP
conservation in strong interactions. Axions could be detected usingheir conversion to photons at
boundaries between materials of di erent dielectric constants in astrong magnetic eld. Combin-
ing many such surfaces (booster), one can enhance this conversion digantly using constructive
interference and resonances (boost factor). The proposed "MAgnetizedisk and Mirror Axion
eXperiment' (Madmax ) containing approximately 80 high dielectric disks with 1:25m diameter
in a 9T magnetic eld could probe the well-motivated mass range of 40{400 eV, a range which
is at present inaccessible by existing cavity searches. Previgustudies rely on an idealized lossless
1D model of the setup and lack experimental veri cation. This work hence validates the concept
under more realistic boundary conditions using simulations along withan experimental setup and
thereby derives important implications from systematic uncertainties on the boost factor.

To this end, we upgrade the previous 1D calculations to a numerically eient three dimen-
sional description of the system. We investigate diraction, near elds as well as axion-velcity
e ects. We derive central implications for experimental design. We nd that for the considered
benchmark system the disks need a dielectric loss below tan 2 10 4, be tilted less than
100 m over their diameter and have a atness better than 2 m root-mean-square. Moreover,
crucial parameters for antenna and magnet design are deduced. We also makeggestions on how
to optimize the design with respect to 3D e ects to maximize sendivity in the nal setup.

In addition, we explore the calibration and optimization process of the lpost factor using
re ectivity measurements. In order to validate the concept expeimentally, we present a proof
of principle booster consisting of a copper mirror and up to ve sapphie disks. The mechanical
accuracy, calibration of unwanted re ections and the repeatability of a basic tuning algorithm are
investigated. The electromagnetic response in terms of the group defapredicted by the models
is su ciently realized in our setup. The boost factor frequency and amplitude repeatability of the
tuning is at the percent level, and would have negligible impact on sesitivity.

Besides, we discuss how axion haloscopes can be made directionally Stwve to the axion
velocity distribution. This would not only lead strong evidence for its nature as dark matter, but
also enable a new era of “axion astronomy".

In summary, this work lays out one of the rst coherent studies of sysematic e ects for
Madmax and design requirements therein. The presented results form # basis for a full under-
standing of the Madmax booster and its corresponding systematic uncertainties, which igrucial
for a successful run of the experiment. This work is also applicabléo other haloscope experiments
ranging from dish antennas, other dielectric haloscopes to even neuwn star observations.
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Zusammenfassung

Das QCD Axion ist ein exzellenter Dunkle Materie Kandidat, der auch CP Erhaltung in der starken

Wechselwirkung erkiaren warde. Axionen kennen detektiert werden durch ihre Umwandlung zu
Photonen and Grenzachen zwischen verschiedenen Dielektrikan starken Magnetfeldern. Indem
man viele solcher Flachen kombiniert (Booster), kann die Umwandlurg signifkant versiarkt werden

durch konstruktive Interferenz und Resonanzen (Boostfaktor). Dasvorgeschlagene "MAgnetized
Disk and Mirror Axion eXperiment" ( Madmax ) enthalt etwa 80 dielektrische Platten mit 1:25m

Durchmesser in einem 9T Magnetfeld und kennte den gut motivierten Massenbereich von 40{
400 eV testen. Bisherige Studien basieren auf einem idealisierterverlustfreiem 1D Modell des
Aufbaus und es fehlt eine experimentelle Umsetzung. Daher validié diese Arbeit das Konzept
unter realistischeren Randbedinungen mit Simulationen und eine experimentellen Aufbau. Dabei
werden wichtige Implikationen far systematische Unsicherheien des Boostfaktors abgeleitet.

Dazu generalisieren wir die bisherigen Rechnungen zu einer numsch e zienten dreidimen-
sionalen Beschreibung. Wir studieren Di raktions, Nahfeld- sowieAxion-Geschwindigkeits-E ekte.
Die dieletrische Platten im untersuchten Vergleichssystem massen dielektrische Verluste von weniger
als tan 2 10 * aufweisen, weniger als 100m uber ihren Durchmesser verkippt sein und eine
Ebenheit besser als 2m (mittlere quadratische Abweichung) besitzen. Damber hinaus blgern
wir zentrale Parameter far Antennen- und Magnet-Entwicklung. Au er dem schlagen wir vor, wie
die Sensitivitat im Hinblick auf 3D E ekte weiter optimiert werd en kann.

Damsber hinaus untersuchen wir den Kalibrations- und Optimierungsprozess des Boostfaktors
mit Re ektivimtsmessungen. Zur experimentellen Validieru ng prasentieren wir einen Demonstator-
Aufbau, der aus einem Spiegel und bis zu fanf Saphirplatten besteth Die mechanische Genauigkeit,
Kalibration unerwdnschter Re ektionen und Wiederholbarkeit ei nes einfachen Tuning-Algorithmus
werden untersucht. Die elektromagnetische Antwort im Hinblick auf die von Modellen vorherge-
sagte Gruppenlaufzeit ist ausreichend realisiert. Die Boostfaktdirequenz und -amplitude sind auf
dem Prozentlevel reproduzierbar, was vernachlssigbaren Ein us auf die Sensitiviat hatte.

Daneben diskutieren wir Axion-Haloskope, welche auf die Geschwindkeitsverteilung von Ax-
ion sensitiv sind. Solch ein Aufbau kennte nicht nur pnafen, ob ein detektiertes Axion sich auch
wie Dunkle Materie verhalt, er warde auch eine neueAra der "Axionenastronomie” einfauten.

Zusammenfassend legt diese Arbeit eine der ersten koheranten Stien systematischer E ekte
in Madmax und der Designanforderungen daraus dar. Die prasentierten Ergebnge bilden die
Basis fur ein vollstandiges Verstandnis des Madmax Boosters, unerlasslich far eine erfolgreichen
Umsetzung. Diese Arbeit ist anwendbar auf andere Haloskope, wie Dish-Aennas, andere dielek-
trische Haloskope bis hin zu Neutronenstern-Beobachtungen.
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Conventions

In this work we use natural units ~ = ¢ = 1 and Lorentz-Heaviside convention with the ne-
structure constant = €*=4 with e the elementary charge, unless denoted otherwise. When
we refer to velocities, we like to write down the factorc for clarity. Note that in this units also
the vacuum permittivity ¢ is unity. For convenience, unless the time-dependency is dened
explicitly, we will use complex, time-harmonic elds (also called phasors) for all elds, i.e., we
explicitly leave out the time dependency of all elds and assume itto be exp( ilt ). The physical
elds are obtained from the phasors by multiplying with this factor and taking the real part.

We denote the complex conjugate of any quantityx with a star, i.e., x , and &, is the unit
vector in y-direction.

Finally, since in dielectric haloscopes the relevant electric éds are essentially polarized in
the same direction than the external magnetic eld, we will sometimes only refer to the scalar
guantities E and B instead of the vectorsk ;B . This implies that the vectors point in y-direction
and have magnitudeE or B, respectively.
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Chapter 1

The Dark Matter Axion

Many astrophysical observations are indicating the existence of cold d& matter (CDM) { a non-
radiating and weakly interacting massive component of the universe [11]Iit makes up 27 % of
the total energy density in our universe [12], and is expected to form &alos around galaxies giving
rise to a local CDM density around Earth at the order of 0:45GeVcm 2 with abundant
astrophysical uncertainty, cf. e.g. [13{16]. While axions have been origially proposed to explain
combined charge and parity conservation in strong interactions|[17{19], theyhave been found to
also be an excellent candidate particle to make up CDM) [20{30].

Hence, there is great interest in building experiments to diretly detect axion dark matter,
for a review cf. [31{33]. In this thesis we discuss the realization of a mmising new concept to
directly detect galactic axions: the dielectric haloscope [34]. Let ugst brie y review axions, their
cosmological production and the local CDM velocity distribution, as these topics give important
implications for direct detection. For a more comprehensive revievef. e.g. [32,35] for axion physics
and [1] for the local dark matter velocity distribution.

The QCD Axion

The Lagrangian of strong interactions contains a term which violates charge andoarity (CP)
conservation, given by

L= g G €& | (1.1)

where ¢ is the strong coupling constant, 2 ( ; ) is an angular constant and G is the
gluonic eld strength tensor with its dual &. Such a CP-violating term would manifest itself
for example in an electric dipole moment of the neutrond, /  [36]. However, measurements
constrain jd,j < 3 10 3efm [37{40] with the electron chargee, which implies

jj<2 10 (1.2)

In fact, isthe sum of two contributions, one from the -angle de ning a gauge invariant QCD vac-
uum, another from the common phase of the quark-mass matrix. Thus, it is gtremely surprising
that these two contributions cancel out so precisely: the so calledgtrong CP-problem.

One elegant solution introduced in [41} 42] realizes that the vacuum engy density of QCD
is minimized for = 0. Thus, by promoting to a eld, ! a(x;t)=f, with the axion decay

5
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Pre-In  ation Post-In ation

Our Universe:

Cosmic axion Cosmic axion
Random 6,  string

TN
e

Figure 1.1: Schematic sketch of di erent axion dark matter production scenarios: in the left
scenario Peccei-Quinn (PQ) symmetry breaking happens before casc in ation, such that a patch
with a single, homogeneous initial misalignment angle ; is in ated to be our whole observable
universe. In the right scenario PQ symmetry breaking happens aftein ation leading to much
more inhomogeneous initial conditions. Adapted from |[46].

constant f,, this eld can dynamically relax to zero. This corresponds to a new glolal U(1)pq
symmetry, called Peccei-Quinn (PQ) symmetry, spontaneously boken at energy scald ;. Excita-
tions of this new eld represent a new pseudo-Nambu-Goldstone boson:he axion [43|44], while
its mass today is given by [[45]

10*? GeV

mg, 57 eV — (1.3)
fa

Axion Cosmology

Since the initial misalignment angle ; at the time of Peccei-Quinn (PQ) symmetry breaking
determines the initial amplitude of the oscillations in the axion eld, it sets the energy density
in the axion eld. Hence, the observed dark matter abundance gives the equired axion mass.
Thus, the cosmological production of the observed dark matter abundance ofixions depends on
whether the PQ symmetry is broken before or after cosmic in ation, outined in gure At
the time of symmetry breaking causally disconnected patches of the niverse have independent
initial ;. If the symmetry breaking happens before in ation, in ation will ex pand one of these
patches to be the whole observable universe today. Sincg is unknown, the axion massm,
is relatively unconstrained belowm, . 10 2eV [33]. In the post-in ationary symmetry breaking
scenario one has to perform a complicated average over the inhomogeneongial conditions giving
rise to axion domains walls and cosmic strings. This scenario restristthe axion mass to roughly
25 eV. my. 1meV [25/26)29,47{50]. In addition, the inhomogeneous initial conditions lead
to additional dark matter substructure in the form of dense axion dark matter clumps, so called
axion “miniclusters'. For more details on these objects, see e.g. [32,&P].

The Local Dark Matter Velocity Distribution

Apart from the local CDM density, the CDM velocity distribution is important for direct detection,
and, as we will see later, axion direct detection experiments may @n be able to measure this
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Figure 1.2: Local dark matter speed distribution. The SHM is shown as a ba black line, the
tting functions of Mao et al. [53] as a red line and Lisanti et al. [54] as a greenline. The speed
distribution obtained from measurements of RAVE stars for two di ere nt metallicities [65] is shown
in purple. Adapted from [56].

velocity distribution. The model most commonly used is a spherially symmetric isothermal halo:
the standard halo model (SHM) [57]. Its velocity distribution in the lab frame is given by

1 V. Viapj? ( Vesc ] Vj) .
@ 2P T2 New

f(v)= (1.4)
where vy, is the lab velocity in galactic coordinates with jvi;,j 220kmst, , 156kms?
is the velocity dispersion, is the Heaviside theta function, Vesc 600kms ! is the galactic
escape velocity [[58] andNesc is @ normalization constant. Clearly, this velocity distribution is
oversimpli ed. While N-body simulations, e.g. [59, 60], and results from stellar surveys [55, 61]
point to necessary modi cations of this simpli ed picture, as shown in gure [.Z] the SHM is a
good benchmark to compare di erent direct detection experiments

Moreover, there exists substructure within the CDM halo. For exanple, streams, cf. e.g.
[62{64], can comprise an additional component on top of the above velocity distbution with
rather narrow velocity dispersion, i.e., add additional peaks to thespectrum [65]. A stream can
be parameterized analogous to the Maxwellian distribution above as

1 jV Vstr Vlabj2
55 3= EXP ;
(2 étr)g_2 2 gtr

fsu(v) = (1.5)

where v, is the velocity of the stream in galactic coordinates and ¢ O (10kms 1) is the ve-
locity dispersion of the stream. Besides streams, other possibleisstructures have been discussed
in literature, such as dark disks [66]. In the dark disk scenario the drk matter would be comoving
with the frame of the Solar rotation around the galactic center, which would enhance the local
velocity distribution at low speeds. Finally, axion miniclusters could be tidally disrupted by stars
in our galaxy and form a network of streams with much smaller radii than the greams discussed
above [67]68]. For a direct detection experiment these “ministreamsvould show up as strong
temporary enhancements over time scales of hours to days.
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Axion - Photon Hidden Photon - Photon
Coupling Kinetic Mixing
a Y X 8
B

Figure 1.3: Feynman graph of the conversion of an axion-like particle to a phain under an external
magnetic eld (Primako e ect) as proposed by Sikivie [69], (left), and the analogous process for
a hidden photon kinetically mixing with the photon (right).

Axion Phenomenology for Direct Detection

Let us now consider how to detect axions. The low-energy e ective Lagangian leads to an inter-
action of the axion with two photons, given by

L, = g%aF B =g, aE B; (1.6)
whereg, is the axion-photon coupling constant, E is the electric eld, and B the magnetic eld.

The axion-photon coupling constant is given by |[45],

Ca 14 1 My
= — 2.0 10 GeV
% =35 7. € 100 eV

Ca ; (1.7)

whereC, is a model-dependent constant usually assumed to be of order one. Fdreg KSVZ [70|71]
and DFSZ |72| 73] benchmark axion model$C, jis 1.9 and 0:7, respectively.

While the solution to the strong CP-problem is a compelling motivation for the QCD axion,
treating g, as a free parameter independent of QCD leads to so-called axion-like pgigles (ALPS).
In this case there is no xed relation betweeng, and f,. Thus, limits on axions and ALPs are
often compared in the plane axion-photon couplingg, vs. axion massm,.

The coupling to photons can be tested using the Primako e ect, shavn in gure Ieft),
by providing one of the photons with an external magnetic eld, and obsewring the conversion of
axions to photons as suggested by Sikivie [69]. This process is analogous treetkinetic mixing
of hidden photons with photons [74]. In fact, considering the strength ofthe kinetic mixing
parameterized by , the conversion probability of a hidden photon to photon is the same than
the conversion probability for an axion to a photon under the external magnéic eld B, when
replacing ! g, jBj=m,. For more details on the phenomenology of hidden photons we refer the
reader to e.g. [75, 76].

Notice an important consequence for direct detection from energy conseation. As we have
discussed above, CDM moves non-relativistically with a velocig of v 10 3cin the lab frame and
hence the energy of axion CDM particles is given to very good approximabn by their rest mass
m,. Therefore, due to energy conservation, the (angular) frequency = 2  of the converted
photons directly resembles the mass of the dark matter particle, wHe the frequency linewidth is
given by the velocity distribution and thus a 106 .
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Figure 1.4: Exclusion limits on axion-like particles in the plane photorrcoupling g, against mass
m,, reprinted from [[77]. The light green regions are excluded by direct dtection experiments, the
upper yellow region are excluded by light-shining-through-wall exgriments, the purple region is
excluded by searches for vacuum magnetic birefringence, the uppélue regions are excluded by
helioscope experiments probing the axion ux from the Sun, and the gra regions are excluded
by astronomical observations. The diagonal ocher band indicates the range of/pical QCD axion
models such as KSVZ and DSFZ. For more details seg [77].

Axion Detection Landscape

A comprehensive review of most recent limits for axion-like partices, as well as a summary on
current constraints also on hidden photons, can be found in [47]. Here waimnmarize the essentials.
The limits on axion-like particles in the plane (gy ; M) are shown in gure . The various colored
regions correspond to exclusion limits from di erent experimentale orts, while the diagonal ocher
band denotes the region where the QCD axion is expected. The width ofhis band depends on
predictions for C; from di erent models. Searches for vacuum magnetic birefringence(MB),
light-shining through-a-wall (LSW) and helioscopes [3%, 78] probe the comimiation of the inverse
Sikivie process and the Sikivie process: While axions are rst prduced either inside a strong
magnetic eld in the lab or within the Sun, they can reconvert to photons in a magnetic eld in
the lab. These photons are afterwards detected. Thus, these expemnients probe all axion masses
smaller than the energy of the initial photons, which makes them sensive to a broad range of
axion masses. However, for the expected mass range of axion dark matter belo meV, these
experiments lack su cient sensitivity in g, to reach the QCD axion band.

This caveat can be overcome by haloscope experiments aiming to dite detect axions in the
local CDM halo. These approaches rely on the conversion of galactic axions tohptons using
the Primako process, which can be resonantly enhanced by providig a high-Q resonant cavity
whose resonance frequency is matched to the axion mass [69, 79]. Most notgbthe ADMX
collaboration has excluded parts of the QCD axion band with this approach|[80]but also other
e orts such as HAYSTAC [31] provide some of the most sensitive limits. Qearly, the downside
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of this approach is the fact that the cavity needs to be tuned to the axbn mass, which leads to
a rather narrow sensitivity for di erent axion masses. In addition, higher axion masses lead to
higher resonance frequencies and thus smaller photon wavelengths.h@&refore, at higher masses
one needs to reduce volume of resonant cavities to still match the walength of the converted
photons. In addition, the quality factor of resonant cavities roughly scaks inversely with the
surface-to-volume ratio of the cavity. Both e ects decrease sensitity for higher masses. This
fact roughly limits this approach to . 40 eV, unfortunately just about the lower end of the mass
range preferred by the post-in ation symmetry breaking scenario. Herte, a variety of di erent
concepts to generalize the cavity setup to use higher modes in larg@olumes have been proposed
and are being prototyped, such as cavities with multiple coupled cks, e.g. pizza cavities|[82] or
RADES [83], cavities with dielectrics, e.g. |[[84, 85], or simply the ida to scan in parallel with
multiple separate cavities, e.g. ORGAN [86].

An alternative approach to cavity setups is the dish antenna [[76]. Plaang a metal mirror
inside a strong magnetic eld, CDM axions can convert to photons on its suface, generating an
emitted power of 10 2’ Wm 2 for a magnetic eld of 10T, independent of the axion mass.
While this allows for a broadband measurement also at high masses, for sgre-meter-scale mirror
sizes and 10 T magnetic elds the emitted power is still not enough to each competitive sensitivies
with realistic setups. The recently proposed dielectric haloscop [34|87{89] brings together both
approaches by placing multiple dielectric disks in front of such a netal mirror (booster). In this
case, each dielectric disk coherently emits electromagnetic radiain, which can interfere construc-
tively within the setup and excite resonances between the dieldric disks. These two e ects give
rise to the power boost factor ? which is de ned as the power emitted by the dielectric halo-
scope and a dish antenna of the same surface area. Calculations |[34] indicdltet this approach
could indeed be sensitive to the QCD axion in the mass range motivatedybthe post-in ationary
symmetry breaking scenario.

This led to the foundation of the Madmax (MAgnetized Disk and Mirror Axion eXperiment)
collaboration perusing to realize such a dielectric haloscope [[2]. Thithesis contributes to this
eort. Thus, in the next chapter, we review the dielectric haloscope concept in more detalil,
discuss theMadmax sensitivity goals and introduce the physics challenges which we argoing to
tackle within this thesis.

In short. The QCD axion is a very well-motivated candidate for cold dark matter and also explains
the absence of CP-violation in strong interactions. Large parts of the allowed parameter space for
axions remain unconstrained. In particular, the scenario in which tre PQ symmetry is broken after
in ation prefers a mass range unexplored by any direct detection expement so far. Dielectric
haloscopes, such aMadmax , are a promising concept to explore this range.



Chapter 2

The Dielectric Haloscope

In order to understand the dielectric haloscope in more detail, we st briey review axion-

electrodynamics and the boost factor. This also lays the analytical bas for the calculations pre-
sented later on. Afterwards, we sketch the baseline design and setigity prospects for Madmax

and introduce the challenge of quantifying boost factor uncertainties tackled in this work.

2.1 Experimental Concept

Axion Electrodynamics

The axion de Broglie wavelengthis ¢qg = 2 =(mav) 10m due to their non-relativistic velocity

v O (10 ®) and small mass. Comparing the local CDM abundance ;  0:45GeVcm 2 with

the axion massm, 100 eV, one nds for the local number density of axions 5 107* .

Therefore, it is su cient to treat CDM axions as a classical eld and we may just solve the classical
equations of motion following from the axion-photon interaction in . Further assuming a
constant, static external magnetic eld B¢, the axion modi es Maxwell equations by adding axion-
induced e ective charge and current densities|[90, 91], leading to tb so-called axion-Maxwell
equations. Explicitly,

r B = + 4 (2.1a)
r H E = J+J,; (2.1b)
r B = O0; (2.1¢)
r E+B = 0; (2.1d)
& r2a+mia = g E Be; (2.1e)
with
a = Oa Be 1 & (2.1f)
Ja = Oa Bexy (2.19)

where and J are the electric charge density and current respectivelyE and B the electric and
magnetic eld, the dielectric constant and H = B the macroscopic magnetic eld, while

11
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Figure 2.1: Sketch of axion-photon conversion in the classical eld pictue. The vertical axis
corresponds to scaled eld strengths, the horizontal axis is a spatial @ordinate. In an external
magnetic eld B, (denoted by the green arrows) the axion eld a (dashed green line) sources
an axion-induced electric eld E, (solid blue line) given in equation ). This eld follows the
spatial dependency of the axion eld and is inversely proportional to the dielectric constant , which
leads to a discontinuity (red arrow) at the boundary of a dielectric (gray area). It is compensated
by electromagnetic (EM) waves emitted from the boundary (blue waves on the bottom, shifted
downwards for clarity).

in the following we assume = 1. The refractive index is thus n = pf. Here H is without
the contribution of B and J respectively without the current needed to generateB .. Plugging
equation (2.1d) into equation (2.1H) after taking the time derivative of t he latter, we arrive at the
modi ed wave equation

r 2E+r(r E)+ @ E = @la: (2.2)

Let us for now assumeB, to be constant, anda / exp( im,t) spatially constant which cor-
responds to the zero-velocity limit of the axion. Then, this equaton is trivially solved by the
so-called axion-induced electric eld

. o 1=2
Be JCa ifpy .
10T '

Ga Be Be

Ea(t) = a(t) 1:6 10 2 v=m (2.3)

wherefpy is the fraction of CDM made up by axions.

Further, the homogeneous Maxwell equations are unchanged. Thus, thesual electromagnetic
boundary conditions for E and H elds remain, i.e., on boundaries of two media with di erent
dielectric constant their component parallel to the boundary must be continuous. However,
equation ) suggests a jump of the axion-induced electric eld on sut a boundary. In order
to ful Il all axion-Maxwell equations, electromagnetic waves must be emitted from the boundary
compensating this discontinuity [7€], as sketched in gure[2.1. Theiramplitudes are
1N2

n
21 E,= E*—Y2% ;. Hy,= E.—2—; (24

E]_ =+ Ea ; il
12+ 2N 12+ 2N ' 12+ 2N

with  Ez =(Ea2 Eg1) is the dierence of the axion-induced eld in both media and n; = P i
the refractive indices of the media. Assuming that the external magnéc eld B, is parallel to
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Figure 2.2: Madmax idea: Each interface coherently emits electromagnetic radiation dued the
presence of the axion eld. Depending on the axion mass and the disk platents these may
interfere constructively and “boost' the emitted power comparedto a single mirror setup by 4 5
orders of magnitude. Taken from [[34].

the boundary, this leads to an emitted power from the boundary of

Be 2 A

P =3:3 10 ?w A
10T 1m?

f( 1, 2) Cg fDM . (25)

where A is the interface area between the dielectrics and typicallyf ( 1; 2) 1, depending on the
dielectrics. If one uses only a perfect mirror (= 1 ) in vacuum this givesf (1 ;1) = 1, where this
approach is known as the dish antenna haloscope [76].

Power Boost

By employing many dielectric disks in a strong magnetic eld B¢, each surface emits this radi-
ation coherently, as long as the axion coherence length guaranteed by its d&roglie wavelength

@ 10 (with the photon wavelength ) is greater than the size of the setup. By placing the
disks accordingly, those contributions may interfere constructively while also internal re ections
may resonantly enhance the emission of electromagnetic waves, bothalding to a total emission
much higher than what would be expected from a single surface. The pasv boost factor ? is
de ned as the ratio between the power emitted by the booster and tle power emitted by a single
perfect mirror. Notice that 2 is a function of frequency and can be manipulated in practice by
changing the disk positions. If not denoted otherwise, the term poweboost factor, or sometimes
just boost factor, refers to the power boost factor curve as a functionof frequency. Moreover,
in this thesis we call the assembly of dielectric disks in front of ametal mirror within the exter-
nal magnetic eld “booster’, while the dielectric haloscope always emprises the full experiment,
including the cryogenic housing, the antenna and the receiver. Theotal power emitted by the
booster is

() Be ® A a c? -
5 104 10T 1m? 045GeV=cm® 2 '

P()=1:6 10 W (2.6)

Note that within this thesis we will take 3D e ects and the coupling to an antenna into account
for the calculation of the boost factor, where applicable. In practice, he power boost factor 2
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Figure 2.3: Example broadband boost factors covering a boost factor bandwiti of 250 MHz for
20 LaAlOgzdisks, =24 and d = 1mm, for a set of six di erent disk positions corresponding to
the di erent colors. In each case the positions are randomly varied witha standard deviation of
15 m and plotted on top of each other. Adapted from [2].

is hence de ned as the emitted power, after taking above e ects ito account, compared to the
total power emitted by an ideal mirror with the same area as predicted fom 1D calculations. We
sometimes also refer to the “amplitude boost factorj j, which is the square root of the power
boost factor and in 1D corresponds directly to the enhancement of the ettric eld compared to

an ideal mirror. It is not to be confused with the (power) boost factor amplitude, which we use
to quantify the maximum of the boost factor curve.

By optimizing the dielectric disk distances the frequency reponse of the boost factor can
be controlled. Generally, the boost factor is large at frequencies whie the disk distances are
around =2, with the photon wavelength . Besides the frequency position, it is relevant to
also consider the frequency bandwidth (in the following just bandvidth) in which the boost
factor is maximized (boost factor bandwidth). For larger bandwidths a larger variance in the
disk distances is required. For a broadband scan over various frequeigs, i.e., axion masses,,
a boost factor curve similar to a top-hat response is ideal. By numerially optimizing the disk
positions, one can nd such solutions approximately, as shown for exampl gure .3, For each
boost factor curve the positions of the disks were randomly varied wh a standard deviation of
15 m and plotted on top of each other.

Importantly, the area under the power boost factor curve R d is approximately conserved
when changing the disk positions (area law) and proportional to the numier of dielectric disks.
While for integrating over 0 1 this holds exactly, it is still a good approximation in the
region containing the main peak. Therefore one can trade bandwidth with pwer boost by changing
disk positions, but not simultaneously gain in both. We will review this and other important
properties of the boost factor in some more detail later in chaptef }4.
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Figure 2.4: Baseline design of theMadmax experiment: The magnet coils are shown as red
racetracks. The booster consists of the mirror (copper disk at the far éft) and 80 dielectric
disks and is shown in green. Its emitted power is steered by a fasing mirror onto a horn
antenna (yellow) connected to a cryogenic preampli er inside a sparate cryostat. Not to scale.
Adapted from [@]

BesidesMadmax this concept is also found in other experimental proposals to search faxion-
like particles. Among them are ORPHEUS [92] 93] and DALI [94] which are designedof similar
mass ranges adMadmax . In addition, the LAMPOST experiment [ uses a similar approach in
the eV (optical) range.

2.2 The Madmax Experiment

Based on the idea of the dielectric haloscope thtMadmax collaboration was founded in Octo-
ber 2017 with the goal to search for QCD axions in the mass range between 4@V (10 GHz) and
400 eV (100 GHz). A detailed description of the status of the project and reent achievements
can be found in @]. Here we summarize the essentials relevant for thivork.

Baseline Design

The baseline design ofMadmax is outlined in gure £.4] The booster consists out of a mirror
and around Ngisk 80 dielectric lanthanum aluminate (LaAlO 3, 24) disks with a thickness
ofd 1mm and a diameter of 1:25m in a B, = 9T magnetic eld ( B2A = 100Tm?).
Notice, that the length of the boosterisL, Ngisk ( =2+ d), i.e., 1:4m around 10 GHz and 30cm
at 100 GHz. This requires a unique dipole magnet with a strong eld and a &rge bore, never
built before, which is currently under development. The booste is housed in vacuum within a
4K cryostat surrounded by the dipole magnet. The emitted electromagnéc radiation is focused
by another mirror onto an antenna connected to a receiver system (nottsown). We refer to the
focusing mirror together with the antenna as the optical system.

Before going to the full-scale experiment, theMadmax collaboration strives to build a smaller
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prototype, to explicitly test the mechanical concept, demonstratethe feasibility of the experimental
approach and eventually also obtain rst physics results on axion-like mrticles with a reduced
sensitivity in g, . This prototype is intended to be operated within the MORPURGO magnet
at CERN, which provides a 16T dipole eld, around 1=6 of the magnetic eld of the full-scale
system. The prototype booster is going to house 20 disks, i.e./4 of the number of disks used for
the nal experiment which are a factor 1=4 smaller in diameter ( = 30cm). We will refer to this
setup as the Madmax prototype' throughout this thesis.

If not denoted otherwise, we chose our coordinate system such that thdielectric disks ideally
lay in the xy-plane, sometimes instead parameterized in polar coordinates;( ), and are orthog-
onal to the z-direction. r = 0 corresponds to the center of the disks. For the di erent studies it
is instructive to put the origin z = 0 at di erent points as de ned in the respective chapters. We
often refer to the “front disk' of the booster, which is the disk placed at the highest value ofz and
thus most close to the focusing mirror. If not stated otherwise, theexternal magnetic eld with
strength B, is always assumed to point iny-direction.

Achieving the Goal Sensitivity

Numerical 1D calculations show that for the full-scaleMadmax (80 LaAlO; disks) a power boost
factor of 2 5 10* may be achieved over a bandwidth of = b0MHz at = 20GHz,
leading to the emitted power of Py 1:6 10 2> W quoted above. In order to distinguish such
a tiny signal from thermal and electronic background noise, the power ina single frequency bin

(receiver resolution) is integrated for a time , giving a signal-to-noise ratio according to the
Dicke radiometer equation [97} 98]

= " Sig i; 2.7)

where kg is the Boltzmann constant and Tsys is the total system noise temperature arising from
thermal and electronic noise. TheMadmax collaboration has demonstrated the operation of a
detection system with Tsys 5K at 20 GHz using a commercial HEMT ampli er [99]. Note
that in future there is room for further improvement of the noise temperature using, for example,
traveling wave parametric ampli ers, which may potentially push the noise temperature down
close to the quantum limit, i.,e., 1K at 20GHz, cf. e.g. [100]. Here we take the total system
noise temperature to be 8K to also account for noise contributed by thebooster. For a discovery
experiment, the receiver resolution should be smaller than the axin linewidth, i.e., 10 6 .
In this case, a signal of 1 10 22 W is seen with a signal-to-noise ratio ofS=N = 4 after = 4 days.
Also notice that the currently available detection system provides a bandwidth of 50 MHz (receiver
bandwidth). Thus, we take this value as the benchmark boost factor banevidth in this thesis.

Let us review the sensitivity of the proposedMadmax setups based on these assumptions. To
summarize, this estimate assumes that a power boost factor of2 5 10* over a bandwidth of

50 MHz can be achieved with 80 LaAIQ disks with a diameter of :25m in a 9 T magnetic

eld, providing a power of 1 10 ?2W. Here for the receiver a detection e ciency of 80%
and a measurement time of 4 days, system noise temperature of 8 K andqeired signal-to-noise
ratio of S=N = 4 for each frequency band are assumed. The resultindladmax sensitivities
for CDM axions and hidden photons with a mass in the range 40eV to 400 eV using the
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Figure 2.5: ProjectedMadmax sensitivities for CDM axions and axion-like particles on the axion-
photon coupling g, against axion massm,. The couplings expected from the DFSZ and KSVZ
are shown as solid green and red diagonal lines. For th®ladmax projections, a setup with 80
dielectric disks each with a diameter of 125m and a magnetic eld of 9T parallel to the disk

surfaces has been assumed, as well as setups with 5 and 20 disks bothhwdt disk diameter of
30cm in a 25T magnetic eld. We also show the expected sensitivity range for fture cavity

experiments and IAXO [35], together with existing limits from ADMX [80,|/101], other haloscope
experiments [33], from HAYSTAC [81] and ORGAN [86]. Adapted from [Z].
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Figure 2.6: Projected sensitivities for hidden photons on the kineit mixing parameter against
hidden photon mass. For theMadmax projections the assumptions are analogous to gurg 2J5.
The projected sensitivities are compared to existing limits flom ADMX and other haloscope ex-
periments for hidden photon searches from|[102] and from dish antenna egpments, i.e., an
experiment in Tokyo [103] and SHUKET [104]. The area above the black line repesents the pa-
rameter space where hidden photons are not a good dark matter (DM) candiate |[102]. Adapted
from [2].

above assumptions and the Dicke equation[(2]7) are shown in gures 2.5 arl{d &. respectively.
A signi cant part of the parameter space predicted for CDM axions in the post-in ationary PQ
scenario could be probed. Also a parameter space consistent with hiéd photons as CDM could
be probed downto . 10 5. If one conservatively estimates the time to readjust the disks wh
one day in which no signal can be integrated, a single 50 MHz bandwidth canédscanned within
5 days, i.e., the range between 40eV and 120 eV could be scanned in around 5 years [2, 34].

Notice that these estimates are very sensitive to the detailed unddying assumptions, and
therefore just give a rough estimate of the potential reach of a haloscope periment. Here we have
for example conservatively taken 1 10 22> W instead of the full 1:6 10 22 W (approximately to
the power that would be provided by . 0:3GeVcm 2 instead of 5 0:45GeVcm 2), which
however roughly halves the scan rate.

The Systematic Uncertainty on the Power Boost Factor

Obviously, it is critical for the operation of any dielectric haloscope to understand the systematic
uncertainties of the expected signal strength and its coupling to tle detection system. While
for the antenna and receiver system this task has been performed manymes before in radio
astronomy, the dominant sources of systematic uncertainty on the poweboost factor remain to

be determined. In addition, the 1D calculations mentioned above havébeen conducted using an
idealized lossless 1D model, which for example does not account retilis atness of the dielectric

disks or the fact that the out-propagating power from the booster needs ¢ be received by an
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Figure 2.7: Left: Map of the external magnetic eld parallel to the dielectric disks from one of the
current magnet designs for the nal-scaleMadmax boosters [105].Right: Lanthanum aluminate

disk made by gluing together commercially available wavers. Both takerfrom .

antenna matched to the right beam shape. Quantifying the uncertainy on the power boost factor
becomes in particular important, if one realizes that the power boost &ctor is a quantity that

cannot be directly measured and thus needs to be constrained from calated quantities. In this
thesis we therefore conduct one of the rst rigorous studies to explog the systematic uncertainty
of the power boost factor.

We will start our survey purely with simulations in part I[T_JTo thi s end, we rst extend
the calculations from the 1D model with magnetic eld inhomogeneities ard losses. This will
already lead to decisive consequences for magnet design and operation oéttiielectric haloscope.
However, in a realistic dielectric haloscope various 3D e ects may beelevant. These include
di raction losses and e ects from charge accumulation at the disk rims, kut also the emitted beam
shape. In addition, realistic magnetic elds are not perfectly homogeneus, such as the one from
the envisioned Madmax magnet shown in gure(left). Thus, the tolerable inhomogeneities
have to be quanti ed. Moreover, the fact that the transverse axion-welocity is non-zero unlike
assumed above has to be taken into account. Finally, the dielectric idks themselves are not
perfectly at, can be slightly tilted and may even be glued together from multiple small patches.
The latter is the current baseline concept for the disk design inMadmax and a rst Lanthanum
aluminate disk has been made following this concept, as displayed irgure (right). Thus,
we will introduce and validate various methods to e ciently perfor m 3D axion-electrodynamics
calculations. Afterwards, we present our results from simple syst@s, such as an idealized single
disk, to complicated boosters with the non-ideal boundary conditionssketched above. As a result,
we constrain antenna parameters and tolerable disk inaccuracies such agnsverse thickness
variations. Finally, we show how the boost factor and its uncertainty can be constrained using
re ectivity measurements on the booster and taking the 3D e ects above into account.

Apart from simulation, we demonstrate the feasibility of a small-scale delectric haloscope
with a proof of principle experimental setup in part [V] After explor ing systematic uncertainties
on re ectivity measurements, we use the method to constrain the lmost factor described before,
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to determine the repeatability of disk alignment in terms of the power boost factor uncertainty.
We close with a sensitivity estimate for small-scale proof of pringile setups comparable with
the setup described above, and a concluding discussion of the majoesults in part V]
However, before facing the experimentalists' problems that the wdd has more than one spatial
dimension and other obstacles, we invite the reader in the followingpart to join us on a theoretical
excursus of what could be the future of axion physics after a detection

In short. The axion induces emitted radiation from dielectric interfaces under a strong magnetic eld.
When combining multiple dielectric interfaces (dielectric haloscope) the emission can be enhanced
using constructive interference and resonances between the Brfaces (power boost factor). We
presented the design and sensitivity goals for theMadmax dielectric haloscope, and sketched
important, but previously unaccounted systematic e ects which potentially reduce the power
boost factor and hence motivate the studies presented hereafter.
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Chapter 3

Directional Axion Detection

In axion haloscopes the energy of the (massless) detected photons copesads directly to the rest
mass of the axion plus a contribution from the momentum of the axion. For CDM axions with a
velocity of v 10 3cthe latteris  v?> O (10 ®)c? times smaller than the contribution from
the rest mass. Nevertheless, the power spectrum of the convertgzhotons directly corresponds to
a measurement of the velocity distribution of the detected axions. This is a natural property of
all major axion haloscopes, includingMadmax . Thus, after the detection of the axion, haloscope
experiments will quickly be able probe the CDM velocity distribution [106],107].

Interestingly though, the cross-section of axion haloscopes can be desighto exhibit a direc-
tional velocity dependency. This would allow us to measure quantites of the velocity distribution
in the di erent components of the axion velocity vector v. The measured distribution would for
example be daily and annually modulated, which allows for the measureent of the peculiar ve-
locity of the Sun in the galactic rest frame. In addition, local streamsand miniclusters crossing
the path of the solar system could be directly measured. Hence, the tiection of a CDM axion
would not only be a breakthrough in particle physics, it would also ushe in a new era in which
the axion itself would become a new messenger of astrophysics allowifigr a precise probe of the
local dark matter halo.

In this chapter we will brie y review how axion haloscopes can acquirea directional sensitivity
in section[3.1. Based on this, we will develop a general formalism to caltate the changes to the
measured power spectrum of these haloscopes in sectipn]3.2. In sectf®d we eventually derive
requirements on the experimental sensitivity in an analytical statistical framework in order to
deduce astrophysical parameters of the CDM velocity distribution.

3.1 Velocity Sensitive Axion Haloscopes
The axion eld can be expanded in a sum of plane waves,
a(x;t)= agexp[ i(mat p x)]; (3.1)

where p is the axion momentum related to the de Broglie wavelength 45 of the axion asjpj =
2= g4g. As usual, in the non-relativistic limit the momentum is directly given by the velocity
asp = v=m,. Hence, a directional axion haloscope thus must be sensitive to thepatial phase

23
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Figure 3.1: Schematic illustration of dierent approaches for directionally sensitive axion halo-
scopes together with their preferred mass range and the correspondingxion de Broglie wave-
length. For masses around 10 eV one can use a long, partially magnetized cavity operating at
a higher mode, at intermediate masses 40 eV an elongated cavity [108] and at higher masses

100 eV a dielectric haloscope|[91]. For clarity the magnetic eld is not show for the dielectric
haloscope, where it also stretches over all dielectric disks. Figa adapted from [1].

di erences of the axion- eld. This can be done, by probing the correponding phase di erences
of the axion-induced electric eld, cf. equation ). Figure shavs three concepts to do this.
The rst concept uses an elongated cavity at a high mode number, wherenly the ends of the
cavity are magnetized. Thus, the axion-induced eld excites both eds with a di erent phase.
Hence, the overlap between the axion-induced eld and the resonant mde, usually dubbed form
factor, will be reduced for higher velocities along the cavity axis,and thus the output power is
reduced. This concept is suited for axion de Broglie wavelengths whh are still signi cantly larger
than the size of a realistic setup since the overlap is reduced alagely for a small phase di erence.
For axion smaller de Broglie wavelengths, but still larger than the sizeof the setup, one can
use a similar concept. Here one magnetizes the full elongated cavity andses the fundamental
mode [108]. Phase di erences of the axion-induced eld over the lendit of this cavity again reduce
the form factor. For the mass range relevant forMadmax and above, including experiments like
LAMPOST [95], one can extend the dielectric haloscope concept by disthuting the dielectric
layers over the length scale of an axion de Broglie wavelength [91]. For mordetails on the
feasibility of these concepts and explicit calculations of the form fators, see also|[1].

In this work we consider a general expansion of the form factor up to seconadrder in the axion
velocity v, along the velocity-sensitive axis of the experiment

C(v)=1 G (vz); G(vz)=gv;+ gqvg; (3.2)

whereg and g4 are the expansion coe cients and we take the experiment to be veloity sensitive
in z-direction only. In general, an experiment can have velocity-depedency in all three di erent
spatial directions, in which Gwould be a sum over all directions. Notice that the resonant modes in
the rst two cavity concepts above are standing waves, which are ssnmetric under inversion of the
velocity-sensitive axisz ! z. Thus, these setups cannot distinguish the sign of the axion velogjt
in z-direction v, and, more generally, these experiments can only have a form factor quaatic
in vz, i.e., they haveg = 0. In contrast, the dielectric haloscope can be open to both sides, and
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hence distinguish between modes which radiate more towards the fteor the right. Therefore, it
can be sensitive to the sign ofv, and also exhibit a linear response inv,. In the following we
will discuss experiments with a linear responser 6 0;gq = 0 ("-type) and a quadratic response
o =0;94 6 0 (gtype) separately. From the linearity of the considered equations, i will be clear
that the fully general results are sums of the respective speci c esults.

We point out that the above expansion must break down whenC(v) < 0, since output powers
cannot be negative. In this thesis we consider typical experimentsith g = 100c !, gq = 10°c 2,
where this happens for velocities higher tharv, 10 2c, one order of magnitude above relevant
CDM velocities 10 Sc.

3.2 E ect on the Power Spectrum

Our goal is to calculate the corrections to the power spectrum &=d! measured by an axion
experiment due to the directional velocity e ect. A non-relativ istic CDM axion with mass m, and

momentump = m,V converts to photons with frequency! (v) = P m2+ p2  mg+ %majvj2 due to

energy-conservation. Hence, in a frequency bin!d at frequency! , any axion-experiment receives
the power where the velocity matches the above condition. Howeverthe velocity-dependent
correction of the form factor G(v), changes the amount of power one can extract for a particular
velocity v. Since the form factor is a sum of a non-directional and directional part,also the power
spectrum splits up into a sum of these two parts and is given by

Z z
d—P(t) = Podl V2 E(v;t)d VZG(v) f (v;t)d (3.3)
! ! vi=v(t)

Pogt V)t folv( )it] (3.4)

where Py is the total power received without any directional sensitivity, i.e., G = 0 and f is
the velocity distribution in the lab frame. The integrals run over all solid angles d , on a shell
ful lling the above energy-conservation condition and in the last line we de ne the geometry-
weighted speed-distribution f .

We may now calculate the corrections to the power spectrum due to hie directional velocity
sensitivity. With the shortcut p=dP=d! , and de ning the corrections as the relative di erence
between the directional sensitive power spectrumpg;. and the same power spectrum without
directional sensitivity ppon dir: (i-€., setting G=0), we nd

R
folv(!)itl _ g gpvf(v;t)d

Poiir : Pnon  dir: .
(n - - R = ghn(Lt)i
¢t Pnon  dir: fIv():t] f(v;t)d jvi=v(l) ghvz(ht)
(3.5)
for linearly dependent experiments, and
R
Pdir:  Pnon dir: felv(!);t] Oq v f (v;t)d 2 .
It = = R = hve(ht)io s
q( ) Pron  dir: f [V(! ); t] f (V;t)d v jvi=v() gq Z( )
(3.6)

for those with quadratic dependence. We now evaluate these integrafer the Maxwellian velocity
distribution f in equation (L.4). We parameterize the alignment of the lab axisé, with respect
to the lab velocity vi;, with the polar angles ( 1an; 1) Where we take &, to be the north pole,
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i.e., \ (Viap; €z) ab. We can assume |5 = 0 without loss of generality, since the velocity
distribution projected on 2 looks for all |5, the same. We also neglect the escape-velocity cuto
in the velocity distribution, since the contribution for the pow er spectrum should be negligible.
We nd for the di erent types of experiments

type: ~(5t) = g (') cos[an (V)] (3.7)
q type: q(t) O q(!)+ q2(') coS[ i (t)] ; (3.8)

where the coe cients 41,42 are functions that depend only on! and parameters ;viap of the
velocity distribution. Explicitly,

() = vi)ycoth Y );hab Vljb; (3.9)
2

al) = = () (3.10)
lab

(') = v(1)® 3q): (3.11)

These quantities in general also depend on time, sinog,, has time-dependence. For short enough
integration times less than a day, we can treatv,, as constant. Moreover, for a respective align-
ment of the experiment, the time dependent terms 14 (t) in equations (3.7) and (3.§) dominate.
Note, that we can treat a stream in the same way by just replacing v ! sy, Viab ! Viap + Vsir
and rede ning 5 accordingly, cf. equation ). Due to the linearity of the involved integrals, if
Gis a sum of contributions from di erent axes of the experiment, the alove result holds in general
by simply adding up all corrections from all axes with each di erent ;7 depending on the axes.

Figure [3.2 shows the modulations of the power spectrum for di erentcases. The blue lines
show the power spectrum of an equivalent experiment without diretional sensitivity, while the
orange shaded regions show the range of the modulation in an experiment kitdirectional sen-
sitivity. The upper panels correspond to parameters similar to the power spectrum of the SHM
(Viab = v =220kms 1), while the lower panels correspond to parameters similar to a recgly dis-
covered stream in the solar neighborhood dubbed “S1 stream' [64V(ap + Vstream ] = 520kms 1,

v =20kms 1). The left panels correspond to linear experiments withg = 100c¢ !, the right
panels correspond to quadratic experiments withgy = 10° ¢ 2. These are of the same order than
the benchmark values for realistic experiments assumed in [1].

Let us now gain some more intuition from this analytical result. First of all, all approach 0
forv ! 0, sincex coth(x) approaches 1 for smallx. This is expected, sinceG(0) = 0 by de nition.
Moreover, all coe cients are positive. Thus, in the “-type experiment the power spectrum can
be both increased or decreased depending on time, while for thgtype experiment the power
spectrum is always decreased, as we can see in gure B.2. This is intive, since the geometry
factor with a positive gq only reduces the received power. For the-type experiments the coe cient

q1 appears as a constant power reduction in the correction. It is proportioml to the dispersion of
the velocity distribution , and thus vanishes for a stream with low velocity dispersion, as can be
seen in the lower right panel in gure[3.3. A large dispersion corresponsito multiple velocities the
experiment “sees' during a single measurement of the power spiran. For the "-type these average
out, since the negative and positive velocities a ect the power in he opposite way. For theg-type,
however, there is no distinction between sign and all non-zero vetities reduce the power, i.e., the



27

£-type q-type
x10 ®
6_
=
E
s 4]
= =
n 3
K=}
T 24
o
O_I
x10 ©
4_
< 3 4
£
(=]
§ %,
£ 3
2R
5 1
0_
0 1 2 3 0 1 2 3
w—m,[m,] x10 8 w—m,[mg] x10 ~°

Figure 3.2: Modulation of the power spectrum received by a generic agh-experiment. The blue
lines show the power spectrum without any directional sensitity. The orange shaded regions
show the maximum modulation range for a linearly-sensitive experinent with g = 100c ! (left)
and a quadratically-sensitive experiment with g; = 10°c 2 (right). The upper panels show the
e ect on the power spectrum if the CDM velocity distribution fol lows the SHM. The lower panels
show the e ect if the CDM velocity distribution is given by a str eam similar to the S1 stream|[64].
In reality one expects a linear superposition of both.

dispersion leads to a minimum reduction of the received power. La$t, for the "-type experiment
the modulation goes with cos j;p while for the g-type one it goes with cog 1.,,. Hence, for a
linearly rotating |ap, the frequency at which the power spectrum modulates is doubledor the
g-type experiment compared to the -type experiment. This is easily understood by remembering
that the g-type experiment does not distinguish between positive and negate velocities, e.g. sees
twice the same distribution of absolute velocities per day, whilethe “-type experiment is sensitive
to the sign of v;.

3.3 Framework for Analytical Sensitivity Estimates

The above formalism enables us to calculate the changes to the power egtrum for a general
velocity-sensitive experiment. In order to actually measure ttese changes and possibly infer pa-
rameters of the velocity distribution, one has to compare the changesa the signal-to-noise ratio
of the measured power spectrum given by the Dicke radiometer equain ). In this section
we therefore employ a likelihood approach, which will enable to etxact general requirements for
observation time or, conversely, required system noise temperaterto resolve these modulations
in the power spectrum.

We assume we have measured a total number df; = toys= t power spectra, wheretqps IS
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the total observation time and t the time required to acquire a single spectrum, and for each

power spectrum we measuredN, = =2 ) frequency bins, where is the bandwidth of
the full recorded spectrum and ! =2 the bandwidth of a single bin. In reality we measure
the integrated power in these frequency bins, i.e., we can meassmPiJQbS YL [dP( s ty)=d! ].

Statistical Framework

Let us now assume a modeM () with free parameters predicting the measured power spectr um
to follow Pijexp(). In our case, will be the free parameters of the model includin g all information
on the velocity distribution and its modulation as seen by the expeiment. Then, we expect the
measured power spectrunPijObs according to the radiometer equation ) to be normal distributed
around the expected value with a standard deviation of
r__
N = K Tsys 7,[: (3.12)

The likelihood of measuring a particular set of power spectraP;"®®® assuming the modelM ()
can thus be expressed as

Y o1 pp> PP
LPPSIM ()= P exp " (3.13)
i} 2 2 2
ij N N
To test a model M ; against a null-hypothesisM o, we consider the likelihood ratio

max , L(PjM o; o)’

where we compare the models with the set of parameters such their espective likelihood is
maximized, i.e., they describe the data best. According to Wilks theorem the test statistic
D= 2Inis 21 ,-distributed for a large set of measurements, where the degree of fdom
for the 2-distribution is given by the dierence of free parameters ; o between the two
models [109]. A given set of measured data then giveBo,s from which the p-value can be
calculated by integrating 21 ,~distribution from Dps to in nity.

Therefore, we could estimate the sensitivity of a particular expeiment with a Monte Carlo
approach, i.e., by generating a large set of simulated measurements. @nwould then infer the
median of D ops from the simulated ensemble, which would give the expecteg-value for detection of
e.g. the modulation. Here we follow a more analytic approach using Asimov @a, i.e., we use data
that follows exactly the prediction of model M 1, instead. This means, we seP = PP ( ).
Thus, the likelihood for the model M ; is set to one. Assuming the modeM ; is correct, one can
show that for a large set of measurement pointsi(j ) this procedure gives the median value of the
distribution of D one would obtain with the Monte Carlo approach described above| [110].

Measuring Modulations

Besides the parameters of the velocity distribution {5,; ), which we assume to be constant in
time (see above), we need to parameterize the temporal oscillation of,,. We thus rewrite

coS(ap) Co+ crcosfgt+ ); with jcoj + jc1j < 1 (3.15)
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where! 4 is the frequency of the daily or annual modulation, respectively. Tte parameterscy; C;;
are given by astrophysics, i.e., the earth spinning and rotating aroundthe Sun [1]. We compare
the model including the modulation M ; with a model without modulation M g

Mo Pij
Mq: Pij

Po 'f (Yi); = fPoViap; vO; (3.16)
Po '[F(1i) fe(li;t))l; = fPoVia; viCoiC1; O; (3.17)

wheref (1) = f[v(!)];fe(;t) = fe[v(! );t]. When computing the test statistic D for these models
using Asimov data the unmodulated speed distributionf [v(! )] drops out and we are left with an
integral over the correction fg(!;t ) given by
R
X Pofa(tiit)dl

D = : (3.18)
iij N

Assuming that the frequency and time bin sizes are small enough and owlata contain most of
the signal peak, we can approximate the sum with an integral
z Z,

] Tobs

D - at  dl Pofo(lit) #

(3.19)
t 0 Ma N

While for the linear-type experiment we want to resolve the moduhtion, we consider two cases
for the quadratic-type experiment, where we are either just inteested in resolving the o set of
the power spectrum or its modulation, assuming we know the o set. W then nd for the test
statistics in these cases

Z Z
| < tobs 1 . 1y (1 2
0 Ma N
Z Z
| tons 1 I 1y 2
q type(oset): Dq —t dt d! %aPol (1) al') ; (3.21)
0 Ma N
Z Z 2
| tobs 1 ] 1
g type (modulation) : Dg, —t dt a %Pl () (') €05 an (1) © (3.22)
0 Mma N

The full test statistic for the ¢-type experiment can be obtained as a sum of all those when
replacing ! g1 g2 in equation ). Neglecting this term leads to a slightly too smallD
and thus underestimates the sensitivity of a given experiment. Noice that the integrands are
separable functions in! and t, i.e., the integrals split up in a product of two integrals over
I and t, respectively.

Let us rst consider the linear-type experiments. Inserting the astrophysical parameters of the
velocity distribution and lab velocity, we nd explicitly

2

Po Pl (3.23)

D- 2
Ks Tsys

where the integrals| , are given by

. _p* Gy ¢ oerf YE 42 v, exp % 1 (3.2
!_h 4Viap v mia’ . .
ci2t  2cocysin(! gt + ci2sin( gt + )cos( gt + ) tons
|t:C02t+17+001|(d ) . a”sin( 4 )cos( g )b: (3.25)

2 Iy Z!d 0
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Notice, importantly, that |, contains a factor 1=m,. It comes from the fact that we integrate the
square of the distributiorE]f (! ). For daily modulations the oscillatory and phase-o set terms can
be neglected for long enough measurement times, giving

. 1
I <302+§c12 tobs : (3.26)

For a stream with small velocity dispersion st ] Viab Vstrj, We canin addition approximate
the integral over frequencies

. 2 2
2J.}‘/Ialb Vstr | str 1 .

I = _ ; 3.27
! 4 JViab  Vstr] str Ma ( )
Analogously we nd for the full test statistic of the quadratic experime nts
= 2
Dy=2 0 2o I R0y 212 (3.28)
kB Tsys ! : !

where the gl' terms arise from the o set term / 4 and the the ‘g2’ terms arise from the o set
term / . From the o set we get

2

2 ~
|9t = ﬁ Iy (3.29)
al

I = tobs: (3.30)

Since the o set is independent of the modulation,| tql does not depend orty; ¢; and . In contrast,
the modulation terms are

P-4 Vi T4Vigp +3 ¢ erf Y= +exp Y 4 V3 6 3viap 1
| 2 = d . (3.31)
" 8 vViab Mg
2= Hisdgeg
4 . .
e + 3¢t sin(t! ¢+ )+ 346 + i sin[2(t! ¢ + )]
g I 20 4y
tobs
4
s 99 G g+ N+ S sn[@ g+ ) (3.32)
34 32 4

0
The mixing term can be expressed in terms of previously calculateéhtegrals as

12 Z tobs Z 1 2
| 912) 12 =2 dtdlga(!) q2(!)IF (1) oS iap)] (3.33)
0 ma
2 ~
=2 1% (3.34)
Viab

Notice that we can employ the same approximations as before, i.e., if we @poximate over
several days we have for the modulation

3ct
| 92 ?1 +333+ & tops; (3.35)
1Consider:
z 1 z 1 2 z 1 2
f(1)2d = d—vf(v) a = L L
ma ma d! Ma o



31

and in the case of a stream (, st ] Viab Vstrj) We nd

p_ . P .
| 62 4 gtrJVIab Vstr]2 +4}Viap VstrJ4 +3 gtr i . (3.36)
1 N N . .
i 8 swiViab Vstr] My

Let us brie y compare how the test statistics scale with the total power Pg, the system noise
temperature Tsys, the measurement timetops, the axion linewidth a! mg and the parameters
of the experiment g ; g4 with our intuition. Assuming su ciently long integration time over more
than a full modulation and taking the square root of the test statistics in equations ) and
) we nd after inserting the relevant integrals

r

p ﬁ/ 9.9 Po tobs

: 3.37
ke Tsys a ( )

Notice that this is in full analogy to the Dicke radiometer equation (2.7), just as expected. The
change in power due to the velocity sensitivity is always linearm g4 according to equation ),
i.e., it reappears here as a constant factor in front ofPy, as well. Turning to the parameters of
the velocity distribution, we see that the parameters ¢y and c; only appear in the time integrals
and only in the nominator, cf. equations ) and ). This is intuitive, since only measuring
over a certain time can reveal the modulation in time. In addition, large modulation parameters
Co and ¢, lead to a larger test statistic, i.e., a more signi cant modulation signal, as expected. In
turn, the unmodulated parameters vi5p and , of the velocity distribution essentially modify the

shape of the power spectrum but were assumed not to change with timeThus, they only appear
in the frequency integrals, cf. equations|(3.24),((3.29) and|(3.31).

To obtain a better intuition on how the test statistics depends on v, and , we plot the
required system noise temperatures for a realistic linear-type>geriment and quadratic-type ex-
periment in gure B.3]as a function of these parameters. Assuming we ant to achieve ap-value of
0:3% (corresponding to 3 -level), we require for the test statistic D 14. Note that after the
axion is found, it is much easier to build very sensitive experimats to see the signal from axion-
photon conversion. Therefore, we consideP, 10 2! W to be a roughly realistic assumption for
the total power output. We also assume the experiment is positionedwch that g 0;¢;  0:7.
The dotted circle denotes the SHM. The area below the horizontal dottd line ( y = 25kms 1)
roughly corresponds to the realistic area for streams. We see that sysin temperatures of a few
Kelvin are su cient to resolve the modulations. We also notice that for low lab velocities, cor-
responding to a dark disk scenario, the sensitivity to modulation @rameters would disappear,
since the orientation of the lab 5, with respect to the lab velocity is unde ned for vz = 0. On
the other hand, this is irrelevant for the o set in a g-type experiment, where we see again that
it essentially scales with the dispersion of the velocity distrbution  as discussed above, i.e., it
disappears for a stream. In contrast, the dispersion reduces the madhtions, since more velocities
are ‘seen' during the time t of a single power spectrum measurement. Thus, the sensitivity
for modulations goes down as one increases,. More detailed calculations of the sensitivity for
realistic experiments based on the test statistics above for di eent components of the velocity
distribution have been performed by our collaborators, see [1].
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£-type q-type q-type
(modulation) (offset) (modulation)
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Figure 3.3: Required noise temperaturelsys to be sensitive to daily modulations after one month of
measurement with ap-value of 03 % as a function of the parameters from the velocity distribution.
Assuming the experiment providesP, 10 2' W and is positioned such that for the modulation
signal we havecy, 0;c;  0:7. The lines denote identical required system noise temperatures
The bold line corresponds to 4K. The dotted circle denotes the SHM, Wile the viable range for
streams is indicated by a horizontal dotted line. More details cf. maintext.

Parameter Constraints

Until now we have only determined a test statistic to quantify how signi cant a measurement of
the change to the power spectrum would be. Once there is evidender the modulation, one would
in addition be interested to infer the parameters of the modulationcy; ¢;; itself. This would allow
us to compare them with astrophysical expectations to con rm once more hat the signal origin
is the dark matter halo. Moreover, one could even do “axion astronomy,' i.e use this method to
measure for example the Solar velocity in the galactic frame.

The uncertainty on a parameter measurement can be estimated by conséting the unmaxi-
mized likelihood radio
L(PiM 1; )
L(PiMo; ) °
where if only contains the parameters of interest, max d() = D. The uncertainty on a model
parameter# 2 can be estimated from the curvature of d around the value # that maximizes the
likelihood under M 4

d() =2In (3.38)

.. 1@,

# 208 #=£# "

For a daily modulation we are interested in the set = fcy;c;; g. The other parameters are

treated as known, which is a reasonable assumption because they can ady be extracted from

an experiment without directional sensitivity. If the true parame ters are e , We may computed
for the Asimov data set giving

(3.39)

X X
d)= §.0+  fo (3.40)
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where
"R ) _ #,
2 .0) pin PO fallis i) follisti] wue) d (3.41)
R . ' 2
ﬁ; o bin F)OfG(I IthJ ] true ) d! . (342)

Before we were only interested in the second summand, since thedilihood maximization makes
the rst one 0. However, here only the rst one depends actually on , and the second term
vanishes when taking the derivative with respect to any# 2 . For the linear-type experiment we
nd

z z
|~ tons 1 Y SN i i 2
d0) .t gt ” Pof (!)g ~(!)fcos(ian)i  €0S(iab)j we O ; (3.43)
0 0 N

which involve the same integrals over! that have already been introduced in computingD. We
nd for the uncertainty

Po 2, - @d
2 _ 0 2 t .
o kB Tsys ¢ ! ! @# = true , (3.44)
with the derivatives of the time integral d; given by
@dy
=2t 3.45
@§ - obs ( )
@dy SIN2 true) | SIN[2(tobs! a +  true )]
— =t + 3.46
@% o obs 2l P 21 P ( )
@dy -c 2 ¢4 SiN(2 true)  SiIN[2(tobs! a +  true )] + SiN (2tops! d +2 true)
@2 o = Ul:true obs 2l P 1 g 2l q
(3.47)

The o set in the quadratic-type experiments is insensitive to ary of the parameters . The
modulation for the quadratic-type experiments leads more lengthy tems, analogous to [3.4b){
). For large timestqys the oscillatory terms again are negligible and we arrive at

d

@C;g; (8C(2);true +4 C%;true ) tobs ; (3-48)
d

Cg;é (4C(2);true +3 C%;true ) tobs ; (3-49)
d

%gt C%;true (4C§);true + Citrue ) tobs (3.50)

true
Including the o set term ends exactly as above since it does not depnd on , so it cancels out in
the rst summand of d. This is as expected, since a known o set should not alter the signicance
at which the parameters of an oscillation can be inferred. Again checking éw the result scales we

see
r—
9aPo fobs

Ly
# ks Tsys a

(3.51)

behaves analogous to the naive expectation from Dicke's radiometer equanh @ Also no-
tice that the uncertainty in  scales always inversely to the amplitude of the modulation a<;.
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This dependency is also expected, because for unmodulated signah (= 0) the phase is unde-

ned and unmeasurable.
Based on the formalism derived above, our collaborators have derived mordetailed require-
ments and resultant expected sensitivities for directional serifive axion experiments to astrophys-

ical parameters. For more details see [1].

In short. We have derived an analytical formalism for the modulation of the power pectrum from
axion-photon conversion of a general directionally sensitive axion haloscap Using frequentist
statistics and Asimov data we have derived analytical formulae for expgmental sensitivity on
these parameters, analogous to the radiometer equatio.?). This work thei provides a basis for
axion astronomy in the post-detection era of an axion-like particle.
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Chapter 4

1D Models Review

In section[2.3 we have argued that the emission of axion-induced radiatn from the disks occurs
in order to compensate the discontinuity of the axion-induced eleatic eld at the surface of di-
electrics. By combining many such boundaries one can constructivglinterfere the emission from
all boundaries. In addition, each emission from a particular surface cannterfere constructively
with itself when it is internally re ected within the booster, which corresponds to an additional
resonant enhancement of the power emitted by the haloscope. In thishapter we lay out di erent
formalisms to actually calculate the electromagnetic elds in the halosope, and thereby the boost
factor, re ectivity and transmissivity of the system.

All formalisms have in common that we start with the general 1D solution to the axion-
Maxwell-equations. We consider regionsg within the dielectric haloscope with the same dielectric
constant , and magnetic eld B, cf. gure In each region the electric eld E and magnetic
eld strength H take the form

Er(2) = Ry exp(+iln r2)+ L, exp( i'n +2) +(Ea)r; (4.1)
H((z) = n, [R; exp(+i'n ;z) L,exp( iln 2)]; 4.2)

whereR; ;L are complex-valued amplitudes of the elds in each regionn; is the refractive index
of regionr, and (Ea), is the axion-induced eld in region r as de ned in equation (2.3). For
convenience we de ne

BI’ (Ea)r
Ay — Eo —— 4.3
' Be;max r Ar ( )
whereBemax is the maximum external magnetic eld in the haloscope. Eg is the amplitude of the
axion-induced eld in vacuum at the point of the maximum magnetic eld. The task is to nd
the coe cients L;;R;, such that the electromagnetic elds solve all boundary conditions betveen

any two regionsr andr 1 of the haloscope, given by
E/(z)= Er 1(z); Hi(z:) = H 1(z); (4.4)

where the boundary between regiorr andr 1 is at z.
We will rst review transfer matrices [89/111] to solve all boundary condtions simultaneously.
To gain a better qualitative understanding, we will employ a ray tracing approach. These two
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Figure 4.1: Parametrization of left- and right-propagating waves with amplitudes R; and L, in our
system of di erent regions with di erent dielectric constants , and length d,. Adapted from [89].

approaches are later generalized to 3D in chaptgr]6. After brie y discusisg alternatives, we review
some important consequences directly following from these modelsThey will play a role in the
understanding of systematic e ects on the boost factor in later chaptes.

4.1 Transfer Matrix Formalism

We follow the derivation in [B9]. After inserting the general solutions described in equations [(4.]1)
and (4.2), the boundary conditions in equations [4.4) can be expressed iretms of the coe cients
(Rr;Ly) in each region as

Rm R Eo
"™ = Gn 1Pm 1 mloesy ° (4.5)

Lm m 1 EO
Here we have de ned the transfer matrices

1 Ny +N Nrs1 N . -
G = ree T (Re ection / Transmission) (4.6)
2nr+1 nr+]_ nr nr+l+nr

e+ir 0

P, i
0O e'r

(Propagation) 4.7)

S = A”lizAf 1: (Axion-Induced Fields)  (4.8)

and ; = !n.d; is the phase depth of regionr. lteratively applying equation ( gives the
rightmost elds in region m in terms of the leftmost elds in region 0 as
! ! !

R R X E
m = TP ° + Trs ., ° (4.9)
Lm LOI s=1 | 0
Ry Eo
T O MmO (4.10)
Lo Eo

with a transfer matrix between regionsa and b with b <a

TE = Gy 1Pa 1Ga 2Pa 2 11 Goia Poi1r GoPo; Tg =1 (4.11)
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Disk TLINP: Transmission Line
Z=377/sqrt(Eps) P_Probe:  Power Probe
L=L Term: Termination
(a) TanD=TanD
L |
1T
TLINP TLINP
AirGap1 AirGap2
Z=377 Z=377
L=L_Air1 L=L_Air2
TanD=0 TanD=0
l L S — v
TLINP P_Probe Term
(b) AirGapN
Z=377
subcircuit_metal subcircuit_disk subcircuit_disk L=L_AirN
Mirror Disk1 Disk2 TanD=0
Eps=Eps_Metal Eps=9.4 Eps=9.4
TanD=0 L=1mm L=1mm
TanD=0 TanD=0

Figure 4.2: One-dimensional (1D) model representation iPAdvanced Design System (ADS)11Z].
“Z'is the impedance in , "Eps' is the dielectric constant, L' is the length, and "TanD' is the loss
tangent of the respective element. (a) Model of a dielectric disk {subcircuit_disk’). The disconti-
nuity of the axion-induced eld on the disk surfaces is implemental with voltage sources (V. AC').
The copper mirror ("subcircuit_metal’) is modeled analogous. (b) Booster model combining many
dielectric disks. The mirror sub-circuit is analogous to the disk.

The power boost factor is obtained when considering the rightmost (lEmost) outgoing ampli-
tude as 2 = jRm=Eoj? ( ? = jLo=Eqj?), requiring no inwards propagating wavesRo = L, = 0.
Solving equation {4.9) under these conditions gives

Lo
Rm

T[2;2] *(M[2;1] + M[2; 2]) Eo; (4.12a)
M[L; 1]+ M[L;2] T[22] *(M[2;1] + M[2;2]) T[1;2] Eq: (4.12b)

The transmissivities and re ectivities are obtained without the axion contribution and again
setting the respective opposite inward propagating wave to zero. Tl gives

T=T[L1] TL2T[22] 'T[21]; Tr=TI22] *; (4.13)

R, = T[22] 'T[2:1]: Rr =+ T[L2]T[22] *; (4.14)

where T, is the transmissivity from left to right, Tgr the transmissivity from right to left, R_ the
re ectivity from the left side and Rg the re ectivity from the right side.

Such 1D transfer matrices are implemented in circuit simulators seh as Advanced Design
System (ADS) [112] or the open-source pendanQucs [113]. An example of how this can be done
in ADS is shown in gure f.2] In a circuit simulator the discontinuity corresponds to a voltage
drop between transmission-lines and can therefore be modeled ugrvoltage sources at the disk
surfaces. We will make use of ADS in the experimental part of this theis.

In order to numerically calculate the boost factor, re ectivity or tr ansitivity of a booster,
transfer matrices are very e cient, since we simply have to evaliate above equations. However, it
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Figure 4.3: One arbitrary example ray traced throughout the dielectric haloscope. The total

optical length of the ray is a sum of integer multiples of the various optical lengths n,; d, of the

di erent regions r. The amplitude ag is determined by the axion-induced emission at the boundary
where the ray originates and the re ection- and transmission coe cients during propagation. Here

the angle of the rays is only for illustration purpose and has no physical reaning.

is di cult to gain a more intuitive understanding of crucial propert ies of the haloscope with this
formalism. Therefore, we brie y discuss some alternatives below.

4.2 Ray Tracing

Ray tracing is a way to iteratively nd a solution that ful lls the b oundary conditions at all
interfaces by tracing all possible paths (rays) electromagnetic radition can take within the system.
Consider the interface between regions 1 and 2 and a wave impingingdm region 1. For this wave
the re ection coe cient R and transmission coe cient Tg are then

np Nz,

RS: )
ny + no

T, =1+ Rq; (4.15)

which follows directly from equation @) We now may follow a wave tirough its way throughout
the system. In each region it acquires a phase exp(' ) with the optical length of that region

r = n;dr. We apply re ection and transmission coe cients at each boundary and cortinue
following the re ected and transmitted waves separately. Each time we split up a ray, we ful lled
the boundary condition at the respective interface. Thus, the sum ofthe elds from all rays ful lls
all boundary conditions.

The power boost factor can be calculated following all rays) emitted from di erent boundaries

until they leave the system at one side and summing up as

X 2
21)= age" o (4.16)
q

where aq is the product of all re ection and transmission coe cients ray ¢ encounters until it
leaves the system and 4 is the total optical length of ray g. Figure [4.3 illustrates how to obtain
the summand for one speci c example ray. Notice that there exist in nitely many paths through

the system, such that the sum runs over in nitely many rays q.
Obviously, this approach has a close relation to the Fourier transform of he amplitude boost
factor in time domain, if the refractive indexes do not depend on fregency. The Fourier transform
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of the amplitude boost factor is
X
M= agt o) (4.17)
g
i.e., tracing rays is the same as following a -pulse through the system and simply histogram the

times the pulse spends inside the system.

4.3 Other Formalisms

We will use the above two formalisms for most arguments on the 1D model whin this thesis.
Nevertheless, there are other approaches of calculating electromagnetields in such a setup.
While these are not explicitly used for the calculations in this thesis, let us brie y consider the
alternatives below.

In cavity experiments one usually calculates the eldsE,(x) of the modesm of the cavity.
These ful Il the classical axion-free Maxwell equations for the congidered frequency respecting the
boundary conditions of the cavity. The axion-induced eld E, acts as a source and excites these
modes such that their eld is much larger than E, on resonance. The output power is therefore
proportional to a form factor C given by the overlap integral [69,79]

2

R
cor_ Ea Epdv

R R : 4.1
jEaj2dVv  JEmj2dv (4.18)

A similar overlap integral formalism can also be used to calculate the pwer boost factor of a
dielectric haloscope. In this case one needs to insert f&, the electromagnetic elds excited by
a signal re ected on the dielectric haloscope, which are again those fulling the classical Maxwell
equations while respecting the boundary conditions of the haloscope.df more details see [89,114].

Lastly, another way to calculate the re ectivity is by considering instead the impedance
Z = E=H of the system, which can be compared to the free space impedance 8§ 377 .
The re ection coe cient between two systems of impedancesZ;;Z, is then for example

Z, Zp,

R = Zz " Zl_ (419)
For more seeimpedance transformation or impedance matchingin e.g. [115].
4.4 |mportant Consequences
4.4.1 Transparent and Resonant Case
As an example, it is straightforward to calculate the re ectivity of a si ngle disk, given by
(n?2 1) sin
Raisk = - — ; 4.2

dsk = T 2ncos +(n2+1) sin (4.20)
wheren is its refractive index and = Ind its phase depth. For thicknesses corresponding to phase
depths =0;; 2;::: the disk does not re ect any electromagnetic radiation, i.e., is trangarent;
while for = =2;3=2;::: the disk becomes maximally re ective. Using the ray tracing picture

we can gain an intuitive understanding of this result, cf. gured.4. For = all transmitted rays
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Figure 4.4: Rays traced through a disk of phase depth . denotes the phases of the outgoing
waves, same colors interfere constructively.

interfere constructively. Changing away from this value will change their relative phases and
thus only reduce the transmissivity of the disk.

In a many disk system one can now place the disks at distances to coheityy add up the
signal for frequencies at which they are transparent| [88] (transparent @se) or make the system
maximally resonant at frequencies where they are maximally re ectve (re ective case). In fact
the combination of both e ects allows for the broadband boost factors forMadmax . These two
con gurations correspond to the most extreme operational settings of thebooster. Therefore, it
will be instructive to study some of the systematic e ects descibed in later chapters at those ex-
treme ends.

4.4.2 Area Law

The are law [34/89] states the foIIowingli2 If considering a su ciently wide frequency range, the
area under the power boost factor curve 2d! remains approximately constant when changing
the lengths of the di erent regions d; when integrating over a su ciently large frequency range.

We can use the ray tracing formalism to gain an intuitive understanding of this important law.
If all regions are lossless we can rewrite the power boost factor in equan ) as a sum of the
powers contributed by the individual rays and interference tems

X ) X ’
2= jagi®+  agae " (a9 o) (4.21)
q P
péq

We assume that the refractive indices do not depend on frequency,€., a4 is approximated to be
constant with frequency. When integrating over frequency the rstterm in equation ) remains,
because it is independent of frequency. However, the second teroscillates with frequency. For
di erent rays with di erent optical lengths, the second term sum s up to zero as soon as we integrate
over a large enough frequency intervall(1;! 2). In other words the number of frequencies at which
the two rays interfere constructively or destructively is approximately the same, so the interference
term averages out. We therefor(; have
2 X

2dt (1 1) jagi®: (4.22)

(Y q

The power of a single rayjaqj? does not depend on the lengths of the di erent regionsl, and just on
the re ection and transmission coe cients. Therefore, the area under the power boost factor curve
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Figure 4.5: lllustration of the area law fohs di erent example con gurat ions of di erent band-
widths for a 20 LaAlO; disk system.  2d is roughly constant for di erent spacing con g-
urations. When decreasing the boost factor bandwidth the boost factor amplitude increases
accordingly. Adapted from |[34].

is constant when changing the lengthsd; . It is given by an incoherent sum over the integrated
powers contributed by all rays. Since every dielectric interfice contributes axion-induced emitted
rays of a certain integrated power, the incoherent sum is proportionato the number of interfaces.
A more rigorous proof of these statements following a similar idea is g&n in [89].

For dielectric haloscopes likeMadmax this has two important consequences: One may trade
power boost factor amplitude with boost factor bandwidth and vice versa by changing the positions
of the dielectric disks. This property is illustrated in gure 4.5] In addition, when tuning the
boost factor to cover a xed frequency range, the power boost factor amiitude is approximately
proportional to the number of magnetized dielectric disks used. Notie that it is not possible
to align the disks to achieve any desired shape. Therefore, always senof the area will be at
frequencies which cannot be covered by the receiver bandwidth ahthus not used for the axion
search. More importantly, as we will see in sectiofj 54, losses in the stem dictate a minimal
bandwidth below the area law does not hold anymore. In addition, 3D e ed¢s may reduce the
usable area under the boost factor curve, cf. chaptefr]8.

4.4.3 Correlation Between Boost Factor and Re ectivity

In sections[4.] to[4.3 it became apparent various times, that there extscorrelations between the
re ectivity and the power boost factor. In section We see in equabns ) to ) that the
denominator of the left-going boost factor amplitude, T[2; 2], is the same as the denominator of the
re ectivity from the left side. Therefore, both may have poles (resonances) at the same frequency.
In addition, we can consider rays of a re ected signal in terms of ray tacing in section[4.2. After
a ray impinges onto a surface which is emitting axion-induced eldoomagnetic radiation at the
same frequency, it splits up into the same set of rays as the rays deribing the axion-induced
radiation with a xed phase di erence. Thus it interferes the same way with itself as the axion-
induced emission. Moreover, the overlap integral formalism diredy calculates the boost factor
from correlating the axion-induced eld with the eld con guration of a re ected signal within the
booster. These mathematical observations suggest that the re ectiviy of the dielectric haloscope
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Figure 4.6: Amplitude boost factor (red) for a 80 LaAlO3 disk system optimized for a bandwidth
of 50 MHz. We also show the magnitude of the re ectivity (black) and the group delay (gray). The
absolute re ectivity has been obtained assuming a loss of tan few 10 “. Adapted from [91].

is correlated to the boost factor.

While the boost factor cannot be measured directly, a measurement oftie re ectivity can be
compared to expectations from simulation to infer the boost factor and toguide the tuning of the
dielectric haloscope when adjusting the disk positions. In an idealdssless dielectric haloscope with
a mirror at the end like in Madmax the magnitude of the re ectivity will always be unity. There-
fore, it is more feasible to use the phase of the re ectivity rather than its absolute magnitude.
In practice we use the group delay

9= ST (4.23)
Qualitatively, the group delay can be understood as the mean retentin time of re ected photons
within the booster. Thus, peaks in the group delay frequency spdta map out resonances. An
example for the correlation between boost factor and group delay is showm gure 4.6] In this
gure we compare group delay and boost factor for a set of 80 disks in front of a grfect mirror
aligned such that a boost factor with a bandwidth of 50 MHz is obtained. The alsolute re ectivity
is calculated assuming a non-zero dielectric loss of tan few 10 4. For more details on loss
cf. section[5.4.

Such a boost factor calibration is limited by the systematic uncertanties in simulations, i.e.,
the need of the simulation to cover all relevant e ects, as discusgkin section[8.§. In addition, it
is limited by the uncertainties on the measurement of the re ectivity itself, as discussed in part[lV]
of this thesis.



Chapter 5

Results from the 1D Model

In the previous chapter we have introduced the 1D model and derivé properties of an idealized 1D
system. In this chapter we will survey systematic e ects from irhomogeneous magnetic elds, disk
mispositioning and losses. We brie y review how to obtain optimizedboost factors in section5.1.
Afterwards we address spatial inhomogeneities of the axion-induced @ / Bca. A non-zero
axion velocity alters the spatial phase of the axion- eld a as previously studied in [1|91]. For
Madmax these e ects have been found to be negligible, therefore they areoh discussed hereafter.
In contrast, the impacts of inhomogeneous magnetic eldsB . along z are of central importance
for Madmax and are discussed in sectiofi 5]2. In addition, systematic e ects on th@ropagation
of electromagnetic waves inside the system may a ect the boost factorThese include phase errors
due to variation of the disk thicknesses, dielectric constants and rispositioning as brie y addressed
in section[5.3, and most importantly losses as discussed in sectipn b.4.

5.1 Optimizing Boost Factors

In general we seek optimal disk positions such that the boost factor is mamized within a given
frequency bandwidth . This can be achieved using any optimization algorithm minimizing the
cost function

C= min  2()j 2(o o+ ): (5.1)

The results presented in this chapter are obtained using the NeldeMead algorithm [116], but
other algorithms can be used as well, such as genetic |89, 117], simulated aatieg [11&], Monte
Carlo Markov chains [119], gradient descent|[120] and others. Investigatingli erent algorithms
may open the possibility of speeding up the convergence in future.

Figure shows power boost factors for 20 (left) and 80 (right) LaAlQ disks at three dif-
ferent example bandwidths obtained from our optimizations. The disk positions for these ideal
con gurations are used as initial guesses for the optimizations in the s¢ions below. One can
clearly see the behavior expected from the area law introduced isection[4.4.2: The area under
the power boost factor curve stays approximately constant when changig the disk positions. In
addition, it is approximately proportional to the number of disks, i.e., the 80 disk power boost
factors are roughly four times larger than the ones from the 20 disk calculatins. Moreover, sharp
peaks in the boost factor curve correspond to a more resonant behavior. herefore, the 80 disk

45
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Figure 5.1: Example boost factors for a system with 20 (left) and 80 (right)LaAIO 3 disks ( = 24)
for three di erent bandwidths ( =10;20 and 50 MHz).

boost factors curves can be adjusted closer to a top-hat shape. On the ath hand, for 20 disks at
a bandwidth of around 10 MHz the shape starts to become more comparable to a Loné&zian.

These optimizations still assume an idealized system. Indeed, ifhe system su ers from the
systematics described below, the optimal disk positions to obtain anostly top-hat shaped boost
factor may change. In practice, we will have some information on the magnét eld inhomogeneity
or losses in the system, which we can include into the model and retimize the disk spacings to
again increase the boost factor in the desired frequency range. In padular, we may assume that
there exists a procedure to independently derive the boost fdor, e.g. by a re ectivity measurement
on the booster. This would allow us to run this optimization in the nal setup rather than in
the simulation only, i.e., to optimize the measurement-inferred boost factor with the real disk
positions as parameters. How this can be realized is investigated in mowetail later in section[8.6
and part [V]of this thesis.

5.2 Magnetic Field Inhomogeneity

One may think of situations in which the axion-induced emissions fom some dielectric disks only
interferes destructively thereby lowering the boost factor [121] Nevertheless, these disks would
still contribute to resonantly enhance the emissions from the otherdisks. In this case, it may
seem advantageous not magnetizing these disks to increase the achievaltloost factor. In this
section we will test this hypothesis. Thereby, we will also dene homogeneity requirements for the
magnetic eld along the z-axis, which are important for magnet design.

We consider two di erent con gurations for the nal Madmax setup with 80 disks: In the
rst one the magnetic eld stretches over the mirror and N dielectric disks but steeply drops o
and is set to zero for the remaining 80 N disks facing the antenna side. The steep magnetic eld
gradient in such a case would cause additional axion-induced radiation. Weaeglect this radiation
here, in order to just see the contribution from explicitly \turni ng o " the emission from particular
disks. Hence, this tests the initial hypothesis most directly. Neglecting the magnetic eld gradient
is justi ed in realistic setups where the magnetic eld would be much more smooth and drop o
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Figure 5.2: Optimized boost factors for a 80 disk con guration with modi ed magnetic elds.
We show cases with only a number of disks magnetized (left) and with anagnetic eld dropping
smoothly over the booster extent/  az? (right). The blue dashed lines indicate the boundaries of
the frequency range in which the power boost factor was maximized dumg the optimizations. The
cases on the right witha = 0:08 m 2 (orange) anda = 0:24m ? (red) correspond to benchmark
designs from the magnet builders|[105].

at least over a few disks; more on such gradients cf. e.g.|[3,122,123] and sen{B.]. The second
con guration is motivated by the actual design of the magnet. The magnet desgn aims for a
homogeneous magnetic eld inside of a large symmetric magnet bore. Thushe magnetic eld

can be approximated as

By(z)=Bo 1 az* O (2% ; (5.2)

where By is the maximum magnetic eld and a is a curvature parameter for the inhomogene-
ity. This has been explicitly tested with simulated magnetic elds provided by the magnet
builders [105]. Reducing the physical length of the magnet increasehé¢ curvature parameter a,

where the two benchmark designs considered by the magnet buildeorrespond toa = 0:08 m ?

for a magnet with ~ 2m straight section and a = 0:24m 2 for one with only ~ 1m straight

section. Therefore, relaxing homogeneity constraints irg-direction may save a signi cant amount

of conductor material and hence magnet cost.

Since the magnetic eld distribution in the setup will be known, it can be taken into account
during the disk position optimization. In order to estimate the e ect on the power boost factor,
we therefore reoptimize the disk positions for the various di erent magnetic eld con gurations,
such that the boost factor is maximized in the same frequency interal. Figure shows the
results of nding such optimal boost factors for those con gurations, while we show in gure[5.3
the reduction of the area under the boost factor curve as a function of dik number or curvature
parameter a, respectively. Note that the obtained results from these optimizatons depend on the
convergence of the optimizer. Therefore, it may always be possibleot nd better boost factors
when running the optimizer again.

The case in which we only consider the radiation from the rstN disks is shown on each gure
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Figure 5.3: Relative area reduction under the boost factor curve as a furtion of magnetized
disks (left) or curvature parameter a (right), respectively. The di erent colors correspond to the
di erent boo% factors shown in gure §5.2] The gray dashed line shows he estimates from the
reduction of B?2dz. The gray areas indicate deviations of 2:5% (absolute).

on the left. Clearly the achievable area under the boost factor curves reduced when less disks are
magnetized. The area is approximately proportional to the number of magntzed disks, i.e., disks
that actually contribute axion-induced radiation. This indicates no b ene t from a shorter magnet
for the power boost factor. However, for realistic magnetic elds the decrease in boost factor due
to a shorter straight section of the magnet may be acceptable, as shown om¢ right of gure 5.3]
Nevertheless, also in this case a reduction of the boost factor is obs&d when decreasing the
magnetic eld for the outer disks. The presented calculation assumeshat the booster is aligned
such that the mirror is at z = 0, i.e., the mirror is in the center of the magnet. However, analogous
results have been obtained placing the booster at other places. Iddgl the booster is centered
within the maximum magnetic eld (see below).

To understand this result, notice that the interference-argumert for a shorter magnetic eld
mentioned initially in this chapter only holds for a xed frequency, since interference is frequency
dependent. However, we are actually interested in maximizing theboost factor over a range of
frequencies. While calculations show that indeed the boost factor an be increased at a xed
frequency when magnetizing less disks, this does not hold for the ea under the boost factor
curve. In the sense of the area law as described in sectipn 4.4.2, whealculating the area under
the boost factor curve, we integrate over some frequency interval, ah therefore over di erent
relative phases of the signals emitted from the di erent disks. This corresponds to the incoherent
sum of integrated powers contributed from each disk. If we reduce th power contributed from a
speci c disk, the area is expected to be reduced by the correspding amount.

Since the power scales with the magnetic eld squared, the area uret the boost factor curve
is expected to be proportional to the mean quadratic eld over the booger, i.e.

z z
2()d / Byz(z)dz: (5.3)
booster
The estimate from this scaling is indicated by the gray dashed linesn gure §.3] The optimized
boost factors do not strictly follow the predicted behavior, most likely due to the fact that the
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Figure 5.4: Estimated reduction of the power boost factor for di erent smoothly decreasing mag-
netic elds By(z) in equation as a function of the length of the boosterLy, for the nal
Madmax setup with 80 disks. Each length corresponds to approximately a fregency to tune
the haloscope to if the disk spacings are approximately half a photon wavength. The measure-
ment time reduction is conservatively estimated by assuming that oty the amplitude, but not the
bandwidth of the boost factor is reduced.

optimizer might not have converged fully to the global minimum. Nevertheless, we nd that this

estimate approximates the order of magnitude reduction of the area undepower boost factor well.

This has also been checked for lower frequency and lower boost factbandwidth scenarios as well
as for di erent placement of the booster along thez-axis.

Figure [5.4 shows this estimate for a booster which is centered arounthe maximum of the
magnetic eld in order to maximize the achievable power boost factor. The reduction in power
boost factor due to the magnetic eld inhomogeneity is plotted as a functon of booster length.
The reduction in power boost factor amplitude can be translated to a nave increase in measure-
ment time according to Dicke's radiometer equation, cf. equation ) in order to still achieve
the same sensitivity. Even for the lowest frequencies, i.e., gery long booster, the boost factor re-
duction only gives a increase of 20 % in measurement time for a magnetic lé with a=0:24m 2.
This estimate is conservative, because one could imagine to reoptingzthe boost factors to have
the same amplitude but a reduction in bandwidth, instead. In this case, the scan rate is reduced
proportionally to the bandwidth reduction, rather than proportional to t he square of the ampli-
tude reduction as suggested by Dicke's equation. Though, in contrast tahe above conservative
estimate, such a linear scaling would correspond to the most optimisc scenario, since the minimal
bandwidth is limited by losses, cf. sectiorj 5.4, and decreasing thedwst factor bandwidth increases
the readjustment time of the system in addition.
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In short. No evidence for a direct benet in terms of a constant or even better pwer boost factor
from making the magnet shorter is found in this study. While it is tru e that at a single frequency
a higher boost factor can be achieved with not magnetizing all disks, therea under 2 could not
be increased by a magnetic eld stretching over a shorter range in thses studies. We nd that a
shorter magnet always reduces the area under the boost factor curvepughly proportional to the
reduction in the mean squared magnetic eld/ B?(z)dz. As a result of this study, this relation
has been included in the magnet gure of merit for the magnet designers.

Realistic simulated B - eld maps show that the B - eld drops approximately quadratically along
the longitudinal axis of the booster, parameterized with the magnetic eld curvature parameter a.
A design with a=0:24m ? is expected to reduce the boost factor by less than 10% if the booster
can be always placed in the center of the booster. This increases thmeasurement time by less
than 20 %.

5.3 Phase Depth Errors

Adjusting the phase depths of the individual regions of the haloscope, = !n .d; allows for
constructively interfering the emissions from various disks and he resonant enhancement in the
desired frequency range. Variations in the thickness or (e ectivf] dielectric constant therefore
alter the boost factor. Thus, this ultimately de nes the precision at which the distances between
the disks need to be adjustable when optimizing the boost factor. Tis important topic has been
studied previously [2/89} 121, 124]. Therefore, we will only brie y reviev and con rm their main
results and give some intuitive interpretation.
In [89] it was argued that the needed disk position standard deviation 4 is bound by
10¢ ™ 25GHz

Numerical studies [2| 121, 124] typically show that at least one to two orders ofmagnitude less
than the quoted value of 200 m is required. As an example we show the eect of a 1m, 3 m
and 10 m positioning precision for the benchmark boost factors with 50 MHz bandvidth for both
the 20 and 80 disk cases in gurg 5J5.

Notice that in the estimate of [89] above the needed precision only scalésversely to the forth
order on the power boost factor. The numerical results for 20 and 80 diskshow that a similar
accuracy is needed for 20 and 80 disks. In particular, for both cases an agagy of 3 m is
needed for deviations from the idealized case af 10%. This may be counter-intuitive at rst
glance, since more disks can naively make the system more resonant, whimakes phase errors
more important. However, relative errors on the phase depth directlycorrespond to relative errors
on the resonance frequency. This is obvious e.g. for a minimal diele@t haloscope with only one
slim disk and a mirror. Here the distance d between the disk and mirror directly de nes the
resonance frequency

%; (5.5)

lvarious 3D e ects discussed later can be seen as e ectively ¢ hanging the dielectric constant.
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Figure 5.5: E ect of disk misalignments on the power boost factor for the 20disk Madmax
prototype (left) and 80 disk Madmax full-scale experiment (right). The black line denotes the
idealized case without any mispositioning. The lines in various colors arrespond to randomly
realigned disks, where the misalignments have been sampled from aiform distribution with the
maximum for each color as de ned in the legend.

with the speed of light c. Since the 20 and 80 disk boost factors are tuned to cover the same
frequency bandwidth, the relative frequency error for the resonanes that make up the boost
factor are the same. Therefore, the relative phase errors we may allovef are the same. Another
way of seeing this is by considering the Fourier transform of the amptude boost factor. A boost
factor bandwidth in frequency domain requires the amplitude boost factor to stretch over
a range/ 1in time domain, i.e., de nes how long the signal must propagate on average
through the booster before being detected. These are the same if thehosen bandwidth is the

same, regardless of the actual disk number. Therefore, phase errors atthe boost factor in both
cases in a similar way.

In short. Disk position and disk thickness inaccuracies cause phase errors. Nenical 1D calculations
show that for a boost factor bandwidth of 50 MHz both for 20 and 80 disks an accuracyf 3 m
is needed to leave the boost factor unchanged at a level of 10%.

5.4 Losses

For the design of theMadmax booster it is important to know the order of magnitude of tolerable
losses that have an impact on the boost factor to set design goals for the dagtric disks. There-
fore, we seek for an approximate parametrization of loss e ects to the ackivable power boost
factor in this section. We will rst review the de nition and conseq uences of dielectric losses.
Based on this we will derive an analytical equation to quantify their e ect on the boost factor
in dielectric haloscopes for the transparent case as introduced in séon f.4.7. We then com-
pare this parametrization to a set of numerical calculations for more realtic boost factors. This

leads us eventually to a parametrization of loss e ects depending on gk number, boost factor
bandwidth and frequency.
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Dielectric Losses

Dielectric losses are quanti ed using the usual loss tangent de nechs

Im

tan _—
Re

(5.6)

With non-zero loss, the refractive indexn = P — becomes complex, i.e., for small we have
n j nj(1+i=2). The amplitude of a propagating wave is then damped according to

JE(2)j= jE(z=0)jexp sjnjlz : (5.7)

Of course, this does not only apply if the losses are actual dielectrimsses, but can parameterize
any kind of continuous loss mechanism in the system that exponentiallyjdamps the electric eld

along z. This will be useful in later chapters, where we will use this tocompare these studies to
the expected loss from 3D e ects. Since in this parametrization the électric constant of a lossy
medium has a nite imaginary part, also the re ectivity between two media, in particular its phase,

will be a ected, cf. equation (. In a resonator this corresponds to gphase error, slightly shift-

ing the resonance in frequency. This can be used to measure tarj125]. In a dielectric haloscope
like Madmax we can compensate these phase errors to some extent by realigning thiskk. The

amplitude reduction, however, cannot be compensated. This is thefore the dominating e ect

considered here.

Analytical Ansatz

It is instructive to rst study the transparent case, i.e., a con guration where the disk thickness
is chosen such that the disks are e ectively transparent as introdeed in section[4.]. Afterwards
we generalize this to more resonant con gurations. Considering an elecdbmagnetic wave in the
transparent case passing throughN disks (or air gaps) with a dielectric loss of tan and thickness
d, the amplitude of this wave is damped according to equation[(5.7) by a faior ofexp N 5jnj!d
Each disk emits a left- and right-moving wave. Assume we have a mior on the left side. Then, the
left-moving emission from diski gets transmitted through i 1 disks (air gaps) until it is re ected
on the mirror and then transmitted through all N disks (air gaps) again until it propagates out
of the booster. The right-moving emission only propagates throughN i disks (air gaps). In
the transparent case it is always possible to align all dielectric diks such that their contributions
interfere constructively. Therefore adding up all emissions cortsuctively, the power boost factor
is given by the squared sum of all these amplitudes. Therefore, thedpst factor reduction is

2

2 1 )(\I n (0]

=2 = N exp (N+i 1)zjnjid +exp (N i)zjnjld (5.8)
0 i=1
2
1 1 exp( N jnjid)

5.9
4NZ 1 exp( zjnjid) 9
& exp( N jnjid): (5.10)

where 2 is the boost factor with loss and £ is the boost factor without loss. The consistency of
equation (5.9) with numerical 1D calculations has been con rmed in[[8]. Tre approximation in
equation (5.10) corresponds to each emission passing on average throuiyhdisks.
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Figure 5.6: E ect of dielectric loss on the achievable power boost factgrfor the Madmax proto-
type (left) and the nal Madmax setup (right). Each curve shows the boost factor after varying
the disk spacings in the 1D model to obtain the optimal boost factor in a eample bandwidth of
50 MHz (prototype) or 20 MHz (full scale Madmax ), as described in sectiol.

In general we are not in the transparent case, i.e., the disks have a pise depth such that they
have some re ectivity. Therefore, we also have to take into accounipaths throughout the system
which experience re ection from the disks. Each such path can be s&m as a random walk through
the system. If the re ectivity is % the average walked distance is the square root of the number of
steps, analogous to the well-known Brownian motion. Therefore, we nekto pass through N2
disks before leaving a block oN disks [126]. In our case the re ectivity can be di erent, and we
still have to take into account interference. Nevertheless, thé su ces as a motivation to use the
same formalism as above, but considering an e ective number of diskble any boosted signal
experiences before leaving the system. For realistic boost factethe task of parameterizing losses
therefore reduces to nding the average total optical length in the losy medium. It is given by the
e ective number of disks as a function of boost factor bandwidth, frequency and number of disks.

Numerical Survey

In order to obtain this parametrization we numerically study more realistic con gurations. To
this end, we assume a tan value and then nd disk alignments of N disks that give an optimized
boost factor in a given bandwidth , as described in sectior] 5]1. Considering various loss
tangents in the range of tan =10 ©::10 2, we can t the result with equation ($.9) and infer
Ne . In order to deduce the bandwidth dependence we consider variousandwidths in the range
of = 2:5MHz:::500 MHz. To derive the frequency dependence for thtladmax prototype
we consider boost factors at frequencies of 18 GHz and 24 GHz for 20 disks. Lastly, to get
an idea how this behaves for the fullMadmax experiment, we do the same also for 80 disks at a
frequency of 22 GHz.

The result of the boost factor calculations for the prototype and a 50 MHz bandvidth, as well
as for the full scaleMadmax but a 20 MHz bandwidth are shown as examples in gurg 5.5. Other
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Figure 5.7: Reduction of the power boost factor minimum in the optimized bandwidth as a
function of dielectric loss, for four example boost factor bandwidths ad 20 disks at 18 GHz
(left) and 80 disks at 22 GHz (right). The circles denote the results from the aforementiond
optimizations, the straight lines are curve ts to those points using equation (5.9) (exact for the
transparent case) using an e ective number of diskdN, as the only free parameter.

results are analogous. We see that even for higher losses tan 10 # almost box-shaped boost
factors may be achieved. In addition, substructures of the boost faar curve tend to smooth out
for higher losses, which can be understood in the same sense as a retihn of the quality factor
Q in resonators. However, here the e ect of the boost factor reduction isdominating compared
to this smoothing.

We take the minimum of the power boost factor curve in the respectie frequency range as the
achievable power boost factor amplitude. The reduction of this ampliude compared to the ideal
power boost factor amplitude for four di erent example bandwidths is shown in gure .7, Each
circle denotes the result of a single disk position optimization for ttat particular tan and
The outliers occur, if the optimization converges to a di erent (local) minimum than the ideal
boost factor, or if the solution for higher loss is smoothed out such that tkle minimum of the boost
factor curve with loss actually lies above the minimum of the losslessurve. The lines correspond
to curve ts using equation (.9) where we take the number of disks asle free parameter. We
see that this parameterizes su ciently the dependency on the didectric loss that we need to
estimate. Moreover, we see that the order of magnitude of which is relevant for the boost factor
is approximately the same for 20 and 80 disks. Again, this might be surprigg since one may
think that losses become more relevant for a system with more disks.

In gure 5.8]we examine the bandwidth dependency of the t parameter N. for all studied
cases. Each point corresponds to the result from tting a set of optimzations with the same
bandwidth but di erent loss tangents as described before. The results are coistent with
our previous estimate at a xed bandwidth in [B]. The green (blue) dasked line shows a power-
law t for all 20 (80) disk points. We see that for the prototype the frequency dependency is
small compared to the statistical uncertainties when tting N¢ . In addition, we obtain a similar
bandwidth dependency forN for 80 disks.



55

more resonant more transparent
104 4
Optimizations
O 80 disks, @22GHz
O 20 disks, @18GHz
E ¢ 20 disks, @24GHz
) )
5 ° @ Partsch MSc thesis
" E Estimates
3 R Ner = 24( Av[ GHz]) 00
: g | Nei = 30( Av[ GHz]) 07
: g - T=l@ Dy
t a
: 2
& 102 - 2
o
S
O

1(31 162 103
Bandwidth [MHz]

Figure 5.8: E ective disk number as a function of boost factor bandwidth, obtained from the ts
exempli ed in gure The data points correspond to the results from the ts for a 20 disk
system (green) at two di erent frequencies (squares for 18 GHz, diamnds for 24 GHz), and for a
80 disk booster (blue circles). The black square and errorbar denotethe result from our older
estimate in [8]. The green (blue) dashed line is a power-law t to e 20 (80) disk data points.
The secondary axis shows the time a signal propagating througiN, disks spends in the lossy
regions at 20 GHz. Estimating it with the inverse boost factor bandwidth as described in the text
gives the black dashed line.
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Parametrization

We can understand this result by realizing that for a signal that in frequency domain has some
width the width in time domain  must obey % independently of how many disks
are actually installed. Taking this time as the propagation time in the booster, we can estimate
the corresponding phase depth in lossy regions, which equald. jnj!d . This estimate is shown

as the black dashed line in gure[5.8. Explicitly this gives the desied parametrization of Ne as

Ne ; (5.11)

jnjld
independent of the actual disk numberN. Notice that a change of the refractive indexn has

no direct e ect on N¢ , as long as one remains the phase depth of the lossy regiojig!d ap-

proximately the same. Therefore, the same tan a ects the power boost factor the same way for
di erent boosters with di erent dielectric constants. Plugging this estimate into the approxima-

tion in equation (5.10) and requiring the reduction of the boost factor to be less than 10%, we
can derive a critical bandwidth

gt 20 MHz (5.12)

10 420GHz

For bandwidths above the critical bandwidth the area law holds. For snaller bandwidths losses
dominate. The critical bandwidth is approximately independent on the number of disks and the
real part of the dielectric constant of the disks.

In short. Losses such as a dielectric loss (tar) modify the area law, i.e., the achievable area under the
power boost factor curve is not constant with bandwidth, but rapidly d ecreases when going below
a critical bandwidth. The critical bandwidth is found to be approxi mately 20 MHz (tan =10 4)
at the frequency range for the prototype around 20 GHz, independent of thenumber of disks in
the haloscope.



Chapter 6

3D Models

The results discussed until now rely on the 1D model of the boosterwhich holds if the disks

are extended in nitely in radius and are perfectly at and homogeneous. These assumptions are
not realized in the experimental setup. In this chapter we therebre discuss three independent
methods to numerically solve the wave-equation[(2.R) in three dimasions with more complicated

boundary conditions. We are mostly only interested in the solution arourd at xed frequencies

since the axion eld oscillates at a very sharp frequencym,(1+ O(10 8)). Therefore, we consider
simulations in frequency domain, where for each xed frequency a g@rate simulation is performed

and the time dependency of all elds is simply exp( ilt ). Recall that the wave-equation (2.2)

then takes the form

r 2E+r(r E) (n)2E = il Jg: (6.1)

Of course it is also possible, to solve the wave-equatiof (3.2) in timeomain [127/128]. However,
in order to resolve e.g. a resonance over a smaller frequency band, otypically needs to run

the simulation for more time steps, while in each step these approackeaccumulate additional

numerical error.

Table [6.1] gives an overview over the methods considered here. Weast with Finite Element
Methods (FEM) in section @ which is suited to simulate electromagnetic elds in any 3D ge-
ometry without any restricting assumptions on the wave-equation, alkeit numerical discretization
and convergence. If one assumes no net charges= r E = 0, the wave-equation simpli es
signi cantly and the Recursive Fourier Propagation method in section[62 can be applied. Lastly
one can decompose the elds into a set of orthogonal eigenmodes, as introckd in section[6.3.
This will not only provide a very e cient method for calculating and parameterizing elds in a
dielectric haloscope but also o ers some intuitive understanding oBD e ects. At last in section p.4]
we will brie y point out how an antenna included into the system can be treated.

6.1 Finite Element Methods (FEM)

We can explicitly solve equation ) for complex geometries numericgl with nite element
methods (FEM) [129]. FEM decompose the problem into a set of a nite number of cells ("mesh\).
Imposing the boundary conditions between cells results in a matrixequation which is solved

57
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numerically. An example for a mesh is shown in gure 6.1. In order to reslve the wave structure
su ciently, the mesh needs to consist of at least 5 to 10 cells per pbton wavelength. This
holds in particular for media where a dielectric constant decreasethe wavelength. Here a ner
mesh is required, such as e.g. for the dielectric disk which is émted at z  0:2m in gure £.1]
The results obtained in this thesis are obtained with the open-soure package Elmer|[130, 131]
(VectorHelmholtz module). They are compared to results obtained wih the commercially available
COMSOL Multiphysics r [132] (wave-optics module) from our collaborators| [, 10]. Using two
di erent FEM tools enables us to cross-check results obtained wit both tools and to possibly
disentangle systematics from the di erent algorithms or meshes from pysical e ects.

Previous axion-electrodynamics studies| [82, 133, 134] for cavity setupsmito nd modes of
closed cavities. In the case of dielectric haloscopes likdadmax we are faced with open situa-
tions, which requires absorbing boundary conditions. Therefore in mer we use Robin boundary
conditions to describe an open system

nr E n (n E)=g on ; (6.2)
with n the normal vector on the simulation boundary and = ik;g =0 (impedance boundary
Method Assumptions Benchmark Time
Finite Elements (FEM) 3D mesh ( =5) ne enough lyear
numerical convergence (Elmer)
azimuthal symmetry 30 min
(only 2D3D approach) (2D3D-COMSOL [10])
Recursive Fourier Propagation 2D discretization (. = 2) su cient 5s
number of iterations su cient (own implementation)
r E=0

radiation at r >R absorbed
B. const on length scales

Mode Matching (number of) modes su cient . 1s
to approximate eld (own implementation)

modes in our implementation:

r E=0

E (r > R ) = 0 for dielectric disks
B. const on length scales

Table 6.1: Overview of various methods considered here to solve the axi-Maxwell equations
for dielectric haloscopes in 3D, and their core numerical () and physics () assumptions. The
benchmark time denotes the order of magnitude calculation time of the bost factor for a min-
imal dielectric haloscope (single disk and mirror) with a diameter of = 20cm and Sapphire
disks at a frequency of 10 GHz calculated on a single CPU (clock rate 2 GHz). More details

cf. sectionsE]L throug@.
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Figure 6.1: Subset of an example mesh for a minimal dielectric haloscopeyhich consists of a
circular perfect mirror at z = 0 and a dielectric disk of thickness 025 cm around half wavelength
away from the mirror, i.e. at z 1:5cm, as considered in sectiof 8.3.2. The colors denote the
result for E, at a xed instant of time obtained with Elmer.

conditions) [135]. One can show that this only works for plane waves impiging the boundary
with a spatial frequency k orthogonal to the boundary, i.e. waves impinging under other angles
will experience some unwanted re ectivity. Therefore, perfetly matched layer (PML) boundary
conditions ] are used in COMSOL, which absorb a large amount of impingintadiation
also under a large incidence angle. A comparison and discussion of di ereboundary conditions
for electromagnetic FEM solvers can be found for example irf [137].

FEM can handle 3D geometries which have typical length scales of a few welengths in all
three spatial dimensions. In this case both direct and iterative solers may be used. In Elmer for
example we obtain the 3D solution always by using a tuned \Biconjugate Gradent Stabilized"
iterative solver [135,138] 139], while in COMSOL direct solvers have beeunsed [132, 140]. While
iterative solvers may su er from insu cient convergence, a direct solver directly calculates the
solution to the matrix system. On the other hand a direct solver is muwh more memory intensive
and therefore computationally more demanding. Due to the numerical comfexity of FEM, it is
hard to use this method for a full 3D simulation of a larger system than a sgle disk and mirror,
as we will see explicitly in sectior[ 8.3.p.

As pointed out by [3}[10], in order to reduce the size of the computational poblem by one
dimension one can exploit the azimuthal symmetry (\2D3D approach"). Even if the external
magnetic eld is polarized in y-direction, we can decompose all elds as a sum of azimuthally
symmetric elds as

E=FE*'¢d +E e'; (6.3)

whereE" have no -dependency. Analogous to the superposition of left-circular and rightcircular
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elds [141] the sum of the wo E = ( & ié,)é™ is polarized in y-direction. Since the
wave equation ) is linear we can solve it for eacE® separately and afterwards sum up the
results. This strategy is used for example in the context of the simlation of radial symmetric

antennas [142] as well. For more details on this method cf|. [3]. This methibhas been implemented
using COMSOL for multi-disk systems by our collaborators [10].

6.2 Recursive Fourier Propagation

In order to reduce the e ort to solve the full wave equation, we can asame that there are no net
charges, i.e., =r E =0, while an external current J 6 O is still possible. This ansatz neglects
near elds generated by any induced charge distributions. In this cas equation (6.3) simpli es to

r 2E (In)?E = il Jg: (6.4)

We can now treat all three components ofe as independent scalar elds, since all three components
decouple in [6.4). Such a scalar di raction theory is applicable if the opiical system is much larger
than the photon wavelength of the propagating elds [143]. In addition, the elds are required
to propagate along one preferred axes. The optical size of a dish antenna given by the dish
diameter, while for a dielectric haloscope the optical size is givenybthe diameter of the mirror and
dielectric disks. In the proposed dielectric haloscopes such &8admax [2,34] and LAMPOST [95]
as well as in dish antenna experiments such as BRASS [144] this conditionill be ful lled. We
will elaborate the validity of this assumption in some more detail in setion B.2.1 on the example
of a dish antenna.

First we nd a speci ¢ solution to the inhomogeneous equation ). For haloscope experi-
ments like Madmax spatial gradients of J, are small on the length scale of a photon wavelength,
since the axion eld changes length scales of its de Broglie wavelengthgg 10° and the ex-
ternal magnetic eld is approximately constant over the size of the exeriment. In this case the
rst term in equation (§.4)| can be neglected and the solution is simply the axion-induced eld
Ea as introduced already in equation [2.3). The homogeneous part of equatiorj (6.45 solved by
plane waves ful lling the photon dispersion relation jkj = In . The full solution before introducing
boundary conditions is therefore a Fourier series plus the axion-indced eld

Z
dk?
2 )3
which is fully analogous to equation [4.1) in 1D. As for 1D, the task is to nd the appropriate
plane wavesE, (k) in any region r of the haloscope that compensate the discontinuity ofE 5(x)
across all the boundaries of the dielectrics.

E(x)=  E(k)e*~ + Ea(x); (6.5)
R3

Due to the photon dispersion relation, it is su cient to know the e Ids on axy-slice to calculate
how they propagate alongz. Let E(Xx;y;0) be the eld in y-direction at z = 0 without the axion-
induced eld, then the propagated eld is [143]/145]

E(x;y;2)= F F [E(%Y;0)](k; Ky) explik, (Kx; Ky)Z]g; (6.6)

where F denotes the two dimensional Fourier transformation inx and y directions and where
k. (kx; Kky) is given by the photon dispersion relation

q
Kz (Kx; ky) = (In)z k& kg (6.7)
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Figure 6.2: lllustration of the recursive Fourier propagation approach. The eld on the left surface
in brown is given and propagated to the next surface by applying equatio@. The propagation
consists of a Fourier transformation of the initial eld and a backtransformation which is taking

into account the phase factor exp{k,z). The implementation can be done with the fast Fourier
transformation (FFT) algorithm and the corresponding inverse (iFFT). We also illustrate that the

elds are de ned on a discretized grid over the di erent slices. The approach takes into account
di raction phenomena arising from the nite size disks. Repeating the propagation recursively
and applying re ection and transmission coe cients at each slice, a 3D multilayer system can be
calculated.

where the sign determines the propagation direction. Therefore, in @amparison to the 1D case,
where the phase evolves ad'™ | the phase evolves more slowly ag*zZ in 3D.

Small tilts or thickness inhomogeneities of the disks cause small dsnce deviations z(x;y)
when arriving at the interface at distance z, giving

E(x;y;2) ! E(Xy;z)expliko z(x;y)]; ko= In; (6.8)

where in particular for relative tilts  around the x-axis and  around the y-axis between the
interfaces

zZ(x;y) = yx+ y: (6.9)

Here we have assumedty; k. Sincekg is always slightly larger than k;, this does only overesti-
mate the e ects due to the thickness variation of the disks. Assumimgy the leading order e ect of
small variations n(x;y) are also phase di erences, we can estimate their e ects simply byon-
sidering the according phase shifts corresponding to the same relgé thickness inhomogeneity,
ie.,

n(xy) o _z(xy). (6.10)
n z

In order to compute the 3D elds for a dielectric haloscope, this approab can be recursively
applied to propagate the radiation emitted from the individual interfac es in the system to com-

pensate the discontinuity in the axion-induced eld E,. Since the boundary conditions on the
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disk surface are the same in 1D and 3D, the amplitudes of the emitted radiion elds are directly

given by the corresponding equations in 1D, cf. equatio4), but inakding the transverse spatial
dependency for all quantities. The full response of the booster canécalculated by tracing these
elds analogous to the ray-tracing strategy discussed in sectiof 4]2 tfough the system until they
leave it, as sketched in gure[6.2. The full procedure is

Considering the elds E(z;) emitted at z;, the elds at the opposite interface E(z;) are
obtained using the Fourier approach with equation ).

At the next surface the elds E(z,) outside of the disk radiusr > R are set to zero.

T E(zp) is transmitted and RE(z) is re ected, where R is the complex re ectivity and
T = (1 + R) the complex transmissivity of the surface as seen from the region tlough
which we just propagated.

Repeating the above forN iterations between all interfaces and adding up all elds outside,
converges to the out-propagating elds for largeN .

For our implementation, the re ectivity of the interface in the thi rd step is taken from the 1D
model, cf. equation [4.1%), which holds for plane waves under a normal sident angle. Other angles
could be accounted for by makingR (ky; ky) dependent on the transverse momenta. However,
R only depends at second order on the incident angle (see \Fresnel equatis," e.g., in [143]).
Since electromagnetic elds propagate essentially along the booster &in dielectric haloscopes,
assuming normal incidence is a good approximation in our case. Moreovghis procedure assumes
that the plane waves in equation ) are still approximate solutions irside the dielectric disk and
all elds propagating outside of the disk radius are being absorbed. Thids justi ed, considering
that the elds over-shining the disks are not re ected and therefore not resonantly enhanced like
the elds inside the disk radius. The validity of this approximati on for Madmax has also been
investigated in a recent Bachelor's thesis|[146].

Note that one can store elds at all layers simultaneously and sum up the reected and trans-
mitted elds at each layer after each iteration step, such that the numerical complexity grows
linear with the number of iteration steps and layers. We use the fastFourier transformation
(FFT) algorithm. In addition, this approach also requires only a discretization in x and y dimen-
sions with grid spacings according to the Nyquist theorem of =2, and thus makes this method
numerically e cient.

6.3 Mode Matching

In the previous chapter we have decomposed the electromagnetic edinto the homogeneous free-
space solutions of the wave equation4), which are plane waves. In thisection, we start with
the solutions inside the dielectric disks, and will decompose all elds into a coherent sum of those.
To begin with, consider a dielectric waveguide, i.e., a cylindeof dielectric material with radius
R surrounded by vacuum. In the limit for large radii R and large dielectric constant 1,
we obtain a disk of the dielectric haloscope. In this limit the elds drop to zero at the boundary of
the waveguide. This can be intuitively understood in 2D by consigring the momentum of a plane
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wave expf(k;z + kyx)] essentially propagating in z-direction inside the waveguide, i.e..k; n!.
For the transverse spatial frequencyky of this wave we have according to equation?)

k= )2 kz: (6.11)

Inside the waveguide we havek, < n! , henceky is real. Outside, k, needs to be the same than
inside in order to match the boundary condition on the waveguide walls atx = R for all z.
However, outside the refractive index isn = 1. We have k, > ! , since before we assumed
k, n! with n 1. Hence, kg in! is imaginary and the eld is exponentially damped
in x-direction exp( n!jxj) and thus e ectively zero outside the waveguide. To match the
electromagnetic boundary conditions atx = R, the elds therefore have to drop to zero towards
the boundary. This argument generalizes in 3D and radial coordinates. For rare details see for
example [147,148]. Assuming again E = 0, the solutions to each component ofE in the wave
equation ) under this boundary condition give the eld inside the disk. These solutions are
the waveguide eigenmodes illustrated in gureg 6.B and given by

Em (r; )= Nm I (kem )€ 3 JIm(kem R)=0; (6.12)

wherem > O; " are discrete mode indicesN ,» is a normalization factor such that RRZ JEm j2dA =1,

J- are the Bessel function of the rst kind of order ™ and k.., is the transverse spatial frequency or
transverse momentum. Notice thatke. is determined by the radius of the disk under the bound-
ary condition that the elds drop to zero at the rims of the disk on the ri ght of equation (6.13).
As ke appears in front of the the radiusr, its inverse corresponds the transverse length scale
on which the eld distribution of the mode changes. These modes are ¢hogonal and complete
in the sense that we can expand any eld distribution inside the disks into a set of those modes.
Most importantly, they are eigenmodes inside the disks, i.e., they propagate independently along
z-direction within the disks as

q

X _ -
E(r,;z)= em Em (1 )€ 5™ 2 5 kg = K K2 (6.13)

c;m ;
m;
where e, are the coe cients for the mode expansion andky = n! . Notice that the longitudinal
momenta k,..,» , sometimes also referred to as the propagation constant, determines ¢hphase
velocity vp:m = !=k ;;m of the di erent modes, which in general is not the same for di erent
modes. In free space these modes in general do not propagate indepemtieanymore, since they
are no more solutions of the scalar wave equation under the new boundary cditions. Since they
are orthogonal, we still can expand any eld into these modes, but durirg propagation they "mix’
with each other, i.e., X
E(r;z)= PR”’(2) emoo Em (17 ); (6.14)
m;*m 0;°0

with enoo the coe cients of the mode expansion atz = 0 and the linear map PnT«O‘O between the
modes. It is given by 7

PM"’(z) = Em () EPoo(r; ;2)dA; (6.15)

where EP oo(r; ;2) is the eld of the mode (m%'9 after propagating for a distance z. The
propagated elds EP in free space can be obtained with equation[(6]6). Indeed, equation$ (6.]14)
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Figure 6.3: Modes of the circular dielectric haloscope.Left: Fundamental moden = 1. Main
panel: Spatial eld distribution. Side and bottom panels: Fields along the x and y-axis (blue
straight lines) and elds corresponding to a Gaussian beam [149] with a bem waist ofw, 10cm
(gray dashed lines).Right: Same as main panel on the left, but for higher modes.

and (6.19) hold generally for all media with any boundary condition, but P is diagonal inside an
ideal disk, i.e., P = diag [exp( ikz;m Z)], such that one obtains equation [6.13).

To include the axion in this formalism, we expand the axion-induced eld in a sum of the
modes, i.e.,

X

Ea(r; ;2 )= Na m Em (1, ); (6.16)
1 z

) m =N Enm () Ea(r; ;z )dA; (6.17)
a R2

with the normalization of the axion-induced eld N, Ran(x)jZdA. Notice that equation (6.17)
is analogous to ). The coupling coe cients ,,+ de ne the amplitude at which the axion-
induced electric eld excites the modes describing the emted radiation from the individual dielec-
tric interfaces. We call the square of the coe cientsj . j2 coupling e ciency of the axion-induced
electric eld to the mode (m;"). In general, the coupling coe cients depend on z. However, if
not stated otherwise, we assume a spatially constant external axion-inadced eld and a spatially
constant external magnetic eld, which also makes the coupling coe dents independent ofz.

We can now generalize the one dimensional transfer matrix formalism for iglectric haloscopes
in [89], to higher dimensions using these modes. This can be done bw¥ing mode coe cients for
the left- and right-moving elds in each region,i.e,L=( Iy ) ,R=( rm, )T become
m(2"+1)-dimensional vectors when considering the modesn = 1 :::vh;” = “::: . Analogous, for
the axion-induced eld we make the replacementEg ! Eg( m )T. The transfer matrices
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Axion Coupling Propagation

=30cm =1 :2m

Mode ji? ke d Ke d
n=1 69 % 16m ! 2 10° 4m 1 2 107
=2 13% 37m? 1 104 9m ! 1 10°6
n=3 5% 58m 1! 2 104 14m? 4 10°
n=4 3% 79m 1! 5 104 20m 1! 6 10°
n=5 2% 100m 1! 7 104 25m 1! 1 10°
=6 1% 121m 1! 1 103 30m? 2 10°

Table 6.2: Properties of the most important modes for a dielectric halosope as foreseen for the
Madmax prototype (disks = 30cm) and nal scale experiment (disks =1 :2m). j j? denotes
the coupling of the uniform axion eld to the mode, k. its transverse momentum, and 4 the
di raction loss parameter between the dielectric disks as de ned n the main text.

become explicitly

Neep+ne)l (N ne)l
G = 1 (Nea #00)b(Neer Ne) ; (Re ection / Transmission) (6.18)
2N 41 (n,'+1 n)l (N +0p)I
P 0
P= ; Propagation 6.19
0 pt (Propag ) (6.19)
S = A”lizA’ 1; (Axion-Induced Fields) (6.20)

where here the entries of the matrices are sub-matrices in the vear space of the mode coef-
cients, i.e. | is the (2" + 1)-dimensional identity matrix. With these de nitions the equa-
tions (4.17), (4.13) and (4.14) for the boost factor, re ectivity and transmission directly hold in 3D.

For dielectric haloscopes likeMadmax this formalism is particularly bene cial. To under-
stand this, consider the fundamental properties of these modes, sumarized in table[6.3. Firstly,
the axion-induced eld essentially only excites lower modes; rideed the the coupling e ciency
to the fundamental mode is 69 % and for the rst four modes ., ,j m j? = 90%. Secondly,
as will be shown explicitly later, the modes turn out to be approximate eigenmodes of the
whole booster ("eigenmode approximation'), i.e., when only consgting the relevant modes with
m =1;2;3;4;" =0 even for disks with 30 cm diameter at 20 GHz the mixing between thes modes,
i.e., jP™"% for (m;") 6 (m®"9,is. 8 10 4. So unless the system is tuned to be very resonant,
the mixing can be neglected, and we nd

P™™°  exp(koym z 3 am kgm 2) 1M ;  (eigenmode approximation) (6.21)

where g is a di raction loss parameter, and all modes propagate essentially indegndently. If, on
the contrary, the system is tuned to be very resonant for a speci ¢ node, the di erence in k, for the
other modes will make them rapidly dephase, i.e. make all other modesrelevant. When inserting
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the eigenmode approximation in [6.21) into the transfer matrix formalism all modes decouple, i.e.,
the result for each mode can be obtained by an independent 1D calculationin particular, if the
antenna is coupled to only one eigenmode, a 1D model is su cient to dscribe the whole system
including the antenna; for more on the antenna coupling see below. Weill investigate the validity
of the eigenmode approximation in sectior] 8.3]1, and in sectiop 8.3 and latethis understanding
will also provide an intuitive, but still quantitative explanation of the observed e ects.

Notice that this method can in principle be applied for any complete, othogonal set of inde-
pendent waveguide modes describing the propagation of electromagnetields inside the dielec-
tric disks. Thus, one can use instead vectorized elds, setting dade the approximation of zero
net charger E, and modes which do not strictly fall to zero at the rims of the dielectric disks
that could account also for propagation around the disks. More details are outlied in literature
such as|[14/1,148].

6.4 Including an Antenna

Let us brie y review the basics of receiving the signal coming from tke booster with an antenna.
According to the reciprocity theorem [150], if we know the transmis#on from antenna A to antenna
B it will be the same if antenna B is used as the sender and\ as the receiver. The antennas
considered here, when used as a sender, are excited by a scalar voltafe The radiation from the
antenna is fully described by a 2D eld distribution (beam shape) E o (x;y). Due to the theorem
of reciprocity for any beam which is impinging this antenna, it can only receive elds following
the same beam shape.

Mathematically we can decompose any beantEg in a sum of the antenna beamE, and an
orthogonal residual beamE . The inner product of E o with Eg then gives the coe cient for the
antenna beam in this decomposition. It is given by the so-called couptig integral

R
E, EgdA

c= ¢ R > R > )
JEA]" dA JEgj” dA

(6.22)

where the integrals are typically taken over the antenna aperture, lut may be taken over any
in nite spatial slice both beams propagate throughE] Note that this is fully analogous to equa-
tions ) and ). jg? is called the coupling e ciency or power coupling coe cient of the
antenna and determines how much power can be extracted from a specibeam. We will use
the coupling e ciency later to quantify how well two beam shapes match, and also refer to it
as “matching ratio'.

The power in the residual beamER is not received by the antenna. It depends on the geometry
of the antenna and surroundings what happens with this power. If it isfocused well onto the
physical antenna aperture one may assume it is re ected. Howeverf it for example has signi cant
non-zero elds outside of the physical aperture of the antenna, one codlplace absorbers there to
absorb this part of residual elds.

In addition, we remark that apart from the coupling e ciency of the anten na to a specic
beam shapeERg, it typically has an intrinsic re ection coe cient, arising for ex ample from the
coupling of the antenna waveguide to a coaxial cable.

1This can be easily seen considering their propagation from o ne slice to the other according to equation (6
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Figure 6.4: Example Gaussian beam with = 1:6cm ( = 19GHz) focused on a spot of size

wo = 5:4cm. The orange shading sketches the intensity distribution of thebeam. The red dashed
line indicates the beam width w(z). In this thesis, we assume antennas that produce Gaussian
beams focused on the front disk of the booster, as schematically indited here for the Madmax
prototype (‘miniMAX'"). Adapted from [154].

Gaussian Beams

The fundamental mode of the booster has a coupling e ciency of 97% with aGaussian beam.
Gaussian beams are obtained as the fundamental mode of propagation in free sgaconsidering
azimuthal symmetry and the paraxial approximation [149,151]. Moreover, it isa standard task
for antenna builders to provide Gaussian beam antennas and Gaussian quasptics [152,153].
Therefore, we will consider Gaussian beams for the antenna beam in thithesis. Such a beam is
given by

(2) r2 . kr? 1

E(nz)= w exp +i + itan
Wo w2(z) R(z)

2 exp( ikz) ey (6.23)
Zp

. o . P———
with the radial distance from the beam axisr = = x2 + y2, the wavenumberk =2 = and

S

2 2 2
w(z)= wy 1+ Zi ;s R()=z 1+ ZZ—O L zg= 2O (6.24)
0

wherew(z) is the beam width equal to two standard deviations of the Gaussian int@sity distribu-
tion, R(z) is the curvature radius of the beam, andz, is called the Rayleigh length and determines
the range within which the beam width does not open by more than a factor of 2. We show an
example for a Gaussian beam in gurg 6.4.

Ellipsoidal mirrors can be used to map Gaussian beams onto each other. This the benchmark
method proposed for the Madmax optics [153]. Notice that the needed diameter of such an
ellipsoidal mirror placed far away (z  zp) from the beam waist can be determined by the opening
angle or divergence of the Gaussian beam, explicitly given by

W(Z):Ei 3 10cm ZOGHZ: (6.25)

'o

z11 Z |

o

The radius of the mirror is typically required to be three times the beam width ! (2), i.e., the
mirror should cover an opening angle of 6. More details including coupling integrals between
Gaussian beams can be found in [149,151, 152].
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Chapter 7

Validation of 3D Models

In the previous chapter we have outlined methods to solve the axioMaxwell equations under
typical boundary conditions for haloscope experiments. It is importantto ensure numerical con-
vergence and correct implementation of the physics for these methad In this chapter we brie y
lay out how we do this in the framework of this thesis. Later, within chapter [§ we will compare
the results of the di erent methods for di erent speci c setup s. This will inform us about the
validity of the physics assumptions of the di erent numerical methods.

7.1 Finite Element Methods

Ensuring convergence of nite element methods and iterative solves for large linear systems
is a scienti ¢ topic on its own [140]. The output of the Elmer software oers a convergence
parameter h [155], which corresponds to the erroth = jAXx  b=jlj, when solving the linear system
Ax = b for the vector x, where the matrix A and vector b encode our physical problem. While
generally smaller values are better, the order of magnitude one can achievin h can heavily
dependent on the studied case. It is therefore only useful to comparresults of simulations with
the same or similar boundary conditions to each other.

We can, however, check the self-consistency of the FEM solution. Arime example is the
density of mesh points. If the mesh is ne enough to approximate gradiaets on the mesh well,
the solution does not change when decreasing the maximum distance of stepoints Xmax. AS
an example we present the calculation of a rectangular waveguide with diensionsLy = 3 in
x-direction, Ly = in y-direction and a length of L, = 40cm in z-direction at a frequency of
10 GHz. Inside the waveguides we assume an external magnetic eld
z L,

Be(x) = Bgsin? LX—X cog o >

ey (7.1)
with the Heaviside step function , i.e., the eld smoothly drops to zero over half of the length of
the waveguide. The waveguide is closed at = 0, where the discontinuity of the axion-induced eld
leads to emission of electromagnetic radiation inside the waveguide.dF a su ciently ne meshes
the power propagating inside the waveguide needs to be independeaf the mesh. To explicitly
con rm this, we performed this calculation using 5 di erent values for  Xmax =10, as shown

on the left of gure The power and its numerical uncertainty is calculated by integrating
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Figure 7.1: Simulation of the same waveguide but with di erent meshes controlled by the max-
imum distance between mesh points Xmax. Left: Front-view of meshes corresponding to four
di erent waveguides with dierent  Xmax. The waveguide on the top has the most dense mesh
with  Xmax = 0:5mm = =60, while the waveguide on the bottom has the most sparse mesh
with  Xmax = 3mm = =10. Right: Power propagating within the waveguides for di erent

Xmax - The three di erent colors correspond to three di erent simulati ons described in the text.
The vertical gray line indicate the mean value, the band correspondsd one standard deviation.
The power emitted from all waveguides is consistent within numeical uncertainties.

the Pointing ux over di erent transverse slices of the waveguide. We show the results of these
calculations on the right of gure The blue data points correspond to onesimulation with 4
identical waveguides but with di erent meshes placed beneath edt other as shown in the gure.
The orange data points correspond to the same simulation but adding anothewaveguide with an
even ner mesh. The green data points correspond to the same simulain but without leaving
spaces between the waveguide. We see that these changes in boundaoyditions and Xxmax lead
to small di erences in the FEM results, consistent within humerical uncertainties.

To show that a FEM solution indeed matches the analytical result, one reeds to do a direct
comparison with analytical solutions for cases where this is possible. @will do this for free space,
a dish antenna setup and a single dielectric disk at the beginning athe next chapter.

7.2 Recursive Fourier Propagation

Since the Recursive Fourier Propagation method follows the electd elds analogous to the 1D
ray tracing approach, after N iterations, the out-propagating waves have propagated over a total
optical length x Nd, whered is the average distance between the disks. This corresponds to a
signal in frequency domain exp( iN!d ). Therefore, in order to resolve frequency dependencies
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Figure 7.2: Convergence of numerical 1D ray tracing solutions (black) to he exact analytical
result (blue) for a booster with 5 sapphire disks in front of a mirror adjusted for a boost factor
bandwidth of 500 MHz. The di erent line styles correspond to a di erent setting of maximum
iterations N.
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(7.2)

We show the convergence of the numerical 1D ray tracing implementatin to the analytical
result in gure 7.2] Here we consider a booster with 5 sapphire diskssimilar than the one
considered in part[IV] of this thesis, tuned for a boost factor that coves a bandwidth of 500 MHz.
This result is obtained using the exact same code than the 3D calculabins using Recursive Fourier
Propagation, but only using a single point in x and y direction. According to equation we
need more than 10 iterations to resolve structures in the boost factor urve over = 500 MHz
and more than 100 iterations to resolve 50 MHz. The numerical results con m this estimate.
Notice that running for fewer iterations than needed has the same e ectas an e ective loss, i.e.,
the area under the boost factor curve is generally reduced. In additin, this reduces the quality
factor of internal resonances within the simulation, which in turn corresponds to smoothing out
the boost factor curve.

In the following 3D calculations we always checked rst that the corresponding 1D ray tracing
calculation with N iterations agrees up to percent level with the analytical solution. Shce the
three-dimensional system has di raction loss, we expect it to be lss resonant. Thus, for simplicity,
we can take the same number oN iterations also for the 3D calculations, while we usually use
around one order of magnitude more iterations than required by equation[(7]2) In principle, one
can also check for convergence by requiring that the changes to the nal¢s after a number of
steps are below a threshold. This needs to be done with great care,ngie on resonance each ray
may only contribute a small eld, but the constructive interfere nce of many small contributions
can be signi cant.
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Besides numerical convergence, we have checked that our implemation correctly reproduces
di raction expected from a Gaussian beam and refraction between two derent media up to
numerical noise. As expected, this is the case, if the discrimin&n in x and y dimensions has grid
spacings smaller or equal to= 2.

7.3 Mode Matching

Numerical errors from the Mode Matching calculation described in seton arise from various
steps during the calculation. First of all, it is important to calcul ate the free space propagation
matrix P with high enough accuracy. In our implementation, the elds of the modes after a single
propagation are calculated with the same implementation as we use for the Reirsive Fourier
Propagation method above, i.e., a grid inx and y directions with a spacing ner than half a
photon wavelength is needed. Next, the numerical error from computatnally multiplying and
solving the transfer matrices in higher dimensions may be relevantFor the low number of modes
considered in this thesis the dimension of the involved matricessiO(30). This is much lower than
for other numerical applications like FEM where this can be orders of magitude higher. Thus, a
multitude of e cient algorithms exist [155{158]|leading to numerical error s mainly from oating
point inaccuracies in our case. These are orders of magnitude below theegcent scale, i.e., can be
safely neglected for our purposes.

The dominating additional error in this calculation arises from the assunption that the con-
sidered modes are su cient to approximate the elds inside the booster. Naively, if the length
scale kc;é\ of the highest considered mode de nes the length scales the simulan can resolve
in transverse direction. We can explicitly check that the number of considered modes is su -
cient, by running the same calculation with a di erent number of considered modes. If all major
contributing modes are taken into account, the result in the consiagred frequency range does
not change signi cantly.

We show the result for such an example calculation in gurg 7.B. Here we caider the same 20
disk booster with a prede ned transverse thickness variation of tke dielectric disks over transverse
length scales of = 35mm as discussed in more detail later in sectiof 8.4]3. The di erent olored
areas denote the total axion-induced power emitted by the booster whin a certain mode. The
red line denotes the total power expected from a calculation using Raursive Fourier Propagation.
The red dashed line shows the same power times antenna coupling. €tblue line shows the power
times antenna coupling obtained from Mode Matching. We see that when rare * modes are taken
into account the result converges towards the result from Recursig Fourier Propagation. While
the total emitted power only changes on the 10 % level when increasin(f, the power that couples
to the antenna almost di ers by a factor of 2 betweenf'= 0 and {'= 3. While the axion essentially
does not excite’ 6 0 modes, the mixing between the modes makes them relevant. Theesult with
“=3issu ciently converged against the result from Recursive Fourier Propagation and adding
higher modes to the calculation does not signi cantly change the resul Notice that the length
scale of the highest considered modlec;j3 18 mm is slightly below the length scale of considered
thickness variations of =35mm.

For the numerical Mode Matching calculations presented in this thesis we usually only consider
length scales larger or equal = 35 mm and therefore usually considemt = 4;f = 3, unless denoted
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Figure 7.3: Convergence of Mode Matching method when including highremodes. We show
an example simulation for a booster with deformed disks form*= 4 and f=0::3 (top left to

bottom right). In this particular example we used thickness variations at a scale of =10 m

and transverse length scale = 35mm for a 20 disk ( = 24) booster with diameter =30cm as

for the envisioned Madmax prototype. For more details cf. section.

otherwise. Moreover, than more resonant a system is, than less modase typically required, since
only a subset of modes matches the resonant condition in a given freqoey range. We will see
this explicitly in section B.3] For these reasons, it is su cient to use the same number of modes
when going from 20 to 80 disks, if the considered boost factor bandwidth ah the considered
inaccuracies, such as the scale of thickness variations, remain unchged.
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Chapter 8

Results from the 3D Models

In the following we will concentrate on the simulation of axion haloscopesstreching over multiple

photon wavelengths (5 100) using the methods described above. We will start with simple
situations, such as free space and a single dielectric disk and sussesely go to more complex
situations to nally arrive at a full picture of the Madmax dielectric haloscope. While for free
space and a single disk the Mode Matching picture is less useful,BM calculations fail to be

e cient for large-scale boosters with asymmetric boundary conditions such as axion velocity or
disk tilts. Hence, going to larger setups, each step will allow us to se di erent approximations

and methods and use these cases to cross-check the above methodthwiach other. Our central

goal is to study the impacts of going to nite-size disks for a dielectic haloscope likeMadmax in

general, and in particular to obtain requirements of engineering accuacies of the booster.

We will start with a free space situation in section 8.1, where we exptitly show that the axion-
induced eld E 5 which is proportional to the external magnetic eld B . as de ned in equation (2.3)
already solves the axion-Maxwell equations. We then turn our attention © di erent general dish
antenna setups consisting of a single disk in an external magnetic elin section 8.2, including for
the rst time a non-ideal dielectric disk glued together from two pat ches. In each case we will focus
on three major e ects: the modi cation of the power boost factor in 3D, di raction of the emitted
radiation and charger E 6 0 accumulating on the disk surfaces. The latter is neglected by the
Fourier Propagation and Mode Matching methods. In section 8.3 we eventally generalize our
study to dielectric haloscope consisting of multiple dielectriclayers. We rst check the eigenmode
approximation introduced in section 6.3, and afterwards study a minimal dielectric haloscope with
only one dielectric disk and a mirror. This example will demonstratethat neglecting charge e ects
from r E 6 O for dielectric haloscopes is indeed justi ed.

Armed with this general understanding, we will describe major changs on the power boost
factor from 3D e ects expected for Madmax haloscopes with ideal dielectric disks in section 8.3.3.
This will lead to important design parameters for the optical system of Madmax . Afterwards, we
consider non-ideal boosters and obtain central requirements for thexperimental design such as
the required transverse magnetic eld homogeneity, allowed disk it or roughness, in section 8.4.

At the end, in section 8.6, we will expand on these ndings by surveyng the possibility of
calibrating the boost factor using re ectivity measurements on the booster.
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8.1 Axion-Induced Field in Free Space

As we have argued in section 6.2, it is easy to see that the axion-induceceld E ; in equation (2.3)
approximately solves the wave-equation (6.1) in free space, since ithe case whenJ, changes
over length scales much larger than a wavelength the derivative term in the wave-equation are
negligible. In this section we explicitly show the validity of this approximation using FEM. This
will also allow us to survey the numerical error of the FEM solvers.

Speci cally, with free space we refer to a vacuum domain, only contaimg CDM axions and
a static magnetic eld. More precisely we assume that the external magatic eld B, changes
over scales larger than the Compton wavelength of the axion, which supgsses e ects due to the
inhomogeneity of the B- eld [122]. In practice it is only possible to set current densities inside
the simulation domain of a FEM simulation. Setting the external magnetic eld to constant over
the whole simulation domain, it is still e ectively set to zero outside, and therefore has a steep
drop at the boundary. In this case the derivative terms in the wave-guation lead to additional
axion-induced emissions from the boundary. To avoid these gradient eects, we letB . smoothly
drop to zero towards the boundaries in all our FEM simulations, such hat the rst derivative at
the boundary is zero and the drop stretches over a few. Speci cally, let us take for now

Be(x) =sin? LX—X sin? LyT sin? LZ—Z éy; (8.1)
inside the simulation domain [QLy] [O;Ly] [O;L.], with Ly =Ly, =9 ,L,=20cm 67 and
zero outside at a frequency of = 10GHz. For simplicity we have chosen the externalB - eld in
equation (8.1) such that it is non-physical, i.e., it has a small divergacer B, 6 0.

The full analytical solution for this situation has been deduced from ourcollaborators using the
theory of retarded potentials [10,123,159]. Here one starts again with the axion-oluced eld as a
rst estimate of the solution. Now, instead of neglecting the derivative terms in the wave-equation,
they can then be treated as source terms for additional electromagneticadiation emitted from
places of strong gradients (‘radiative correction’).

We show a comparison between the results from di erent methods ingure 8.1. The retarded
potential solution gives the elds shown in (a) as explicitly been obtained by [10]. Notice that
by eye the electric elds approximately follow the same siff spatial dependency than the external
magnetic eld in equation (8.1). Figure 8.1 (b) shows the radiative correction, obtained when
subtracting the axion-induced eld from the full analytic solution. Although the external magnetic
eld drops only over a few photon wavelengths, the radiative correcton is about two orders of
magnitude smaller than the axion-induced eld. This explicitly con rms that assuming a constant
magnetic eld for haloscope experiments is valid as long as the magneticeld only drops over large
length scales. The 1D models, as well as the Recursive Fourier Propagati and Mode Matching
methods in this thesis make use of this assumption. Comparing the agn-induced eld with our
FEM result using Elmer, as described below, leads to the same colusion.

We show the subtraction of the analytical solutions from the results obtined from our col-
laborators in COMSOL in gure 8.1(c) [10] and the same but for our result using Elmer in
gure 8.1(d). In addition to COMSOL and Elmer using di erent mesh es, we further verify the
independence on the chosen absorbing boundary condition by using dérent boundary conditions
for the two solvers, i.e., impedance boundary conditions in EImer and®ML boundary conditions
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Figure 8.1: Assuming a CDM axion background eld form, 40 eV and an external B- eld
pointing in y-direction as given in equation (8.1), the real part of the resultingE, eld at z=15cm
is shown in panel (a) as obtained with the method of retarded potential(ret. pot.) derived in [10],
whereas the other panels show the respective di erences to thigesult. (b) shows the di erence of
the retarded potential result in (a) to the case when the radiative corections are neglected, i.e., to
the axion-induced eld E, in equation (2.3). (c) shows the di erence to the COMSOL simulation
from [10] and (d) the di erence to our Elmer simulation. The considered simulation domain is a
box with 9 9 6.7 extent and the frequency of the axion-induced eld is 10 GHz as given by
the assumedm, value.

in COMSOL, as introduced in section 6.1. Since the radiative correcttn shown in gure 8.1 (b)
does not reappear, we conclude that both solvers calculated the radiatevcorrection O (10 2)Eg
correctly. Even smaller systematics remain, which are most likelyattributed to boundary condi-
tions not perfectly resembling free space. While the numerical aise in COMSOL is smaller than
the radiative correction, it can be as large as the radiative correction in Bmer thus dominating
over other systematics. The order of magnitude of these systematics @nnumerical deviations is
below the percent level and is thus negligible for our purposes. TBigives us con dence that our
FEM simulation approaches are working as required.

When the distribution of electromagnetic elds is shown in the following, the axion-induced
eld is subtracted for clarity, such that only in-principle detec table propagating elds remain.

In short. The axion-induced eld E , approximately solves the axion-Maxwell equations in free space
situations where the external magnetic eld changes over length scatelarger than the photon
wavelength
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8.2 General Dish Antennae

The dish antenna has already been considered in the idealized 1D sgwith a PEC of in nite
transverse extent [76,89]. Here, we study a 3D setup with a PEC of nitetransverse extent. We
later generalize this study to a dielectric disk and a dielectricdisk made from two halves glued
together. If applicable, we will compare the emitted power with the corresponding result from 1D
calculations. In addition, going to 3D now allows us for the rst time wit hin this thesis to study
di raction e ects of the emitted electromagnetic radiation. Moreover , we will look at changes in
the near eld of the disk due to charges, i.e., challenge the approximtion =r E =0.

8.2.1 Perfect Mirror

Let us rst consider explicitly a circular perfectly electrical conductor (PEC) with a diameter of
=12cm =4 at z =0 within constant external B-eld B. = Boé, over the whole PEC at a
frequency of 10 GHz. We chose a circular disk diameter which is muchsaller than in the planned
full size haloscopes such adMadmax , since smaller diameter for a given axion mass are more
prone to 3D nite size e ects, which we investigate here.
The total emitted power is trivially given by the size of the PEC. Hence, we begin with a study
di raction e ects and then look at near eld e ects below.

Di raction

In gure 8.2 we show the emitted electromagnetic radiation in terms of the electric eld of the
PEC. We compare the results obtained from the FEM solution to Fourier Propagation. Using
Fourier Propagation, cf. equation (6.6), one nds for the E- eld of the emitted electromagnetic
wave analytically [10,160]
z I P
Ey(rz)= Eo € '°" K235(rk,)J1(k R)R dk;: (8.2)
0

The x and z components of the eldsE,-, of the emitted electromagnetic wave are zero, because
we assume a constant externaB - eld over the PEC which is polarized in y direction only. Notice
the di erent color scale in panel (c) of gure 8.2 to make the di erences at the 10 20% level
visible. The results show that the Fourier approach can describe thb E- eld of the propagating
electromagnetic wave well in the forward direction. The largest di erences at the level of 25%
between the Fourier approach and the FEM solution are at the rims of the PEC.

Taking the limit z!1  we can derive the opening angle into which the axion-induced signal
is radiated. It is typically de ned by the rst minimum of the dir acted E- eld in momentum
space, cf. integrand in equation (8.2), which gives [160]

lﬂ 40 eV
2R ma

tan  1:22- 38 10 3 (8.3)

This angle is indicated as dashed lines in gure 8.2. Although above equatiomstrictly only holds
far away from the disk, we see that elds outside this angle are typicdly below the 10% level
when compared to the axion-induced eld. This shows explicitly that di raction e ects decrease
with larger radii and axion masses. Therefore, dish antennas and dieledt haloscopes are limited
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Figure 8.2: Simulated electric elds for a single circular PEC locatel at z = 0 with a diameter of

12 cmin the CDM axion eld and assuming an external magnetic eld pointing in y-direction. Real

part of the y-component of theE- eld in the xz-plane aty = 2:5cm, at a frequency of 10 GHz,
i.e.,my 40 eV, corresponding to a wavelength of the propagating electromagnetic kls of 3cm.
(a) shows the FEM solution, where we have subtracted the axion-indued eld since we are only
interested in the emitted elds described by the Fourier approad. The results from the Fourier

approach as explicitly obtained by our collaborators in [10] are shown in pane(b). Panel (c)

shows the di erence between the results shown in panels (a) andb]. The largest di erence is

observed at the rims of the circular PEC. The dashed lines indicate he opening angle into which
the radiation is emitted as estimated from equation (8.3).

towards lower axion masses by diraction e ects. A more quantitative study calculating the
amount of power than can be received by a nite surface at varying distarces to the PEC obtained
from our collaborators can be found in [3,10]. It leads to consistent results

Near Fields

In gure 8.2 we observe that the Fourier approach describes well the fareld behavior of the
y component of the emitted electromagnetic waves. The di erence beteen FEM and Fourier
approach is below 10% in the far eld. The largest di erences between Burier approach and
FEM are observed at the rims of the circular PEC. Here additional radiation appears on the sides
of the PEC. Within this thesis we will refer to the elds not described by the Fourier approach
as near elds. For a more complete analytical understanding we have todke into account the
vectorial nature of the E- eld and boundary charges at the rims of the dish antenna.

The vectorial nature of the emitted E- eld was neglected in the scalar Fourier approach by
assuming zero net chargee E = 0 in deriving equation (6.6). However, the axion-induced
eld drives the electrons in the PEC up and down such that at the boundary of the PEC the
charges accumulate. This physical picture can be con rmed by explitly calculating the net charge

= r E from the result of our FEM calculations on the disk surface, as shown in gure 8.3 (left).
This charge distribution leads to electric elds also in the x and z components. We show thex
component of the electric eld at z = 10cm in gure 8.3(right). The characteristic cross-pole
eld pattern can be understood when one imagines ark - eld pointing from the positive charges
towards the negative charges. For example, thex-component of the electric eld is 0 along the
axis x = 0 since the charge distribution is symmetric when mirrored at this axis. At a distance of
10cm also this e ect is at the 10 % level compared tcEg.
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Figure 8.3: Near eld e ects of a single circular PEC with diameter of 12 cm obtained with a
FEM simulation (Elmer), at 10GHz, i.e., my 40 eV, and external magnetic eld pointing in
y-direction. Left: Charge distribution on the circular PEC. Right: Ex elds 10cm 3:3 from
the circular PEC away.

The e ects from allowing r E 6 0 are taken into account in more sophisticated analytical
solutions, given by the vector Kirchho diraction formula [143] and Stratton-Chu formula [161].
Comparing the FEM results to these analytical solutions, also thex and z components of the
electric eld can be described. For an explicit comparison from our cdhborators cf. [10].

In dielectric haloscopes likeMadmax near eld e ects and boundary charges may be impor-
tant, because the dielectric disks are typically separated by a disnce of around half a wavelength.
However, observe that the charges mainly appear at the rims of the disk, tere the elds of the
rst few eigenmodes of a corresponding dielectric waveguide witlthe same diameter would drop
to approximately zero, i.e., not excite those charges. The in uencef the near elds and boundary
charges among di raction in the context of a minimal dielectric haloscopeis discussed more closely
in section 8.3.

In short. Simulations con rm that di raction e ects for a dish antenna scale inv ersely with the size
of the dish antenna and axion mass, as expected. In addition, charge accutating at the rims of
the dish causes additional electromagnetic wave emissions from thems (near elds).

8.2.2 Dielectric Disk

The most simple setup containing more than one boundary between mediwith di erent dielectric
constants is a dielectric disk. In this section we assume a circular disk of diameter of =4 =
12 cm, dielectric constant = 9 (sapphire) for varying thicknessesd . First, we compare the
total emitted power, re ectivity and transmissivity of a dielect ric disk in FEM directly with the
1D model. Analogous to the previous section, we aim for understanding draction and near
eld e ects by compare the diraction pattern of the dielectric dis k obtained from FEM and
Recursive Fourier Propagation.
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Boost Factor and Re ectivity

For a single dielectric disk the emitted axion-induced power, reectivity and transmissivity are
the primary output of the 1D model. Comparing those to the 3D results thus directly tests the
validity of the 1D model when going to 3D and disks with nite sized tran sverse extent. Note that
while we are mostly interested in the axion-induced power, the reection or transmission of a test
signal may be used to calibrate the correct alignment of the setup, cfsection 8.6 and part IV of
this thesis.

For the re ection and transmission coe cients, a Gaussian beam as intoduced in section 6.4
with a beam waist of wg = 5cm focused on the front surface of the dielectric disk was assumedn
Elmer the Gaussian beam was forced to propagate into the system by usiniije Robin boundary
conditions from equation (6.2) and setting g such that the Gaussi&n beam ful lls the boundary
condition. The respective power is obtained by integrating the ux S dA at the front and back
simulation domain boundaries, whereS is the time averaged Poynting vector. Numerical errors
can be evaluated by varying the integration surface and are below one pesat of the maximal
output power. A few percent of power is radiated to the outside of the nite integration surface
in the 3D FEM simulations. We estimate this non-captured power with the Fourier approach and
correct the obtained values respectively.

We compute the emitted axion-induced power (power boost factor 2) in full 3D with Elmer.
Corresponding COMSOL result was obtained by our collaborators [10]. WhileEImer solves the
vectorized Helmholtz equation in 3D, azimuthal symmetry is exploitedin COMSOL (2D3D ap-
proach), see section 6.1. Figure 8.4 shows the di erent emitted powe against disk phase depth

= n!d compared with the 1D model result. The results agree within 10% with he 1D model.
Figure 8.5 shows re ectivity and transmissivity which are within 5% of the 1D model results.
Similar results are obtained for the phase of the emitted elds.

As we deliberately choose a small disk diameter of only two wavelength if deviations from
the 1D model are to be found at all, they would be found at small diameter abse to a photon
wavelength . Diraction will cause phase shifts inside the disk compared to the1D case and
power loss to the sides, while the near elds of each surface may dictly a ect the emission from
the other surface. The approximate match even for a disk with 4 diameter is encouraging, since
haloscope experiments likeMadmax aim for much larger disk radii. For disks with R one
expects these e ects to be less dominant as demonstrated in the pveus section.

Di raction

We use Recursive Fourier Propagation introduced in section 6.2 to comyte the di raction pattern

of a single dielectric disk. Figure 8.6 shows the diraction patterns at 10 GHz (m; 40 eV) for
a circular dielectric disk with a diameter of =4 =12cm, =9 and a thickness ofd =5mm,
i.e., a phase depth of = . We compare the result for the real part of the Ey- eld obtained
with the full 3D FEM with the one from Recursive Fourier Propagation for N = 25 iterations.
This particular result was obtained with a speci c implementation for a single disk from our
collaborators [10]. We nd that the simple propagation approach matches the elds far away from
the disk well, analogous to the result obtained previously for a perfecmirror in section 8.2.1. In
the region around the rims of the disk we nd the largest discrepancies As we have seen already
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Figure 8.4: Power boost factor 2 of a single dielectric disk against disk phase depth = n!d
whered is the disk thickness. We consider a single circular dielectricisk with diameter =4
=9, at 10GHz, i.e.,, my 40 eV, assumingjC, j=1 and B, =10T. We show the power
obtained in Elmer (squares) and COMSOL (circles) in 3D and by using 2Dazimuthal symmetry
in COMSOL (green dotted line), compared with the result from the 1D model (solid gray line).
The COMSOL results have been obtained by our collaborators, see [10]. Ehlower panel shows
the di erence with respect to the 1D model result in terms of power boost factor 2. Numerical
uncertainties are on the percent level and thus smaller than the sie of the data points.

Figure 8.5: Re ectivity (squares) and transmissivity (diamonds) of a single dielectric disk against
disk phase depth = nld whered is the disk thickness, analogous to gure 8.4. These results
are obtained with Elmer for a Gaussian beam with waistwy = 5 cm at the disk. The re ectivity
from the 1D model is indicated by solid gray line and the transmissiviy from the 1D model by
the dashed gray line. The disk is transparent for phase depths of iniger multiples of . The lower
panel shows the respective di erences with respect to the 1D mael result. The lower panel shows
the di erence with respect to the 1D model result in terms of power boost factor 2. Numerical
uncertainties are on the percent level and thus smaller than the sig of the data points.
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Figure 8.6: Real part of the Ey- eld for a circular dielectric disk with = 9 and phase depth
= , i.e., with thicknessd = 5mm at 10GHz, i.e., m, 40 eV for an external magnetic
eld pointing in y-direction. We show the elds in the xz-plane, analogous to the case of a
PEC in gure 8.2. Panel (a) shows our FEM solution after subtraction of the axion-induced eld,
panel (b) the result obtained with the recursive Fourier propagation approach forN = 25 iterations
as explicitly obtained by our collaborators in [10], and panel (c) the di erence between (a) and (b).

in the previous section, this can be understood in terms of the chaye distributions at the rims of
the disk neglected by the Recursive Fourier Propagation. In addition,the disk has an interface to
vacuum also at its rims. Therefore, it emits axion-induced radiation n radial directions at angles
where the interface of the rim gets parallel to the external magnetic eld. We thus can conclude,
that there exist additional near elds at the 30 % level compared to the axon-induced eld around
the rims of the disks. We will discuss their impact on dielectrichaloscopes later in section 8.3.3.

In short. The power emitted from a dish antenna consisting of a dielectric &k with a diameter of
four photon wavelength approximately matches the expectation from 1D catulations. The spatial
distribution of the emitted eld reveals analogous di raction and near e Id e ects as observed for
the mirror in the previous section.

8.2.3 Tiled Disk

To obtain su ciently large disks for dielectric haloscopes like Madmax one approach is to glue
many smaller patches of dielectric material together. Here we aim for stdying their impact the
emitted power, di raction patterns and near eld e ects studied i n the previous sections.

Due to the non-trivial geometry such a change of boundary conditions has oglbeen studied
with FEM within this thesis. We consider circular disks with a diameter of 6:7 20cm and
a slit with a width of =10 = 3mm, cf. gure 8.7. For Madmax rst dielectric disks have been
glued together with much narrower slit widths [162], i.e., the value we assume is conservative. We
explore the cases of a PEC and a sapphire disk with a vacuum slit, as wehs a sapphire disk
with a slit lled with a epoxy. The dielectric constant of the epo xy was taken to be =5, which
is around the expected value for example foiStycast 2850FT [163], and tan = 10 3. For each
of these cases we consider slits parallel and orthogonal to the polarization dfie axion-induced
eld E,. We choose to place the horizontal (vertical) slit not exactly in the center of the disk but
slightly displaced such that its lower edge (its left edge) lies at he center of the disk. This means
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Figure 8.7: Case de nition for simulations with tiled disks. We consider either an in nitesimal
thin PEC or a = (2n) = 5mm thick sapphire disk, each with a vertical/horizontal slit Il ed with
either vacuum or glue with =5 and tan =10 3 inside an external magnetic eld pointing in
y-direction.

that the disk is not separated symmetrically to break possible degemacies due to symmetry.

Boost Factor

Figure 8.8 shows the calculated power emitted by the various tiled ks introduced above com-
pared to the powers emitted by an untiled PEC and by an untiled sapphre disk, as obtained with
Elmer in 3D. We rst compare the Elmer results for the power output of the untiled PEC/disk
to corresponding results from the 1D model and observe deviations at # 10% level as in the
previous section in gure 8.4. As discussed above, they are likely attbuted to di raction and
near eld e ects. Since we use the same mesh and solver for all tiledisk cases considered here,
systematics numerical uncertainties are expected to be the sameoif all compared tiled disks.
Therefore, comparing them to each other is valid although the absolute déation from the 1D
model result is larger.

Now turning our attention to the comparison between the various tiled disks, note that the slit
considered here reduces the surface area emitting axion-inducedectromagnetic waves by 2%.
This seems to lead to a power-reduction of around the same order compatdo the untiled disks
as can be seen in gure 8.8. For the sapphire disk with a horizontal glue led slit the power is
not signi cantly reduced because the surface of the dielectric glu¢ = 5) emits electromagnetic
waves as well. However, if the slit with the glue is placed parallel® the applied external magnetic
eld, the boundary condition on the electric eld between the glue and the sapphire may constrain
possible propagation modes, inhibiting the emission again.

Notice that the results indicate no additional adverse e ects on the enitted power rather
than from the area reduction, as one may suspect from additional di raction or near eld e ects
described below. This is encouraging, since a reduction of emittegpower at the order of the
relative area covered by gluing slits would not signi cantly a ect th e experimental sensitivity,
even for multiple slits.
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Figure 8.8: Power emitted from untiled disks compared to various di erent tiled disks, at 10 GHz,
ie., mg 40 eV, assumingjC, j =1 and an external magnetic eld B, = 10T pointing in the
y-direction (vertical). The power deviation from the untiled disk s roughly matches the naive
expectation from the reduction of the size of the emitting surface ara of around 2%.

Di raction

Besides the amount of total power emitted by the disk, it is important to consider the direction
into which this power is emitted. This determines how it can bereceived in the case of a dish
antenna and how it will propagate within a dielectric haloscope.

Figure 8.9 shows the di raction pattern of the studied tiled dielectric disks in comparison to the
one of an untiled disk in terms of the total Poynting ux in z-direction at a distance ofz =7:5
away from the dielectric disk. The patterns are shown at a distanceof 7.5 =22:5cm away
from the disk in the polarization direction of the axion-induced eld E,. The slight asymmetries
re ect that the gluing position is not exactly in the center of the dis k as mentioned above. More
importantly, the diraction pattern is suppressed with respect t o the untiled case by 20%
at low radii.

At large distances di erent transverse momenta separate spatially, Bi1ce they propagate at
di erent angles away from the disk. Therefore, the reduction of thedi raction pattern at low radii
indicates that low transverse momentak,;k, are suppressed by the tiling. It is consistent with
the naive expectation that a slit or gluing spot in the disk inhibits | arge transverse wavelengths,
corresponding to aforementioned low momentum modes. Note that it is notrivial to implement
these e ects in the Recursive Fourier Propagation method for the di raction patterns presented
above, since now the 3 regions of the disk (upper half, lower half and g&) have to be treated
separately with appropriate boundary conditions.

Due to the dispersion relation, cf. equation (6.7), such a suppressn of low traverse momenta,
e ectively increases the longitudinal momentum of the propagating waw in a dielectric haloscope.
Therefore, a change due to tiling might cause an additional phase shiftampared to the 1D model,
which may a ect the boost factor. In addition, if the power is radiated at higher transverse
momenta, this increases the diraction loss. Lastly, it obviously change the beam shape within
the dielectric haloscope, which has implications on antenna design.
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Figure 8.9: Di raction pattern in terms of Poynting ux along z-direction of di erent tiled sapphire

disks compared to an untiled sapphire disk at a distancez =7:5 =22:5cm, at 10GHz, i.e.,
m, 40 eV, assumingjC, j =1 and an external magnetic eld B¢ = 10T pointing in the y-
direction (vertical) as obtained with EImer. The gray area indicates the extent of the dielectric
disk (67 20 cm).

Near Fields

Figure 8.10 shows the e ect of the tiling on the polarization charges of a dilectric disk. It is
apparent that the polarization charge distributions over the whole disk become asymmetric just
due to the small asymmetry of the tiling. These asymmetries mainly nanifest in di erent surface
wave patterns on both sides of the disks seen as spatial oscillations of= r E. This again
may impact the emitted wave from a tiled disk in momentum space, as &cussed in the previous
section. In addition, we see additional polarization charge accumulations aing the slit when the
disk is horizontally separated, just as naively expected. The e ec$ of these additional charge
accumulations cancel out in the far eld but may contribute to the near elds of the disk. In the
case of a glue lled slit these changes are more moderate due to the srtel di erence in dielectric
constant. The e ect of tiling is expected to be less relevant for lager disks with larger tiles.

In short. Tiling reduces the emitted power of a dielectric disk consistat with the expected amount
from reducing the surface area of the dielectric disk. It further changes the diraction pattern,
suppressing lower transverse momenta at the order of 20% in our example, as well as near elds
due to additional net charge near the slit between tiles.



8.2.3 Tiled Disk 87

Figure 8.10: Polarization charge distributions = r E on various tiled sapphire disks (hor-
izontal/vertical slit lled with vacuum/glue) with diameter 6:7 20cm, at 10GHz, i.e.,
m, 40 eV, for an external magnetic eld pointing in y-direction. The small asymmetry in-
duced by the slit a ects mainly surface wave propagation.
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8.3 Idealized Boosters

In the previous sections we have studied the axion-induced ele@magnetic emission from a mirror
and a circular dielectric disk separately in the presence of a stragnexternal B- eld. In this section
we will make the step to dielectric haloscopes, rst combining a sigle dielectric disk and a mirror
and later extending our study to full scale boosters like foreseerf Madmax .

8.3.1 Eigenmode Approximation

In the end of section 6.3 we have argued that the eigenmodes of a dieléct disk are also ap-
proximate eigenmodes of an (ideal) dielectric haloscope (eigenmode @qoximation). In practice
this means that for an ideal system each eigenmode propagates independgnfrom each other
throughout the whole booster. The numerical results we present hezafter, indeed do not rely
on this approximation. However, it is very helpful to understand the behavior of ideal nite-size
boosters in 3D. Thus, in this section we will explicitly verify t his approximation. Here we consider
only an ideal booster with perfectly at, parallel and untiled disks. To obtain the approximate
eigenmodes of the booster, indeed all three numerical approaches cae hsed, as outlined below.

Remember that the booster eigenmodes, as well as their propagation thrgi a single disk or
air gap, do not depend on the number disks installed in the dielect haloscope but only on the
transverse boundary conditions of the disks, i.e., their diameter. Thus, the following numerical
schemes do not assume a speci ¢ disk humber.

Mode Matching

The waveguide eigenmodeg& - introduced at the beginning of section 6.3 are not eigenmodes of
free space. Thus, following the de nition of the mode-mixing matrix P in equation (6.15) will lead
to non-zero o diagonal elements for the propagation in the free space gaps beeen the dielectric
disks. However, if these o -diagonal elements are small, then the waaguide eigenmode&;: are
still approximate free space eigenmodes in the gaps between the Hi and thus eigenmodes of
the whole booster. Figure 8.11 shows the absolute values of the entri@s the mixing matrix for
up to modem = 5;° = 2 for the Madmax prototype (disk diameter = 30cm). To quantify
numerical errors, we show the mixing matrix without any propagation on the left, i.e., the mixing
matrix of the |:§et of modes with itself. Analytically it is given by the orthogonality of the modes,
ie., Pm = E, EmoodA = g\o‘ and thus fully diagonal. Numerical errors cause o -diagonal
entries at the order of 10 °. We show the mixing-matrix for = 1:5cm and propagation
through a =2 gap on the right. Due to symmetry we expect the® 6 0 modes are not excited. The
axion-induced eld couples mostly to the modesm =1;2;3;4;5;" =0, i.e., ., s m j? > 90 %.
For those lower modes the entriesiP™"°j for (m;") 6 (m%'9, are smaller than 1 10 3
(corresponding toanTo‘sz 60dB as in gure 8.11), if only considering couplings between the
fundamental mode and any modem 5itis smallerthan 1 10 4 (anT\O‘sz 80dB). For a
disk diameter of 1:2m the mixing between any modes withm =1;2;3;4;5;" = 0 is even smaller
than 2 10 % (jP™"°j2  97dB).

Of course, it is not su cient for the mixing to be small. Since we are building a resonator
one may expect the mixing e ects to be resonantly enhanced at a partiular frequency. A mixing
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Figure 8.11: Result of a numerical calculation of the mode mixing matrix da'ementsjPrﬁ,'}D'oj2 for
the modes with themselves (left) and after a propagation of =2 in free space (right). For the
Madmax prototype setup, i.e. =30cm, and at a frequency of 20 GHz. The sub-bleks are the
mixing matrices for a xed m.

anT\O\Oj for (m;”) 6 (m; ) is comparable to a loss mechanism, since it leads to the diagonal elentsn
to be reduced agP™ j 1 1jPm"°j. So the e ect of jP™" ] 6 0 can be compared with a tan
of the orderanTO‘Oj: . Comparing with the acceptable loss in section 5.4, we see that the e éc
of the mode mixing for the ideal system considered here, is indeedegligible for a benchmark
bandwidth of 50 MHz.

For the results presented in this thesis using the Mode Matchig method, the matrix P is
directly implemented as described in section 6.3. Therefore, tha@sresults do not rely on the
eigenmode approximation, but can be understood in terms of it.

Recursive Fourier Propagation

Using the Fourier Propagation technique, we can actually de ne an arbitraty beam shape within
the booster and monitor it as it would be propagating throughout the booster. In the following
we discuss such a calculation and see how it can be used to determitiee eigenmodes of the
booster. Here we assume that alternating between propagation through frespace gaps and disks
is su cient to determine the eigenmodes as described below. Edcpropagation step then consists
of a propagation through one free space region of length z = =2 and successively propagation
through one LaAlO; disk with a thickness of z = 1 mm. A general beam in the booster of
course does not strictly alternate between disk and free space, bugince it can be re ected from
an interface, it can stay inside the same disk or air gap multiple times We discuss the implications
of this simpli cations later below. We start with the axion-induced beam shape emitted from a
single disk, i.e., a homogeneous elE (r <R ) = const.

The result of this approach is shown in gure 8.12. The upper panel show$ow the beam
shape changes during the propagation through the booster. The middle pahshows the coupling
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Figure 8.12: Beam propagating in each propagation step though a= 2 free space gap and succes-
sively through 1 mm dielectric disk at 20 GHz. The upper panel shows lte beam shape aty = 0

in the xz-plane as a function of propagation steps. It is normalized after each propagaiin step
such that the maximum of the squared electric eld is 1, in order to stow the change in beam
shape. The middle panel shows the coupling e ciency of the beam to aGaussian beam shape
with wp = 10cm. The lower panel shows the relative power lost in each propagatiostep over the
phase depth between the disks, which directly gives the e ectie diraction loss 4.

e ciency of the beam to a Gaussian beam with 10cm beam waist. The lower pnel shows the
di raction loss 4 de ned analogous to a tan as in section 6.3, so it is obtained dividing the
relative loss with the phase depth of the free space gap. We can clearlgs that after 20 103

propagation steps the beam shape does not change anymore, i.e., the systenaps the beam
to itself, which is the de nition of an eigenmode. Therefore, we canextract this eigenmode, by
simply letting the propagation numerically run until it converges. Notice that the initial beam

shape is explicitly not an eigenmode of the system. While the beam sipe is still changing during
propagation, it is obviously not yet an eigenmode of the system, but can be nderstood in terms of
a coherent sum of eigenmodes. Since the eigenmodes have di erdtitraction losses, the relative

power contained in a certain mode changes during propagation. Thereforeeventually only the

eigenmode with the lowest di raction loss survives.

If we assume that the beam shape is always a coherent sum of eigenmodeg& can extract
the other eigenmodes in the following way. Suppose aftell propagation steps the beam shape
is given by the eigenmodem; because all other eigenmodes have higher di raction loss. Then we
can decompose the beam shape at previous stepk into a sum of the eld of this eigenmode E
and a residual beam shapér, such that

E(N)= cmEm + Er(N); (8.4)

R
wherecy, is a complex number, all elds depend orx andy and dAE_Er(N) = 0. By de nition
we haveEg(N) = 0, but at an earlier propagation step the residual beam is then dominated ly
the eigenmodem~+ 1. It is then given by the residual beam shape after for example half the
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Figure 8.13: Modes obtained using Fourier Propagation. The main panels showthe modes
m =1 :::4. The sub-panels show cuts along th&- and y-axes. The light blue curve corresponds to
the numerical result from Fourier Propagation. The black dotted curve laying on top of the blue
curve shows the elds of the corresponding waveguide mode obtaineahalytically in section (6.3).

More details, cf. text.

propagation steps
Ems1 N Egr(N=2); (8.5)

where N is a normalization constant. By iterating this procedure we can obtain the relevant
eigenmodes of the system.

Figure 8.13 shows the rst four modes obtained with this method. Themain panels show the
electric eld distribution of the elds, while the side-panels show cuts along thex and y-axes.
We show the modes as light blue lines and compare them with the wavegle modes introduced
in section 6 shown as black dotted lines. The latter lay on top of the ligh blue lines, i.e., the
di erences are small. To quantify this, we summarize the propertes of the modes analogous to
table 6.2 in table 8.1. We see that the eigenmodes obtained with this méibd are mostly consistent
with the dielectric waveguide modes. The small di erences at the percent level are indeed expected,
since we know that the dielectric waveguide modes are only appromiate eigenmodes of the booster,
as described above. Nevertheless, for sensitivity estimates bin particular also for our qualitative
understanding of the system, these di erences are small. Notice tt the mode m = 3 does not
exhibit azimuthal symmetry although the disks are azimuthally symmetric. The reason for this
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Axion Coupling Propagation Waveguide Mode
Mode NG Ke d Matching
m=1 71% 16m? 3 10° 999 %
m =2 13% 37m? 1 104 994 %
m=3 3 10° 35m? 1 10° |
m=4 5% 57m ! 3 104 97 %

Table 8.1: Properties of the most important eigenmodes of a dielectric loscope with disk di-
ameter 30cm, as foreseen for thtadmax prototype, i.e., disk diameter = 30cm, as obtained
with Fourier Propagation. j j? denotes the coupling of the uniform axion eld to the mode, k. its
transverse momentum, and 4 the di raction loss parameter between the dielectric disks as de red
in the text. The waveguide mode matching is de ned as the couplinge ciency between the beam
shape of the obtained mode and the dielectric waveguide modes consigd in the previous section.

mode to appear here is, that the spatial discretization of the disk hapgns in Cartesian coordinates.

This choice of coordinates breaks the azimuthal symmetry of the diski.e., the border of the disk

does not correspond to a perfect circle anymore. This causes a smalbupling of the uniform

axion-induced eld to this mode within the simulation. Since the coupling is much below the

percent level, it is irrelevant for the boost factor calculations. This also shows that for the lower

booster eigenmodes the position of the rim of the disk has to be only exhon length scales of
= 2 (discretization of the grid for the Fourier Propagation method).

Lastly, we point out that analogous results have been obtained for the eigenodes of a booster
with disk diameter of 1 m. Here the match with the dielectric wavegude modes is an order of
magnitude better. In this case the mode breaking azimuthal symmety (m = 3 above) has not
been observed. This is expected, since for the =1m disk the spaal discretization at the order
of =2 describes the circular shape of the disk much better than for = 30en.

At last, let us review the assumptions we have made. Initially we assmed that it is su cient
to alternate between the same free space gap and a disk. This is of couraevery speci c choice.
Therefore the calculation has been repeated using randomized disk apings and order of disk and
free space propagation. The di erences in terms of the coupling e ciency between the fundamental
mode from this result and the result above are at the permil level. Higher modes are more di cult
to extract since the randomization of the steps tends to increases muerical noise. The higher
eigenmodes therefore have to be extracted at an earlier propagation stefextracting the second
eigenmode at propagation step 4500, we nd that it agrees within 98 % coupling e ciency with
the initial result, and for the third eigenmode at propagation step 2300 we nd 92 % while here
distortions due to numerical noise appear.

Moreover, we assumed that there exist higher eigenmodesn > 1, i.e., so far it was only shown
that m = 1 is an eigenmode. One can show that all extracted modes are in fact appkimate
eigenmodes by doing the same numerical calculation but starting withthe beam shape of an
arbitrary mode En> 1 and checking that the beam shape is unchanged during propagation. The
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way we have extracted the eigenmodes su ers, however, from thea€t that at all propagation
steps all eigenmodes are still present, but just strongly suppresd with respect to the strongest
one. Thus, when extracting an the modem~ 1, it will contain a strongly suppressed contribution
from mode m. Therefore, starting with the mode m + 1, one expects spurious parts of the lower
eigenmodes to dominate again after a number of propagation steps. Doing thignd of calculation,
indeed reveals that the beam shape remains constant for the higher moddor the expected number
of propagation steps. This con rms, that they are indeed approximate eigamodes of the booster.
The error due to this approximation, i.e., the small contribution of other spurious eigenmodes
when obtaining a speci ¢ eigenmode,

FEM

In FEM we can calculate the elds in speci ¢ booster con gurations. Above we have observed a
beam as it propagates through the booster. We can construct an analogous procegi) which only
looks at the output beam of the booster, by considering di erent boosers from the transparent
case to the resonant case and observing how the emitted beam shape chasigace one goes to
more resonant con gurations. If the system is su ciently resonant, th e di erent propagation
constants of the modes shifts the resonance frequencies of the dient modes with respect to each
other, i.e., only a single mode is resonantly enhanced at a given fregacy, with the fundamental
mode at the lowest frequency. We present such a calculation with anore detailed explanation for
a single disk and mirror ("minimal dielectric haloscope') in the follbwing section.

In short. We have numerically demonstrated that the dielectric waveguide nodes introduced in sec-
tion 6 are approximate eigenmodes of an ideal dielectric haloscope withnite sized dielectric disks.

8.3.2 Single Disk and Mirror

It is instructive to consider a minimal dielectric haloscope conssting of a mirror and a single
dielectric disk before going to full-sized dielectric haloscopewith multiple disks. Here we directly

compare all three methods introduced in section 6 for the rst time. This will allow us to most

directly check that near eld e ects from net chargesr E 6 0 are negligible for ideal dielectric
haloscopes. In addition, we will be able to understand the behavior oftiis haloscope in terms of
the eigenmode approximation discussed above.

Boost Factor

Both a single PEC surface (dish antenna) and a single dielectric diskre limited in the amount of
generated power. In terms of the boost factor 2, which describes the emitted power compared
to the power emitted by a single PEC in the 1D model, both are limited to be below one. We
now turn our attention to dielectric haloscopes with a single dieletric disk and a PEC ("minimal
dielectric haloscope'), which can provide already boost factors greatethan one.

In order to study how the properties of such a setup change in 3D, let s rst recap the basic
properties of such a setup in 1D [89]. In gure 8.14 (a) we show a sketch ofish a minimal dielectric
haloscope. For the further discussion we will use the phase depths = !d, and = n!d , where
dy is the vacuum distance between disk and mirror andd the thickness of the disk andn = P-
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@)

(b)

Figure 8.14: (a) Real and imaginary part of the emitted E - eld in a minimal dielectric haloscope
setup, which consists vacuum gap with phase depth, = d,! between a PEC mirror and a di-
electric disk of phase depth = nd ! [89]. (b) Amplitude boost factor j j as a function of
and for the minimal dielectric haloscope as obtained in the 1D model. We initate maximally
resonant, transparent and intermediate cases as discussed in the matext. The considered 3D
simulations sweep along the parameter space indicated by the dashedhé, i.e., for each disk phase
depth the vacuum phase depth is optimized to obtain the maximal boost &ctor.

its refractive index. In gure 8.14 (b) we show the boost amplitude from the 1D calculation as a
function of , and , where the white dashed line marks for each the optimal , such that the
boost factor is maximized. As depicted in the gures the optimal phase @pth for this setup is

around . Putting the dielectric disk one wavelength further away from the PEC does not
change the situation in the 1D model, hence the boost factor is in genergleriodic and maximal
at around +2nn 2N. corresponds to a distance between disk and mirror of

5. In the resonant case ( = 5 and ) the boost factor reaches its global maximum and
the minimal dielectric haloscope is most resonant. This can be undetsod physically, since for

= 5 the re ectivity of the dielectric disk is maximal (see gure 8.5). | n the transparent case
(= ) the re ectivity of the dielectric disk is zero in 1D, but we sti Il get a boost factor which
is larger than one due to constructive interference of the axion-indaed emissions from the PEC
mirror and dielectric disk. The case at = 37 between resonant and transparent case is denoted
as intermediate case in the following.

In the following we will generalize this setup to compute theE - elds and the boost factors for
the minimal dielectric haloscope in 3D. The disk and PEC in the consi@éred minimal dielectric
haloscope have both a diameter of 6:6 20cm. We consider dielectric disks with = 4
and = 9. Sapphire disks ( = 9) with this size are actually also used in the proof of principle
setup studied in part IV of this thesis. This is smaller than what is envisioned for the Madmax
prototype (30cm) and nal stage experiment (1 m). Here we only consider snulations at 10 GHz
(my 40 eV), while the envisioned search range dladmax reaches from 10 GHz up to 100 GHz
(my 400 eV). The small diameter and frequency considered here are conservat and, as
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discussed for the dish antenna in section 8.2.1, di raction e ects forlarger radii and frequencies as
envisioned in the nal Madmax setup are expected to be less dominant. We performed simulations
with all methods introduced in chapter 6. The setup is consideredn full 3D in Elmer with two
geometries of the surrounding simulation domain in order to check the ensistency of the results
when changing the domain. Geometry | uses a simulation domain with a s&lL;Ly 25,
L, 12 and geometry Il with size Ly;Ly 17 , L, 20 , i.e., the second domain is more
narrow in X and y-direction but also more long in z-direction. In addition, we consider the 2D3D
FEM result making use of azimuthal symmetry from our collaborators [10]. The simulations using
Recursive Fourier Propagation have been done wittN = 200 iterations. In the Mode Matching
method we take into account modes untilm® = 10 while it is not necessary to consider any mode
breaking azimuthal symmetry, i.e., f=o.

In gure 8.15 we compare the boost factor from the 1D model to the 3D calculatbns. Speci -
cally, we show the boost factor as a function of , while each has previously been optimized in
the 1D model to maximize the boost factor. The comparisons are done for tlae di erent situations
corresponding to two di erent refractive indices n =4 and n = 9 and two di erent vacuum phase
depths andn 3 . In all situations the 3D calculations show a boost factor reduction with
respect to the idealized 1D calculation as expected. We nd the largasboost factor reduction for
the resonant cases, i.e., at = 5; 37 to be around 25% for a sapphire disk. In these cases
the re ectivity of the dielectric disk is maximal (see e.g. gure 8.5) which makes the system more
resonant. While going to more resonant con gurations, dephasing e ectstfom the di erent phase
velocities of the modes become more dominant. Thus the resonant enhe@ment in the sense of the
power boost factor does not happen for the higher booster eigenmodes igh have a longitudinal
momentum not matching the resonance condition. This leads to the obseed reduction in the
power boost factor compared to 1D. Comparing the simulations for =9 and =4, we see that
in the latter case the power reduction is less dominant, which is epected since a dielectric disk
with =4 has a smaller re ectivity than a disk with =9 and therefore makes the system less
resonant. Comparing further the =4 cases with and 3 , we see that the power boost is
reduced for the larger vacuum gap. This is only evident from the 3D solutbns and not from the
1D solution, where the power boost is the same. Since an electromagnetivave traveling for some
distance is diracted over a larger area if the distance is increasedcf. section 8.2.1, the larger
(3 ) gap between disk and mirror leads to more di raction losses in the systm as expected.

Let us now discuss the comparison between the various 3D methods in ge 8.15. We rst
consider the results from the di raction-only calculations neglecting boundary charge e ects. The
results from Mode Matching are shown as red dashed lines and the relésifrom Recursive Fourier
Propagation as yellow dashed lines. While for = 9 both results are consistent on the percent
level, the Mode Matching method typically predicts around 5% less emitted power for = 4.
This is expected from higher modes not taken into account by the calclation. The sum of the
coupling e ciencies of the rst ten modes to the axion-induced e Id is 96 %, compatible with the
observed di erences. When going to more resonant systems € 9) this e ect disappears, since
higher modes are not resonant anymore. In fact, we will see that for thevladmax boost factors
considered in the next section it is su cient to consider modes p to rh = 5.

We now turn our attention to the results from the full 3D calculations i ncluding the boundary
charges. The full 3D COMSOL result which has been obtained from our cadiborators by making
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Mirror and Single Dielectric Disk Haloscope { Power Boost Faor

Figure 8.15: Power boost factor 2 as a function of the disk phase depths = !nd for the
minimal dielectric haloscope shown in gure 8.14 at 10GHz (h, 40 eV) and for =9 (top)
and 4 (bottom). The disk is considered at vacuum phase distances to th®EC mirror of

(left) and 3 (right) at which 2 is maximized in the 1D model. Both disk and PEC mirror
have an identical diameter of 6:7 20cm. We show our 3D results obtained with various
methods introduced in section 6 in comparison to analytically obtainel 1D results. The 2D3D FEM
results with COMSOL (green dotted lines) have been obtained by [10] The power boost factor is
consistently reduced compared to the 1D model for resonant con guratios, i.e., around = =2,
3=2, and 5=2. When we get good convergence of the full 3D FEM calculations, i.e., del
consistent results, all 3D methods give results consistent to whin a few percent.
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use of azimuthal symmetry (2D3D approach) [10] is shown as dotted green lige while the Elmer
results are shown as green squares. Comparing the full 3D Elmer sinmation and the 3D COMSOL
simulation making use of the azimuthal symmetry (2D3D approach) shows gjni cant deviations
for . Note that the boost factor is still most reduced in the resonant case for the full
3D solution obtained by Elmer. The error bars in gure 8.15 show the selfeonsistency of the
simulation result in terms of the outgoing power integrated over di erent xy-slices and di erent
guadrants of the simulation domain. For a vacuum phase depth of about the Elmer calculations
have trouble to converge. While in previous chapters the convergemcparameter (introduced in
section 7.1) in Elmer was always around or belowh . 10 7, for a sapphire disk haloscope the
convergence parameter did not reach below 10 *, fora =4 disk it varied between 10 * 10 °
depending on geometry and disk phase depth. In addition, the Elmer rgults are inconsistent
with up to 30% di erences between geometry | and geometry Il. When ircreasing the distance
of the dielectric disk and mirror by one wavelength (gure 8.15(right)), the results from both
geometries become consistent and con rm the other 3D results. Hencéhis shows the limitations
of a full 3D FEM simulation in Elmer for large geometries, which can be ovecome by assuming
azimuthal symmetry (2D3D approach) and reducing the problem by one dimasion, as described in
section 6.1. On the other hand, when the full 3D FEM calculations converggour results explicitly
con rm the results obtained assuming azimuthal symmetry (2D3D approach) in COMSOL or just
taking di raction (Recursive Fourier Propagation, Mode Matching) into account.

At last, we comment on the di erences between the di raction-only and full-3D calculations.
While the rst are based on a scalar diraction theory the latter take int o account boundary
charges. Since the distance of the disk and PEC is aroung and 3 | one may expect that near
eld e ects can play a major role. Nevertheless, apart from the Elmer results su ering from
the numerical shortcomings discussed above, the comparison betwednerent methods explicitly
shows that these e ects cause deviations at the level of few percei terms of the emitted power
of the minimal dielectric haloscope.

Beam Shape and Modes

Let us now explicitly look at the beam shape generated by the minimal délectric haloscope in
order to study diraction and near eld e ects of the system more thorou ghly. This will not only
allow us to understand the behavior in terms of booster eigenmodedut is also important to aid
antenna design to receive the emitted power from such a system ian optimal way.

Figure 8.16 shows how the emitted beam shape changes as a function of The beam shape
acquires more substructure when going from resonant to the transpardncase. Furthermore we
see that for the resonant case the beam is concentrated more in the cenfewhile we observe
more substructure for the transparent case. We can understand this ¥ considering the modes
contributing the emitted beam shape, as outlined in the middle of gure 8.16. The dierent
hatched colored regions correspond to the power contributed by di eent modesm;™ = 0. Notice
that modes ™ 6 0 do not contribute due to symmetry. Only the fundamental mode m = 1 follows
a similar boost factor curve as expected from the 1D model, i.e., theasonant enhancement of the
higher modes compared to the fundamental mode is suppressed whepnraparing e.g. = =2
and = . This is expected, since the propagation constank, of the higher modes is smaller
and making their longitudinal wavelength longer. However, for a resonane, half a wavelength
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must t between the dielectric disk and the mirror ( , cf. gure 8.14). The lowest mode
has a propagation constant closest to the one from the 1D calculation, i.e., itts the resonance
condition best. On the other hand the fundamental mode couples to theaxion-induced eld
with an e ciency of j j2 70%. Thus, the total emitted power is reduced on resonance by this
e ciency. Note that this is not a dissipative loss mechanism of the sysem, but simply due to the
fact that only a subset of the modes can be boosted.

We have compared the radiation patterns obtained above with the Recurise Fourier Propa-
gation and FEM in terms of the matching ratio between two beams de ned n section 6.4. While
Mode Matching and Recursive Fourier Propagation results have a matchig ratio better than 96%,
their matching ratio with the FEM solutions is typically above 85%. Here we see again that the
impact from near eld and boundary charge e ects on the y-component of the emitted electric
elds has small O (10%) impact on the sensitivity of such a minimal dielectric haloscog. In
addition, this is supported by looking at the details of the beam shape:In section 8.2.1 we saw
that additional x and z-components at the order of O (10 %) of the axion-inducedE - eld arise
due to near eld e ects and boundary charges. There, the electric dd had a steep discontinuity
at the rim of the disk. Here the relevant lower modes all drop o to zeronear the outer boundary
of the dielectric disk, which implies that net charges from these mdes are also much smaller than
for the dish antenna, i.e., =r E 0. Therefore, we expect thex and z-components of the
E- eld to be below the O(10%) level. This can be conrmed by looking at the FEM solutions
of these elds. An example is shown in gure 8.17 where we show the fluleld distribution for

= % . Here we show the result obtained with COMSOL from our collaborators [10]since they
converged much better and have less numerical noise than the Elmeesults as discussed above.
The results from Elmer lead to consistent conclusions. The and z-components of theE - elds is
about a factor 10 smaller than they-components, i.e., the e ect on the emitted power (quadratic
in the E- eld) is at the percent level. This con rms that boundary charges and near elds do
a ect the elds inside the minimal dielectric haloscope, but they are not boosted because they
do not ful ll the resonance condition and hence are smaller than theEy- elds. Finally, let us
mention that we observe in the x-component (z-component) a characteristic quadrupole (dipole)
structure that we already observed in the case of a single PEC, cf. séon 8.2.1. The structure
comes from the boundary charge elds and near elds which are now emittd from every disk and
superimposed in the end. Notice that the amplitude is, however, at he order. O(10%)E,, i.e.,
modi es the emitted power at the level of of 1% which is irrelevant for sensitivity.

In short. In a minimal dielectric haloscope containing a single disk and a mirrorwith a diameter
of around 7 only the fundamental mode is e ciently boosted by the system in 3D. Since the
axion-induced eld only has a coupling e ciency of 70% to the fundamental mode, the boost
factor is reduced by up to this factor compared to the 1D calculation. Morever, calculations for
the power boost factor of a minimal dielectric haloscope with a single @k and mirror agree within
few percent in terms of the total emitted power for the di erent nu merical methods discussed in
section 6. This implies, that near eld e ects from net charges are neghible for sensitivity.
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Figure 8.16: Beam shape and mode decomposition of the out-propagating electr@agnetic wave
from the minimal dielectric haloscope. The central panel shows the dtal power emitted as a
function of disk phase depth and optimized vacuum phase depth analogous to gure 8.15, but
calculated only with the Mode Matching method. The di erent hatch ed regions correspond to
the power contributed by di erent modes m, ~ 6 0 modes are not excited due to symmetry. The
upper and lower sub-panels show the intensity distribution at the front surface of the dielectric
disk for di erent phase depths as indicated by the arrows.
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Figure 8.17: Beam shape for the minimal dielectric haloscope at = % obtained with COMSOL

from our collaborators [10]. On the top we show they-component of the E- eld in the xy-slices
(left) and zy-slices (right). On the bottom we show the x-component (left) and the z-component
(right) of the E-eld in xy-slices. The xy-slices are evaluated 14cm away from the minimal
dielectric haloscope and thezy-slices are evaluated aty = Ocm. The considered frequency is

10GHz, i.e.,m,; 40 eV, and the external magnetic eld points in y-direction.
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8.3.3 Madmax Boosters

Let us now make the step to full dielectric haloscopes with more than oa dielectric disk. We wiill
rst only look at results obtained with the Mode Matching method and e xplicitly con rm them
below by comparing them to the other methods. We consider an idealizd but three-dimensional
booster with nite extended disks, which are however still pelfectly at and parallel. We consider
a booster of 20 lanthanum aluminate disk ( = 24) with 30 cm diameter disks as foreseen in the
Madmax prototype, and a 80-disk system with 100cm diameter disks as foreseen ithe nal
Madmax setup. Figure 8.18 shows power boost factors for thiadmax prototype for di erent
bandwidths. Figure 8.19 shows the same for the nalMadmax setup, but only for a benchmark
bandwidth of 50 MHz. Power boost factors from a 1D calculation are shown as gragashed lines.
Since all modes are orthogonal, the total power emitted in the 3D case is gén by the sum of the
power contributed by the di erent modes, each denoted by di erently colored hatched regions.
The power which can be coupled to a Gaussian beam antenna is denoted dsidk blue lines. In
addition, to the right of each boost factor we show the beam shape correspadling to the frequency
indicated by the vertical dashed marker on the left. At frequencies where only the fundamental
mode contributes, the beam shape directly corresponds to the furemental mode. In contrast, if
higher modes contribute, the beam shape is given by a respectivelyeighted coherent sum of the
eld distributions from the di erent modes, cf. e.g. equation (6.13).

First notice that all boost factors are shifted to higher frequenciescompared to the 1D cal-
culations. This is easily understood considering the phase evolign of the di erent modes along
the booster. Due to their transverse momentumk, the propagation constantk; is smaller than in
1D, as given by equation (6.13). This situation corresponds to a longer longitdinal wavelength

;» =2 =k ,. Therefore, in order to have the same resonant behavior as in 1D one neetb decrease
the longitudinal wavelength again by going to slightly higher frequences. Analytically one nds
for small transverse momentak, k. that the frequency shift is given by

ke 2 22GHz

8 2 6m I ; (8.6)

where the example of 13MHz corresponds to then = 1 mode for the prototype booster. Since
higher modes have higher transverse momenta, the shift is more pronoged for higher modes.
Also remember that the transverse momentum is inversely proportioml to the disk diameter,
cf. equation (6.12), giving / 2, i.e., larger disks quadratically suppress the frequency shift.
This is clearly seen, when considering the boost factor for the nalkized Madmax booster with

= 1m shown in gure 8.19. Because each mode propagates essentially indemdently through
the system as shown in section 8.3.1, no matter to which bandwidth théboost factor is tuned, for
a xed disk diameter the di erent modes always appear at the same frguency shifts relative to
each other for di erent boost factor bandwidths. This can be explicitly seen in gure 8.18 when
comparing the calculations for di erent bandwidths to each other.

Now considering the power emitted by the system, we see again that iBD the boost factor is
reduced compared to the 1D calculations. For theMadmax prototype in gure 8.18 we see that
the second mode is already shifted by around 50 MHz. Thus, for boost factdoandwidths smaller
or equal to the shift we essentially only get the power contributed ly the rst mode within one
boost factor bandwidth. Since this mode couples to 70% (independent of disk diameter) to
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Figure 8.18: Left: Ideal boost factors for Madmax prototype (20 LaAlO 3 disks, = 30cm)

considering the nite size of the dielectric disks, for di erent boost factor bandwidths at around

22 GHz. The 1D result is shown as gray dashed lines. The contribution tdhe total power boost
factor from di erent modes is denoted as di erently colored regions. The total power multiplied

with the antenna coupling of an antenna receiving a Gaussian beam witlwy,  10cm at the front
disk of the booster is denoted as bold dark blue lines.Right: Beam shapes at the front disk
corresponding to the frequency indicated by the vertical gray daskd markers on the left.
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Figure 8.19: Left: Ideal boost factor for the full-scale Madmax (80 LaAlO3 disks, = 1m)
considering the nite size of the dielectric disks, for a boost fator bandwidth of 50 MHz at around
22 GHz. The result of the 1D analytical calculation is shown as gray dashedries. The contribution
to the total power boost factor from di erent modes is denoted as di erently colored regions. The
total power multiplied with the antenna coupling of an antenna receiving a Gaussian beam with
Wwo 30cm at the front disk of the booster is denoted as a bold dark blue lineRight: Beam shape
at the front disk corresponding to the frequency indicated by the \ertical gray dashed marker on
the left. The sub-panels show cuts along thex and y-axis of the booster beam shape (blue line)
and the contribution from the fundamental mode (gray line).

the axion eld, the boost factor is reduced by the same factor compared tolD. Therefore, this
e ect has to be understood as a reduced coupling e ciency (form fator) of the system to the
axion eld and not as a dissipative (di raction) loss. Instead of actually | osing power somewhere
during propagation, the higher modes are resonant at di erent frequenées and are thus simply
not boosted by the system at the frequency considered. Indeed, ehdiraction loss of the rst
mode arising from the nite disk size in this case is smaller than ¢ 10 ° (see table 6.2) which is
negligible. This of course may not hold anymore including the geometrial inaccuracies considered
later in section 8.4.3.

Lastly, we have to consider how to couple the power leaving the bodsr with an antenna into
a receiver. As shown in gure 6.3 (left) the fundamental mode has a 97% mtching ratio with a
Gaussian beam with a waist ofwg D=3 with D the diameter of the disks. We therefore consider
the coupling e ciencies to Gaussian beam antennas here. In the case lwere we only end up in
the fundamental mode and the beam shape is fully given by this mode, &can achieve very good
coupling e ciencies. In the case where the total power also carriedhigher modes, like in the 80
disk calculation in gure 8.19, coupling to such a Gaussian antenna one canssentially only receive
the power provided by the fundamental mode. This contribution is still signi cant ( & 70 % due
to the coupling of the axion- eld to the fundamental mode), although higher modes have changed
the beam shape notably, as shown on the right. However, small couplings ohé higher modes
to the Gaussian may even interfere destructively when coupledd the antenna, further decreasing
the received power. In principle it is possible, to design an antena which is matched to a more
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Figure 8.20: Comparison of boost factors and boost factors times antenna couply calculated with
the three di erent numerical methods for the boost factor with a bandwidth of 50 MHz for the
idealized prototype setup as in the middle row of gure 8.18. The upper gb-panel shows the boost
factor calculated with the Mode Matching method for orientation. The | ower sub-panel shows the
relative di erence between the result from Mode Matching and either the result from Recursive
Fourier Propagation (yellow) or 2D3D FEM (green). The FEM result has been obtained by our
collaborators [10]. The vertical dashed markers indicate the frequenes at which we compare the
beam shape in gure 8.21.

optimal combination of modes, as long as their relative phase stays roughlgonstant over the
boost factor bandwidth { or in other words the total beam shape does not changadrastically
with frequency. For the initial stage of dielectric haloscopes this nay already be a too costly
and elaborate approach. In summary, as long as the boost factor bandwidth is safler than the
di erence between the frequency shifts of the rst two modes,the optimal antenna is one, that
couples only to the fundamental mode.

Not considered here, but crucial for a nal experimental realization, will be possible re ections
on the antenna, especially those of the higher modes, which may intésre destructively with the
fundamental mode. ForMadmax we will come back to such re ections in the context of the proof
of principle setup described in part IV of this thesis.

Veri cation with other methods

In order to con rm these results, we compared the result from Mode Matching obtained above
with the corresponding results from the Recursive Fourier Propagatbn and 2D3D FEM methods
in gure 8.20. The lower panel shows the relative di erence betweertheir results and the result
from the Mode Matching method, for the 20 disk benchmark boost factorsover a bandwidth of
50 MHz, while in the upper panel the boost factor obtained with Mode Matding is shown for
orientation. The boost factor from Finite Element methods (2D3DFEM) h as been obtained by
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our collaboration partners [10]. The di erences follow a systematic patern and are therefore likely
due to the simplifying assumptions of the Recursive Fourier and Mde Matching methods. Most
prominently, the boost factors obtained by Recursive Fourier Propagaton and FEM are typically
higher than then results from Mode Matching. This is expected, sice the Mode Matching method
neglects higher modes which may carry additional power. The di eraces are largest in the regions
where the boost factor itself is small. The boost factors are consistérup to percent level within
the boost factor bandwidth. This does not signi cantly a ect sensiti vity and therefore is su cient
for this study.

Moreover, we show the comparison of beam shapes obtained from the di ené methods in
gure 8.21 in the xy-plane, corresponding to three di erent example frequencies fothe boost
factor in the middle row in gure 8.20, indicated by the dashed markers. Here the matching
ratio between two beam shapes quanti es the amount of power receiveddy an antenna perfectly
matched to one beam, when actually the other beam is the physical beam spe. In particular
the match is very good in the range of the boost factor, where only the fudamental mode is
boosted. Typically deviations between the methods are on the perc# level or below, insigni cant
for sensitivity estimates. Notice that the largest deviations indeedare outside the 50 MHz range
of the boost factor, where higher modes contribute. Analogous results ha& been obtained for
the Madmax prototype within its designated frequency range at = (18;20; 22, 24) GHz and at
22 GHz for di erent boost factor bandwidths =(5;10; 20;50; 100 250) MHz. In addition, the
comparison has also been performed for the full-scaladmax setup for the =50 MHz boost
factor at 22 GHz shown in gure 8.19, also leading to analogous results. The agreaamt shows that
in particular for ideal dielectric haloscopes consisting of multipledisks tuned to a boost factor over
a bandwidth 10 2 the simplifying physics assumptions of the Mode Matching and Rectsive
Fourier Propagation methods are valid, i.e., a relatively low number ofmodes (in our case 4) is
su cient to approximate the elds inside the system and a scalar di raction theory neglecting
near eld e ects is su cient.

In short. The power contributed to the boost factor by di erent modes is shifted in frequency due
to their di erent transverse momenta. In the case where the freqeency shift of the second mode
compared to the rst mode ( 50MHz for the Madmax prototype) is higher than the boost
factor bandwidth, the boost factor amplitude within the considered bandwidth is reduced with
the coupling-e ciency of the axion-induced eld to the fundamental mode of 70%. In this case
the optimal antenna would only couple to the fundamental mode of the syeem. For the Madmax
prototype this means in particular, that the antenna system should cowple to a Gaussian beam
with beam waist 10cm at the front disk of the booster independent of frequency. Thes results
are consistently obtained with all three numerical methods introduced in section 6.
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Figure 8.21: Comparison of beam shapes 15cm in front of the booster calculatedth the three

di erent numerical methods for the boost factor for the idealized prototype setup in the middle
row of gure 8.18 at three di erent example frequencies. The FEM resilts have been obtained by
our collaborators with COMSOL and making use of the azimuthal symmetry [10] The matching

ratio quanti es the amount of power received by an antenna from one beamlsape, if it is perfectly

matched to the alternative beam shape.
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8.4 Non-ldeal Booster

8.4.1 Axion Velocity and B-Field Inhomogeneity

Let us now study various systematic uncertainties from 3D e ects on the boost factor. We begin
with deviations caused by the axion-induced eld E, itself. The eld emitted from the dielectric
disks follows the axion-induced electric eldE, on the disk surface, since the emission compensates
the discontinuity of the axion-induced eld here. As described in section 2.1 the axion-induced
eldis / Be 'a Spatial inhomogeneities of these quantities will therefore a ect the boost
factor. In this section we will survey those e ects.

In the picture of modes this means that we change how the axion-induak eld excites the
modes, i.e., the power coupling of the axion-induced eld to the nodes. This is quanti ed in equa-
tion (6.17), which after inserting the axion-induced eld E, from equation (2.3) explicitly reads

Z
Ga B e(x)

m = No e En(r )éy ﬁa(x) dA; (8.7)

where the normalization N, = Rdisk jEaj? dA simply ensuresP me ) m j2 = 1. We will rst sur-
vey velocity e ects, which modify the complex phase ofa. Afterwards we study the e ect of a
inhomogeneous magnetic eld. Small relative inhomogeneities in are analogous, but the e ects
that this inhomogeneity would have on a propagating wave are more dominant orresonance,
as discussed later.

Transverse Axion Velocity

With non-zero axion velocity v, the axion- eld a and therefore also the axion-induced electric
eld E, acquire a spatial phase factor over the setup, i.e.,

a apexp( imat)exp(imava X); (8.8)

where again only the real part of this eld is the physical eld. Thus, a velocity along the
booster axis causes phase di erences between the disks, which Hasen studied already in [1,91].
A transverse velocity tilts the direction of the emissions from the individual disks, where the angle
of the emitted electromagnetic radiation is directly given by the axion velocity parallel to the
disk vi [164{166]. We can study the e ect of this tilting by decomposing the axion-induced eld
into modes and observe how the coe cients » change with transverse velocity. Figure 8.22 shows
the dependency of the power coupling e ciencyj . j? as a function of the product of the axion
momentum parallel to the disk with disk diameter. This quantity cor responds to the phase change
of the axion- eld along the disk diameter. Each di erently colored hatched band corresponds to
the squared power coupling coe cient of di erent mode indices m. The coupling coe cients of
the di erent modes are stacked on top of each other. The sum of all poweraupling e ciencies is
unity. Di erent shades of the same color correspond to higher modes. For each’ 6 0 there is a
mode with positive and negative . In order to distinguish between them, the modes with negative
" are shown below the™ = 0 band, the modes with positive © above. The velocity e ect starts
having signi cant impact on the mode decomposition when the transvese de Broglie wavelength

of the axion
2

maVa;k

dB :k = (89)
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Figure 8.22: Velocity e ect on the mode-coupling coe cients between axion-induced eld and
modes ., . We show the dependency of the power coupling e ciencyj . j° on the product of
axion-massm,, axion-velocity parallel to the disks v and disk diameter (bottom axis) corre-
sponding to a ratio between the diameter and axion de Broglie wavelegth parallel to the disks

ds:k- The vertical dashed white lines indicate the range for theMadmax prototype, the vertical
solid white lines indicate the range for the full-scaleMadmax experiment.

is becoming comparable to the disk diameter . Notice that for realistic axion-velocities 10 2 in
the mass range 40 100 eV the e ect on a setup like Madmax with 1 m would be negligible.
For the higher mass band ofMadmax 100 400 eV the e ects may become more relevant, but
still leave su cient power in the fundamental mode. Notice that wh en velocity e ects become
relevant © 6 0 modes are excited. This is expected, since the = 0 modes have a plane phase
front, i.e., their phase is constant in the xy-plane. Thus, ~ 6 0 modes are needed to describe the
aforementioned phase change over the disk.

The e ect on the boost factor is explicitly demonstrated on the benchmark boost factor for the
Madmax prototype in gure 8.23 and for the 80 disk Madmax booster in gure 8.24. An axion
velocity that causes signi cant changes to the mode decomposition rsof all takes power out of the
fundamental mode in favor of higher modes. Therefore, the antenna cqling degrades while the
total power emitted by the haloscope still remains almost unchanged, btiis in the wrong mode to
be “seen’ by the antenna. Higher modes have smaller propagation constarasd therefore appear
at larger frequencies. Hence, the boost factor shifts to higher freqncies when increasing the
axion velocity. Higher modes are also more prone to di raction losses andhe inaccuracies such
as surface roughness described later, so eventually even the totalywer emitted by the haloscope
will be reduced. For the prototype booster the frequency shifts ae larger compared to the nal
booster due to the smaller disk size, as we have also seen before gures 8.18 and 8.19. On the
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Figure 8.23: E ect of a transverse axion velocity on the benchmark boostdctor for the 20 disk

Madmax booster. Each panel shows the boost factor for another transverse velipg vi. The solid

red curves show the power boost factor corresponding to the total ertted power of the booster,

while the amount which can be coupled to awg = 10cm = =3 Gaussian beam is indicated by
dashed lines. For comparison, each panel also contains the same curves f@ro axion velocity

indicated by the gray shaded lines.
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Figure 8.24: E ect of a transverse axion velocity on the benchmark boostdctor for the 80 disk
Madmax nal booster; analogous to gure 8.23.
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Figure 8.25: Beam Shape of the outpropagating wave from the booster for an exaggeedt trans-
verse axion velocity ofv, 1 10 2c. The left panel shows the beam shape corresponding to
the boost factor in the top right panel in gure 8.23 at a frequency of 2203 GHz. The right panel
shows the beam shape corresponding to the boost factor in the top rightanel in gure 8.24 at a
frequency of 22103 GHz. The sidepanels show the elds along th& and y axes as a blue line and
the elds when setting the velocity to zero as a dashed gray line.

other hand, the prototype is more robust against velocity e ects, becase a smaller disk diameter
covers less of the transverse axion de Broglie wavelength. Nevertless, for realistic CDM velocities
v 10 3cthe changes to our benchmark boost factors are well below the percengvel.

While the mode decomposition allows us to quantify the e ect of the \elocity, it is worth
remembering that the emissions from each individual disk are simpl slightly tilted due to the
velocity e ect. Therefore, the center of the beam shifts away fom the center of the disk as shown
in gure 8.25. The center is shifted in the direction of the velocity due to momentum conservation.
We can naively estimate the shift of the beam center with the mean opttal length a ray must
propagate before leaving the booster, when assuming it is emitted at aangle vy,. One nds for
the shift in the presented cases (= ) vk  10cm, which is consistent with the order of
magnitude of observed shifts in the simulations. This estimate, howver, assumes that the titled
emission essentially propagates as plane waves, which is not the case.

In order to check the consistency of the di erent numerical methals, we did the same calcula-
tion for the Madmax prototype also with Recursive Fourier Propagation. Note that for 80 disks
this calculation would have been too numerically expensive usindgRecursive Fourier Propagation,
and the calculation is not possible using 2D3D FEM since the velocity beaks the azimuthal sym-
metry. The results are consistent up to percent level di eren@s in the power boost factor, as
explicitly shown in gure 8.26 for a transverse velocity ofv=3 10 2c.

At last, let us brie y point out that the actual velocity e ect on the b  oost factor is not given
by a xed, stationary velocity vector, since the coherence time of he axion- eld is much smaller
than the signal integration time of a typical haloscope. Hence, the e ect onthe boost factor needs
to be calculated by taking the average power boost factor over the wholéntegration time of the
experiment. Since the earth is rotating, the axion dark matter wind impinges the experiment
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Figure 8.26: Comparison of boost factors and boost factor times antenna couplincalculated with
Recursive Fourier Propagating and Mode Matching, corresponding to theboost factor shown in
the middle left panel in gure 8.23. The upper sub-panel shows the bost factor calculated with
the Mode Matching method for orientation. The lower sub-panel shove the relative di erence
between the result from Mode Matching and the result from Recursie Fourier Propagation.

from di erent sides. This gives rise to the changes to the measuredxion power spectrum as
discussed in part Il and can in principle be used to infer propertes of the axion dark matter
velocity distribution. For the boosters considered above the reluction in received power would be
symmetric for positive and negative velocities and the coupling e ciency of a Gaussian beam to
a displaced beam degrades quadratically with the displacement, i.ethis setup corresponds to a
g-type experiment in part Il. On the other hand, if one has the freedomto choose the alignment
of the experiment, one could try to suppress e ects from the transerse velocity by aligning the
disks as much as possible orthogonal to the dark matter wind. In contrast tothe transverse
velocity e ects, the e ects of an axion velocity in z-direction [91] are the same at di erent scan
frequencies, because the length of the booster scales proportional tee de Broglie wavelength of
the axion eld.

In short. The e ects from a transverse axion velocity are negligible forMadmax in a mass range
below 100 eV. For the range above this limit the fundamental mode couples lessa the axion-
induced eld, which may slightly reduce sensitivity.

Magnetic Field Inhomogeneity

In addition, a transverse inhomogeneity of the magnetic eld implies the same inhomogeneity in
the axion-induced eld E,. Therefore, we can treat such an inhomogeneity analogous to an axion
velocity, i.e., it changes the amount of power coupled into the di erent modes. For example, a
magnetic eld which would follow the beam shape of the rst modem =1;" =0 would cause the
coupling coe cient of the rst mode to be j 10j° = 100%. To realize such a magnet is, however,
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Figure 8.27: Inhomogeneity e ects of the external magnetic eld on the moc-coupling coe cients
between axion-induced eld and modes ., . Left: Dependency of the coe cients j  j? as a
function of inhomogeneity scaleh for the radially symmetric external magnetic eld de ned in
equation (8.10). Right: Dependency of the coe cientsj . j2 as a function of the position inside
the magnet z for the magnetic eld in the current magnet design [105]. The inhomogeneies have
been multiplied with a factor of 10 to make the e ect visible.

technically challenging and likely to increase magnet cost signi canly.

Another instructive example is a magnetic eld with a radially symmetric inhomogeneity.
Depending on the design such an inhomogeneity can be common for large scalpale magnets
such as the one used foMadmax . Let us consider such a magnetic eld parameterized by

2
Be(, )= Bo 1+ hsin(k )% &, (8.10)

where By is the magnetic eld amplitude, h is the maximum scale of the inhomogeneity on the
disk and R = =2. k is a non-zero positive integer corresponding to the angular spatial frguency
of the magnetic eld inhomogeneity, i.e., k = 1 corresponds to a linear inhomogeneity along the
y-axis, k = 2 corresponds to a situation in which the elds on the left and right ar e smaller than
on the top and bottom, etc. Notice that this parametrization is general for di erent disk radii R

and can thus be applied to both the 30 cm disks of the prototype and 1 m disk of the full-scale
Madmax experiment in full analogy.

We show the dependency ofn,, j? on h explicitly in gure 8.27 (left) analogous to gure 8.22.
Each di erently colored hatched band corresponds to the squared powecoupling coe cient of
di erent mode indices m. The coupling coe cients of di erent modes are stacked on top of each
other, as the sum of all power coupling e ciencies is unity. Also hee, di erent shades of the same
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Figure 8.28: Magnitude of relative di erence between boost factor wheréhe magnetic eld is set as
in equation (8.10) and where the magnetic eld is perfectly homogeneous. fie straight lines show
the di erence in total power, the dashed lines which are at around 10 ° the numerical value
after taking the antenna coupling into account. The straight dotted lines indicate the estimate
from equation (8.11). Di erent colors refer to di erent values of h. The gray area shows the ideal
boost factor curve for better orientation along the frequency axis.

color correspond to higher’ modes and in order to distinguish between positive and negative,
the modes with negative™ are shown below the® = 0 band, the modes with positive ~ above.

Remember that for constant magnetic eld along z these coupling e ciencies of the axion-
induced eld to the modes is the same at all disks, i.e., the disk omber is irrelevant for this
calculation. For small h one can show that the relative change in the coupling coe cients of the
* = 0 modes happens only at second order ifh and is given by

J moj 1.2
T ool 1—2h ; (8.11)
i.e., radial symmetric transverse inhomogeneities at the 10 % levekehve the mode coupling coef-
cients unchanged below the percent level. Also notice that this 5 independent ofk as the™ =0
modes have azimuthal symmetry.

Besides this analytical parametrization, we also consider the couplig coe cients jn j? for
the magnetic eld provided by the conservative short magnet from the arrrent Madmax magnet
design studies [105] with typical inhomogeneities on the 5% level. Since the magnetic eld in fact
changes alongz, we computed the coupling e ciencies separately for di erent z along the booster
axis. The result is shown in gure 8.27 (right). This magnetic eld le aves the coupling e ciencies
unchanged below the percent level. In order to make the changes vide, the inhomogeneity of
the magnetic eld has been multiplied by a factor of 10, where the inhomogeeity is the residual
eld after subtracting the spatially averaged eld.

In addition, the above analytical estimate for the coupling e ciencie s has been explicitly tested
for the prototype setup, dierent inhomogeneity scales h and k = 2 using Recursive Fourier
Propagation. Notice that k = 2 corresponds to the symmetry of the magnetic eld e.g. naively
expected for the nal Madmax magnet when considering the position of magnet coils in gure 2.7
in section 2.2. We show the relative di erence in power boost factor letween the ideal case and
various scalesh gure 8.28. The straight lines indicate the total power while the dashed lines
the di erences after taking the antenna coupling into account. The boost factor is de ned here
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as the power compared to the power emitted by only the mirror under ahomogeneous magnetic
eld Bg. Since the inhomogeneity in equation (8.10) does not couple to the = 0 modes, the total
power contained in the ™ = 0 modes must be the same as without the inhomogeneity. Because
the antenna does only couple to these modes, the boost factor after takg the antenna coupling
into account is essentially una ected by the magnetic eld inhomogenéty. Therefore, we see only
numerical noise in gure 8.28 for the boost factor after taking into accountthe antenna coupling.
For the total power, where the * 6 0 modes are relevant, we see a small e ect on the boost factor,
con rming the quadratic dependency onh estimated in equation (8.11). Also remember that the
* 6 0 modes have larger diraction losses, so their contribution is expected to be damped in the
resonant range of the boost factor. Even foh = 33 % the inhomogeneity only has an e ect on the
boost factor below the percent level.

In short. The e ects of percent-scale transverse inhomogeneities of realistiexternal magnetic elds
are negligible forMadmax .

8.4.2 Disk Surroundings

Besides the e ects of the axion-induced eld, let us now focus on gemetrical imperfections of the
booster which will mainly a ect the propagation of electromagnetic wavesinside the system. We
start with the discussion of surroundings of the booster. Here we onlyefer to surroundings which
are radially placed besides the disks. Other surroundings of the boter including the optical

system, antenna and receiver have to be treated separately.

First remember that the modes which are boosted by the system drofio zero at the rims of
the dielectric disks. Therefore, we expect disk surroundings ath small perturbations at the rims
of the disks to have little impact on the power boost factor. Another way to motivate this is to
consider the diraction angle introduced in equation (8.3). Although it de nes the angle into
which radiation is diracted in the far eld, we can still use it as an ord er-of-magnitude estimate
in the vicinity of the disk, neglecting near eld e ects. A beam extending over a radiusr will,
after propagating for the typical distance between two dielectric dsks of =2, extend over a
radiusr + r with

2 40 eV 2 20cm

r > O:Gﬁ 3mm - >R ; (8.12)

where is the photon wavelength, m, is the axion mass andR is the radius of the disk. Thus,
everything placed much farther away from the rims of the disks thanthis value is expected to have
little impact on the boost factor. Since the diraction angle decreaseswith increasing frequency,
it is less relevant for higher axion masses. However, for small-scale giptype experiments with
disk diameters smaller than 20 cm the e ects could become relevant.

It is easy to check this estimate using Recursive Fourier PropagationWhen constraining the
spatial domain for the discrete Fourier transformation, one gets re ections at the boundaries. We
show the result of an example 2D calculation for a 20 disk boost factor with apphire disks in
gure 8.29. We compare the free space solution with the solution from a wavguide surrounding
with  r =1:2cm. The large boost factor bandwidth makes the system less resonant artdgher
modes important, which extend closer to the rims of the disks. We ao use a disk diameter
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Figure 8.29: The upper panel shows a power boost factor with 250 MHz for a 20 disk
sapphire disk booster in 1D (gray dashed), in 2D assuming the boostesiinserted in a waveguide
(orange line) and in 2D assuming a free space surrounding (blue dashedyhe 2D results within the

waveguide and in free space lay on top of each other. The lower panel shewhe relative di erence

between the two 2D cases. The disks have a diameter of 20cm, the waltd the waveguide are
1:2 cm apart from the rims of the disk.

of 20cm which corresponds to the proof of principle setup discussenh part IV of this thesis.
This diameter is still smaller than for the Madmax prototype, i.e., we expect the diraction
e ects of surroundings to be more dominant here for the =20cm case. Theboost factors with
and widthout surrounding almost lay on top of each other in gure 8.29 (top). T herefore, we
show the relative di erence on the bottom revealing di erences at the level of a few percent in
the considered case. Figure 8.30 shows the beam shapes at the front diskthe booster. The
di erences between the di erent beam shapes are at the percent lel. In both cases the electric
elds emitted from the booster drop to zero at the rims of the dieledric disks at x = 10cm, i.e.,
also for the waveguide case the elds between the rims of the disks drthe waveguide boundaries
at x = 11:2cm are small. This explicitly con rms that surroundings at this dis tance have only
small e ect on the sensitivity.

For clarity, we reemphasize that the above arguments only hold assumindhat elds over-
shining the disks are absorbed and net charges=r E are negligible. The rst assumption has
been con rmed in more detail in [146]. The latter has been veri ed by 2D3D FEM simulations
by our collaborators, which assume a waveguide surrounding in full 3D [10]Jeading to consistent
conclusions than above. Moreover, we have neglected axion-induceddiation from the sides, such
as from the cryostat walls, which is at the order of the axion-induced ed Eg much smaller
than the boosted electric elds. Since this radiation essentiallycomes in with only transverse
momentum, it is not resonantly enhanced by the booster as long as the ertting walls are not
placed at a resonant condition. It can therefore be neglected as also exgitly con rmed by [10].
Lastly, for a beam back-re ected on the antenna, the electromagnetic etls impinging the booster
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Figure 8.30: Beam shapes at the front disk of the 2D boost factors shown in gug 8.29 at di erent
frequencies; i.e., assuming a free space surrounding (blue da&sh and in 2D assuming the booster
is inserted in a waveguide (orange line). The disks extend froox = 10cm to x = +10cm and
the waveguide walls are atx = 11.2cm.

may stretch also over the surrounding structures and may be sca#red there. Again, these elds
do not match the resonance conditions of the booster. It is, however, eeasonable choice to place
an absorber ring in front of the booster to absorb such unwanted re ectons and avoid additional
standing waves from these structures. We will discuss such eds later in more detail for our
proof of principle setup in section 10.3.

In short. Surroundings placed more than a few mm away from the disks have smaliripact on the
power boost factor for large enough disks.
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Figure 8.31: Di erent transverse inhomogeneities of the dielectric ésks. Left: Tilt of the dielectric
disk parameterized by »; y. Center: Transverse thickness variation of the disk. The root-mean-
square of the variation is given by . The bumps and sinks caused by the variation stretch over
transverse length scales given by the correlation length parameter. Right: Surface roughness
corresponding to a thickness variation with small correlation length parameter =4,

8.4.3 Non-ldeal Disks

In contrast to the surroundings of the booster the electromagnetic elbls of the eigenmodes are
much larger near the center of the dielectric disks. Therefore, dinges in boundary conditions
here are more prone to a ect the propagation of electromagnetic waves. In tis section we con-
sider the e ects from transverse inhomogeneities of the dielectd disks, such as a tilt of the disk
and transverse variations of the thickness or the dielectric constant We will rst introduce our
parametrization of these e ects. We will then consider how these inpact the benchmark boost
factors with a bandwidth of 50 MHz and afterwards comment on how these redts scale with boost
factor bandwidth. At the end, we will show how these results can baunderstood in terms of Mode
Matching and derive opportunities for improvement.

We consider the following distortions from an ideal disk, as sketchedn gure 8.31.

Transverse Thickness Variation

Transverse thickness variations z(x;y) are parameterized with the thickness standard de-
viation over the disk and a correlation length parameter . Explicitly, we obtain a sample

for z(x;y) by sampling normal distributed random numbers on our (x;y) grid and apply-

ing a convolution with a Gaussian distribution of standard deviation . We normalize the
obtained points such that the root-mean-square of z over (X;y) is

Tilt

Tilts are described by the rotation of a dielectric disks around thex and y-axis x; y. In
this de nition the tilts leave the mean distance between dieledric disks unchanged. Notice
that a relative tilt between two disks is a special case of a transvese thickness variation in
the air gaps where z is linear in x and y.
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Surface Roughness

For thickness variations with a small correlation length parameter at the order of =4
we will also more speci cally refer to as “surface roughness'.

Transverse Variations of the Dielectric Constant

Transverse changes of the dielectric constant(x;y) over the disk can be treated analogously
to transverse thickness variations, i.e., we parameterize them wh the root-mean-square
of the variation  (x;y) and correlation length parameter as de ned above.

Remember the phase factor of a plane wave propagating ia-direction evolves as expif!z )
with the refractive index n and the propagation length z. The variations above changen and z
as a function of (x;y) and thus at rst order add a ( x;y) dependent phase to the propagating
electromagnetic wave, as argued previously in section 6.2. By comparindné phase shifts caused
by the thickness variations and inhomogeneity in the dielectric contant, thickness variations at a
scale correspond to variations in the dielectric constant according to equation (6.10) of

1mm

|
b3
N
[

where d is the thickness of the dielectric disk. The presented resu#t for thickness variations
therefore directly apply to transverse variations of the dielectric constant.

Consistency of Numerical Methods

Here we use the Mode Matching method for being able to calculate a largeet of boost factors for
di erently deformed boosters within a short time. Nevertheless we have checked that the results
obtained with Recursive Fourier Propagation are consistent with this method, if taking su ciently
many modes into account. Figure 8.32 shows the comparison of the total eméd power and power
coupled to the antenna between the two di erent methods for an exanple 20 disk booster with
30cm diameter LaAlOs; disks with random thickness variations of =10 m; = 35mm for all
disks, leading to the boost factor shown previously in gure 7.3 in setion 7.3. Figure 8.33 shows
the corresponding beam shapes at frequencies indicated in gure 8.32.HE results are consistent
up to a few percent.

Numerical Results for Benchmark Cases

First we investigate these e ects for the benchmark boost factors wh a bandwidth of 50 MHz
both for the 20 disk Madmax prototype and 80 disk full Madmax setup. For each setup we
calculated the boost factors for a large set of deformations at varying scaless detailed below. If
not stated otherwise, we present the results obtained with the Mo@& Matching method, since it
allowed to do signi cantly more calculations in the same amount of time. Consistent results for
the 20 disk case have been obtained also with Recursive Fourier Pragation with less statistics.
Since the full scale system takes at the order of 100 times longer than the 20 disk system with
Recursive Fourier Propagation, 80 disk calculations were not feasible wi this method.

In order to predict the impact of tilted disks, for di erent maximu m tilts in a range from 1 rad
to 3mrad we sampled random tilts ; y from a uniform distribution for each dielectric disk in
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Figure 8.32: Comparison of boost factors and boost factor times antenna couplincalculated with
Recursive Fourier Propagating and Mode Matching, corresponding to a bost factor from the 20
disk Madmax prototype originally corresponding to the 50 MHz benchmark case, but nowwith
random thickness variations of =10 m; = 35mm for all disks. The upper sub-panel shows
the boost factor calculated with the Mode Matching method for orientation. The lower sub-
panel shows the relative di erence between the result from ModeMatching and the result from
Recursive Fourier Propagation. The vertical dashed markers indicate lte frequencies at which the
beam shape is compared in gure 8.33.
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Figure 8.33: Comparison of beam shapes obtained with the Recursive Fouri@ropagation method
and Mode Matching for the boost factor from gure 8.32. The matching ratio quanti es how much
power an antenna would receive from one beam, if the antenna is perfiyg matched perfectly to
the other beam in the comparison.
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the dielectric haloscope. The resulting power boost factors mulplied with antenna coupling are
shown in the top row of gure 8.34, for the prototype booster on the left and full scale Madmax
on the right. For each maximum tilt, a large set of random samples were genated, corresponding
to the lines of identical color in the gure.

We nd that tilts of O :3mrad start to become relevant at the O(10 %) level for the shape of
the boost factor curve of the small scale 20 disk prototype and @ mrad for the large scale 80
disk system. This corresponds to approximately 100 m=30 cm for the prototype and 100 m=1m
for the large scale system, i.e., absolute positioning of the disks is uh more important than
tilts, cf. section 5.3. Also notice that the disks in the large scale sy&m have a 3 times larger
diameter, so the phase changes over the disk for the large scale systevith 0:1 mrad tilt are the
same than the phase changes caused by a30nrad tilt in the small scale system. In this sense we
see again, analogous to the 1D studies in chapter 5, that the amount of distortionwe can accept
does approximately not depend on the number of disks actually insta#éd.

In order to predict the impact of transverse thickness variations, we applied the same pro-
cedure but for di erent scales of thickness variations . Here we consider a correlation length
=10. This gives surface elevation patterns similar to the ones previouglmeasured by our
collaborators [167]. Also notice that this corresponds to similar length scals relevant for the beam
shapes of the rst four m-modes. Hence, those modes are essentially su cient for this caldation.

The results of these calculations are shown in the middle row of gureB.34. The dark green
lines, corresponding to a thickness variation of 2 m are still very close to the case of an ideal disk,
while 5 m already give deviations of approximately 20%, for both the 20 and 80 disk sysims.
Considering the relative phase change caused by the e ect, cf. equan (6.10), 10 m thickness
variations for a 1 mm thick disk are analogous to a variation the dielectric onstant at the order
of 2% over the same correlation length. Also explicitly notice that thickness variations with the
same scale again lead to a comparable e ect on the boost factor, when comparing the 20 and
80 disk cases, i.e., the tolerable thickness variation is approximatg independent of the number
of actually installed dielectric disks.

Shorter correlation lengths =4 (‘surface roughness') have been studied with the Recursive
Fourier Propagation method for 20 disks. The same calculation using Mode lsltching would
require a signi cantly larger number of modes, which makes this calalation numerically unstable.

We show the corresponding results in the bottom row of gure 8.34. Compaed to the transverse
thickness variation considered before the requirement for is relaxed by at least a factor of 3, and
the power boost factor is reduced much more uniformly and predictabl. This is intuitive, since
the length scales relevant for the dominating modes are more comparabl® tthe larger correlation
lengths. Here we considered small correlation lengths =4 which are well below the relevant
length scale for the lower booster eigenmodes. Thus, the e ect on #n modes is approximately
the same for di erent samples of surface roughness { in contrast to thehickness variations above,
where the same scale leads to much more variance in the power boost factor.

Besides the e ect on the power boost factor we show the impact on the &am shape of these
e ects in gure 8.35. It is evident that the di erent deformations alte r the beam shapes on a
similar scale than the size of distortions of the disks in the booster.
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Figure 8.34: E ect of dierent transverse thickness variations on the power boost factor times
antenna coupling. The left column shows the results for a 20 LaAIQ disk booster with 30 cm disk
diameter, the right column shows the results for a 80 LaAlQ disk booster with 1 m diameter, both
for the previously discussed benchmark boost factors with a bandwith of about 50 MHz. The
top row shows randomly tilted disks, where the maximum tilt in both x and y direction of each
disk is as indicated in the legends. The middle row shows transvee thickness variations of the
dielectric disks with a correlation length of =10 and the scale of the thickness variation as
indicated in the legends. The bottom row shows the same but for a cortation length of =4,
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Figure 8.35: E ect of di erent transverse thickness variations on the beam shape. We show an
example for the deterioration of the beam shape for the 20 disk prototype boster as in gure 8.34
at a frequency of 2203 GHz. The e ect of a maximum disk tilt of 0 :3 mrad is shown on the left, the
e ect of a thickness variation ( =10 m; =35mm) is shown in the middle, and the e ect of a
surface roughness (=20 m; =4mm) on the right. The main panels show the intensity pro le,
while the sub-panels show cuts through thex and y-axes. The blue curve shows the intensity
pro le of the plotted case, while the light gray curve show the ideal ase without any distortion
of the booster.

Numerical Results for Scaling

For the nal operation of a dielectric haloscope like Madmax it is important to understand how
these results scale with the boost factor bandwidth, as well as other grameters like the number
of disks, dielectric constant, and others. A full numerical study @vering a broad range of these
dimensions would be enough material for a separate thesis. However, werducted some rst
studies con rming some basic expectations.

In order to estimate the e ect of changing the bandwidth, we conducted the same study for
thickness variations with the 20 disk setup as above for a set of bandwitis between 5 MHz and
250 MHz. We chose = 35mm, since this had the largest e ect in the results presented alove. For
each bandwidth and thickness variation scale an ensemble of 50 boost factors (multiplied with
antenna coupling) corresponding to di erent randomly deformed boosers has been obtained. The
boost factor which can be used in an experimental setup is given by theinimum boost factor from
the ensemble at each frequency. We therefore consider the redumh of the area under the power
boost factor which is still enclosed by all boost factor curves. In orér to estimate a statistical
uncertainty, we consider the reduction when only taking into accoun half of the obtained cases
compared to the previous result when taking into account the full esemble.

The result of this calculations is shown in gure 8.36. The area under tle boost factor curve
is reduced in a similar manner than for losses as in section 5.4. Thushickness variations set a
similar limit to the minimal feasible boost factor bandwidth depending on the scale of thickness
variations. A parametrization as in section 5.4 is hard to extract from the amount of data available,
but we can roughly estimate for a reduction of less than 25 % the bandwidticannot be below

crit 50 MHz ﬁ ) (814)
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Figure 8.36: Reduction of the usable area under the power boost factor cue as a function of
thickness variations for a correlation length = 35mm. The data points indicate the results
from 3D simulations, while di erent colors correspond to di erent bo ost factor bandwidths. The
straight dotted lines are interpolations solely to guide the reader's ges.

for =10 at a frequency of 22 GHz where these simulations have been performedJnlike
the 1D studies, this does not take into account that a given set of deforrad dielectric disks may
be readjusted to optimize the boost factor curve again (reoptimization) We will discuss this
possibility brie y below.

A more quantitative understanding of the bandwidth dependency can ke gained by performing
faster 2D simulations. As an example we performed 2D simulations using th Recursive Fourier
Propagation method for tilted disks. Unlike above, here we used boostecon gurations with
sapphire disks ( = 9:4) and 20 cm diameter, in which all disks had a distance of 8 mm to each
other. This is comparable to the experimental setup discussed inart IV of this thesis. Instead
of reoptimizing the disk positions, we simply increase the numbepof dielectric disks to make the
system more resonant. Thus, a higher number of disks corresponds to @i erent boost factor
bandwidth. For each number of dielectric disks we optimized the sale of maximum tilt in the
system until the minimum boost factor from 20 randomly sampled boostes approached an area
of 80 % of the ideal boost factor. We call this the allowable tilt scale. Erprs on this value can be
estimated from the convergence of the optimization.

The result is presented in gure 8.37. The obtained allowable tilt scaks as a function of
disk number are shown as squares in the upper panel. Since here thandwidth decreases with
disk number, the allowable tilt scale also decreases with disk nuber. Remembering that the
tilt essentially a ects the phase of the propagating waves proportional © the amount of tilt, we
naively expect the allowable tilt to scale like allowable phase erra in the 1D case. We have
discussed in section 5.3 that tolerable phase errors should scale As1=* 2. A curve following
this law is indicated as a green dashed line in the gure, the residal in terms of the ratio to this
estimate is shown in the lower panel. Since the area law xes the @a under the boost factor curve,
this does also parameterize the bandwidth dependency, i.e., thallowable scale is approximately
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Figure 8.37: Scaling of acceptable tilt against number of disks for equidiant Sapphire disks with

a diameter of 20cm at a distance of 8 mm each, in 2D using Recursive Fouri®ropagation. The
upper panel shows the tilt which leads to a reduction of the usable bost factor at the order of
20%, as de ned in the text. The squares denote the data points from simlations with 10 MHz
resolution (blue) and 25MHz resolution (orange), while the green dashed line is an estimate
inversely proportional to * 2. The secondary axis on the top indicates the corresponding boost
factor bandwidths . The lower panel shows the ratio of the data points with the estimate

/ R ~ =N with N the disk number. Notice that unlike losses these phase errors do notale
independently of disk number. However, changing the disk numbein Madmax by one order of
magnitude gives a change in the constraint on the phase errors by less thaa factor of two, i.e.,
in practice the dependence on the disk number is rather weak and canebtreated as constant at
zeroth order.

Analytical Understanding in Terms of Mode Mixing

We can gain a deeper understanding of these results by considerindné structure of the mode
mixing matrix P as de ned in section 6.3. Only taking into account the mode mixing e ect from

the variations  z(x;y) without further propagation, it is given according to equation (6.15) by
z

PM*® = E.. (1, )Emoo(r; )explike z(r; )] dA; (8.15)
R2

with kg = n! . Remember that P is de ned for the propagation within one speci c disk or air gap
in the booster, cf. section 6.3, i.e., in a realistic booster we hava di erent P for each disk and
air gap. The o -diagonal elements in P,T”}O‘O directly give the amplitude at which the mode (m? 9
is excited, if the amplitude in mode (m; ) was unity before encountering the thickness variation.
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Figure 8.38: Left: E ect of a relative tilt , of two disks to a propagating wave, linearly chang-
ing the phase depth of the gap between the disks. Tilts x around the x-axis are analogous.
Right: Result of a numerical calculation of the mode mixing matrix eIementsjPrg“,o'Oj2 caused by
a 1mrad tilt. For the Madmax prototype setup, i.e., = 30cm, and at a frequency of 20 GHz.
The sub-blocks are the mixing matrices for a xed m.

Notice that if there is no thickness variation, z = 0, equation (8.15) is simply the overlap
integral between the individual orthogonal modes, which gives a diagonal mde mixing matrix,
ie., PnT\O‘O = ﬁo\o by de nition. For  z & 0 the matrix can have o -diagonal elements. Thus,
the transverse phase di erences of the propagated eld induce an addibnal coupling between
the modes.

Let us rst look at two speci c examples. For the case of a propagation betwen two tilted
disks we illustrate the expected phase change on the left side of ger8.38. It is linear over the
tilted disk surface. On the right side of gure 8.38 we show an exampledr the resulting mode
mixing matrix P taking a 1 mrad tilt into account for a disk diameter of 30cm. The resulting
matrix is still close to a diagonal matrix, while a tilt essentially couples neighboring modes with
similar mode indices.

In contrast, transverse thickness variations add more random phases aduktrated on the left
in gure 8.39. On the right we show the mode mixing matrix for the 30cm diameter disks as
before with a transverse thickness variation of =10 m; = 35mm in vacuum. Compared to
the tilt the couplings are lower but much more spread among the neighbang modes. This is
intuitive since these thickness variations induce changes ovemzller length scales than the tilt,
and therefore excite higher modes more easily.

We can quantitatively understand these observations by consideringanalytical properties of
the mixing matrix P in more detail. First of all, the exponential phase factor is only relevar
at places ; ) on the disk where bothE . (r; ) and Enoo(r; ) are large. In particular for the
diagonal elements ;") = (mM%°9 we have E,. (r; )Emoo(r; ) = jEm (r; )j?, i.e., the phase
factor is most important at places with the highest power in the booster Another consequence
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Figure 8.39: Left: E ect of a thickness variation to a propagating wave, randomly changing the
phase depth of the gap between the disks along the disk surfaceRight: Result of a numerical
calculation of the mode mixing matrix eIementsanT,O'Oj2 caused by a 10 m surface roughness over

correlation lengths of = 35mm. For the Madmax prototype setup, i.e., = 30cm, and at a
frequency of 20 GHz. The sub-blocks are the mixing matrices for a xd m.

can be seen by comparing the length scale over which the phase factor varies with the length
scalekc;r}f over which the elds of the modes are changing.

kc;nlq\ . If is much larger than the length scales of the modes, the phase factor becems
e ectively constant and can be pulled out of the integral in regions whee z is approximately
constant. We then have

P expliko z) (Po)™"; (8.16)

where Py is the mixing matrix for the unperturbed system. Thus, this lim it corresponds to a
constant phase error, directly comparable to a mispositioning of the dik or overall thickness
error at the order of z.

kc;ﬁf . If is much smaller, we can divide the integration domain in piece$ on which the
modes are piece-wise constant. Taylor expandirfgup to second order inky z and rewriting
the remaining integral over the phase factor as an average ovet;, we arrive at

. X
pm*? Em (Xi)Emoo(Xi) 1 1k3h z(x)Ziy, + ikoh z(X)ix, X (8.17)
i
(L 3k5 ) (P (8.18)
where in the last line we usedh z(x)ix, = 0;h z%iy, = 2 independent of the individual

patch i when integrating over a su ciently large area. We see that the oscillations in the
phase factor average out any additional phase factor while integrating overegions where

1This is justi ed since the scale of the deformations is much s maller than the photon wavelength, i.e, ko z 1.
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the modes are approximately constant. Therefore, there is no net plise error. However,

the oscillations in the phase factor amount to partial cancellation of the eld with itself.

Therefore, in this limit we e ectively have an additional loss mechanism. Comparing the

prefactor in equation (8.18) with the same e ect of a tan loss in the air gaps (phase depth ,
= 1), this corresponds to losses at the order of

4 -° 5 10° i .
z B 30 m 20GHz

(8.19)

and more generally within a dielectric disk with arbitrary dielect ric constant and thicknessd
2 1mm

P->
3 .
d 2 10 24 30 m d 20GHz (8.20)

[N

Thus, the e ects within the disks are dominant. This result is consistent when compared
with the numerical results in the bottom left panel in gure 8.34 and th e 1D estimates in
section 5.4, when taking into account that the 1D estimates assume a phas#epth of of
the lossy regions (the disks here have phase depth 2).

kc;r}]\ . In the intermediate range, where both scales are comparable, the phasariations
modify the propagated elds on length scales of the modes. Here both phastange and loss
is relevant. Moreover, while in the above two cases we haEr’r?o‘ 0 for (m;*) 6 (m% 9, this
does not hold anymore. In practice, this means that during propagation themodes can excite
each other, i.e., mixing between the relevant modes dominates. Nate that this happens
for both the tilt e ect in gure 8.38 and thickness variation in gure 8.39. Ho wever, for the
tilt the correlation length is larger than for the thickness variation, | eading to o -diagonal
elements more close to the diagonal.

Notice that for a given it depends on the specic mode (n; ") which of the above regimes ap-
ply, i.e., unless & there are always modes for which kc;#]\ and mode mixing is relevant.
Therefore, we see changes in the beam shape for all three correlation ghs corresponding to
the cases in gure 8.35. However, power which is coupled to higher mode that are not reso-
nantly enhanced at the considered frequency or have high diraction bss, will generally reduce
the power boost factor.

We can verify above estimates by calculatingP numerically for many realization of thickness
variations and observing how it changes with . Figure 8.40 shows the result of such a calculation
for =10 m. Other give analogous results. Here we used 10° samples for the thickness
variation at each scale. Each sample corresponds to one realization of thickss variation. Higher
number of samples make the lines jn the; gure smoother. The top panelf®ws how the phase
error for a single mode, , = Arg PnT;;g , changes with . We also show the corresponding

propagation length z in free space, related to the phase via =kpz with kg =2 = . We see that

the phase errors increase when increasing and approaches the value expected from =10 m

when the correlation length matches the disk diameter . The middle panel shows the lost
2

power in a single mode, 1 Pr:‘jg , as a function of . Here the secondary axis shows the e ective
loss parameter , in free space as de ned above. We see that losses are large for lowLastly,
the bottom panel shows how the magnitude of the mixing between two nighboring m-modes,

- 2 . . . . . .
Prr,‘f;}')l ‘© " pehaves as a function of . It is maximized near the region where is comparable to
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Figure 8.40: Behavior of various properties of the mixing matrixP as a function for the correlation
length of a 10 m thickness variation in a vacuum gap. The top panel shows the phase shifn
the self-coupling of the modesPrrr?jé’. The secondary vertical axis shows the corresponding e ective
propagation length in free space. The middle panel the lost power irP,Tjé’, while the secondary
axis shows the corresponding e ective loss parameter ,. The lower panel the magnitude of o -
diagonal couplingsPnT;%0 with m®= m + 1. The di erent colors correspond to di erent modes m.
The lines correspond to the expectation value after averaging over manrealizations of thickness
variations. The dark blue regions correspond to the range of 70% of the realitions of such
thickness variations, the light blue to 95 %, respectively. For sinplicity we only show the lowest
mode here. The bands for the higher modes are analogous. The vertical dash lines correspond
to = =100 =10; , comparable to the scales used for example in gure 8.34. The horizontal
dotted lines correspond to the phase error expected from a uniform tickness error z (upper
panel), and loss factor from a small correlation length kem (middle panel). More details
cf. main text.
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the length scale of the modes. For a dielectric haloscope the relevamodes are in particular the
lower modesm = 1 ::: 4 to which the axion-induced electric eld couples most e cientl y. Since they
live on similar length scales, also the scales of at which phase errors, mode mixing or e ective
losses are dominating are the same and approximately only given by the diaater of the disks .

Disk Position Reoptimization

While it is hard to think of a mechanism to prevent losses apart from emineering more at disks,
the absolute position of the disks inMadmax can be changed with m accuracy, i.e., the phase
depth of each free space gap can be adjusted on the level m 2= corresponding to phase
shifts of few 10 4 at 20GHz. Notice that typical phase errors considered in gure 8.40 (top)
are above this value. Hence, aligning the disks to more optimal positionsnay give a handle to
compensate phase errors and potentially algp mode;mixing e ects to soeextent.

We consider the phase errors [, = Arg (Pr)m§8 separately in di erent regions r with the
same dielectric constant of the dielectric haloscope, i.e., each remi ¢gprresponds to either a disk or
free space gap. The phase errors in the fundamental mode] = Arg (Pr)igg can be compensated
by realigning the dielectric disks such that the thickness of regin r is changed by kz;i;o T
Applying this to all regions, e ectively sets the phase error for the fundamental mode in the whole
haloscope to zero.

Notice that in our tilt studies the phase errors are automatically compensted, because we tilt
around axes through the disk center, i.e., j = 0 due to symmetry. This is one reason, why tilts
corresponding to up to 100 m relative displacement of the disk edges are still acceptable, wial
the disk positions have to be adjusted an order of magnitude more accurate

In addition, we also studied the compensation of the phase error for the adwve thickness
variation studies with = =10. For simplicity, here we just multiplied all mixing matrices P; for
of all regionsr with these phase factors, i.e.P; ! exp( i })P, for all r. This procedure does
the same than adding a corresponding length to the regions for small enougphase errors. The
results for the power boost factor are presented in gure 8.41. Comparingo gure 8.34, we see
that the acceptable thickness variation range can be improved by roughlya factor at the order of

2, if one can compensate the phase errors in all regions. For surface rougheeorresponding to
short correlation lengths =100 the loss e ect is dominating, as argued above. Thus, realigning
the disks cannot help to improve the boost factor for surface roughness

In practice, such a compensation needs to happen by only realigning thdisks, i.e., changing
the phase depths of the air gaps. It is reasonable to assume that this way s small phase errors
inside the disks can be compensated, since we can obtain similar optired boost factors in the
1D model also with disk thicknesses randomly varied by a few m around 1 mm. However, in
3D this is still to be demonstrated with dedicated simulations running optimizations using the
3D model, left for future studies. Also note that in addition the phase errors for higher modes
m 6 O are di erent, i.e., mode mixing changes the optimal disk positions to maximize the boost
factor. Hence, maybe even better results could be obtained by optinzing the boost factor with
the 3D model.

Also note that another caveat on this reoptimization is that the boost factor in the experimental
setup cannot be directly measured. Therefore, it has to be inferre from correlated quantities such
as the re ectivity of the booster. We discuss the implications later in section 8.6.
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Figure 8.41: E ect of random thickness variations with a correlation length =1f analogous
to the middle row of gure 8.34, but after compensating the phase errors | = Arg (P, 18 in
each regionr, as described in the text.

In short. In order to have an impact on the benchmark power boost factors of less #n 10 %, the
following constraints need to be ful lled: Tilts need to be kept smaller than 0:1 mrad (0:3 mrad)
for the large-scaleMadmax booster (Madmax prototype). Thickness variations over correlation
lengths of =10 need to be at the order of 2 m or smaller. Surface roughness, i.e., the
thickness variation over small correlation lengths, needs to be not lager than 10 m. These
constraints can be translated to analogous requirements for the homogengitof the dielectric
constant over the disk by dividing twice the constraint with the d isk thickness. For example, 2 m
thickness variations correspond to variations of of 4 m=1mm = 0:4%. These constraints
become tighter when decreasing the bandwidth or increasing frequey. The relative changes to
the boost factor are approximately the same when keeping the bandwidit xed, independent of
disk number. The possibility of realigning the dielectric disksto more optimal positions can help
to relax these constraints.
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Figure 8.42: Sketch of a booster in which all free space gaps and disks are wer (left) or
concave (right). R¢ is the curvature radius of the disk surface if the other side of the dik is at.
R is measured from within the disk. The transverse thickness depelence of the other disks and
free space gaps is chosen such that the e ect on the phase of an electromaticevave traveling
along z is the same for all disks and free space gaps during propagation. More detaitf. main
text. With an exaggerated curvature and not to scale.

8.5 Alternative Design Ideas for Booster

In this section we discuss some ideas to deliberately modify thedundary conditions of the ideal
nite-size booster discussed before, in order to improve its 3D mperties. In the picture of modes
the goal is to change the eigenmodes of the booster, such that they do havmore favorable
properties in terms of coupling to the axion-induced eld than the ones we found for the idealized
booster with nite, but perfectly at and parallel disks in section 8.3.1.

Lens-Shaped Booster

Convex lens-shaped disks have been initially thought of in order toeduce di raction losses within
the booster by focusing the electromagnetic power back inside théooster. However, we have
seen that the di raction loss of perfectly parallel disks is relatively small compared to the allowed
range of tan , cf. section 5.4. Conversely, it may be possible to employ concavastts that slightly
defocus the beam with still acceptable diraction loss. In this setion we present a preliminary
calculation showing how such a booster could be designed and how it pacts the fundamental
mode of the system. We consider a booster in which all regions have amvex or concave thickness
variation, as outlined in gure 8.42.

In order to obtain the fundamental eigenmode of such a s system, we folved the same cal-
culation as in section 8.3.1, i.e., we started with the axion-induced éd over the disk surface and
propagated it iteratively through air and disk multiple times. R is the curvature radius of the
total thickness variation of the lens-shaped disks as seen from insidie disk, i.e., the thickness
variation in polar coordinates is explicitly given by

z(r; ) —r°: (8.21)

The transverse thickness variation of the free space gaps was set analoglyusuch that the e ect
on the phase front of the propagating wave Arg E (x;y)] inside the disks and within the free space
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Figure 8.43: Beam shapes of the fundamental eigenmodes of a dielectric batope with disk diam-
eter 30 cm for di erent lens-shaped gaps obtained with Fourier Propagation R is the curvature
radius of the lens-gaps as detailed in the main text. The main panels sho the intensity dis-
tribution normalized to the maximum value. The sub-panels show cus along the x and y-axes.
The blue curves show the intensity pro le of the mode, the gray cuve the intensity pro le of the

axion-induced eld, normalized to the same total power as the mode.

gaps is the same, cf. equation (6.8), i.e., for the free space gapRs in equation (8.21) is about one
order of magnitude smaller leading to a more signi cant transverse thikness variation for the air

gaps compared to the disks. We show the intensity pro les of the obtaied fundamental modes
in gure 8.43. As expected, if all regions are convex, the mode is focuse@nd if all regions are
concave power is spread out more uniformly over the disk. Table 8.2 snmarizes the properties of
the obtained modes. While for more concave disks, the di raction loses 4 go up, this happens at
an order of magnitude that may be still acceptable for a dielectric halosope setup. On the other
hand, the couplingj j to the axion-induced eld improves as we go to more concave disks, &ling

toup to 10% more power in the fundamental mode. Lastly, also the transverse moemtum

kc. goes down with more concave disks. This is intuitive, since a morepread out beam shape
corresponds to a longer transverse wavelength.

Apart from defocusing the beam, we can understand the behavior by comdering how the
original waveguide eigenmodes introduced in section 6.3 behave inragion with convex transverse
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Geometry Axion Coupling Propagation
Rc J j2 kc d
3:7km 55% 22m? 6 10 °©
convex
7:5km 52% 19m? 1 10°
at 1 71% 16m? 3 10°
7:5km 79% 12m? 5 10°
concave
3:7km 86 % 18m 1! 1 104

Table 8.2: Properties of the fundamental eigenmodes of a dielectric hascope with disk diame-
ter 30 cm for di erent lens-shaped gaps obtained with Fourier Propagation. R. is the curvature
radius of the lens-gaps as detailed in the main textj j? denotes the coupling of the uniform axion
eld to the mode, k. its transverse momentum, and 4 the diraction loss parameter between the
dielectric disks as de ned in the text.

thickness variation. If we want to increase the coupling to the axioninduced eld, we need to be
resonant also for higher modes. The elds of higher modes are located memat the outer regions
of the disks. In order to compensate the smaller propagation constank, of the higher modes in
the phase factor expik.z), the outer regions of the disks have to be slightly thicker, in orde to
give a resonance at the same frequency, corresponding to a concave tsamrse thickness variation.

This calculation demonstrates that in principle a better coupling of the fundamental mode to
the axion-induced eld is possible by changing the geometry of the bodsr disks in a controlled
way on the level of several m. The exact realization has to be tested with full 3D simulations
of a booster in further studies taking into account also the feasibity of manufacturing such disks
from an engineering perspective.

Others

As we have seen above, deliberate controlled changes to the boundary abtions can change the
eigenmodes of the booster. Lens-shaped disks are one option to improtlee coupling e ciency
to the axion-induced eld. In addition, one could imagine using di erent dielectric constants
in the inner and outer region of the disks to achieve a similar e ect. Uéng disks which have
perturbations like slits in the outside regions, would increase diraction loss in particular for the
higher modes. Lastly, tiling the dielectric disks can have a cru@l impact on their eigenmodes.
Thus, understanding how the transverse design of the disks impastthe eigenmodes might allow
us to optimize it for maximal boost factor. This kind of optimization is, h owever, very preliminary
at the current stage, since it helps to slightly increase sensitiity at the O (10%) level { which
is small compared to theO(1) impacts a too high loss mechanism might have on the boost factor.
In addition, the feasibility of various disk types remains an open chalénge for engineering.

In short. Lens-shaped disks or disk with other optimized designs may change thiindamental
eigenmode of propagation within the booster and thus may be used to inease the coupling
e ciency of the axion-induced eld to this mode.
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8.6 Boost Factor Calibration

Until now we have discussed the impact of systematic e ects on the bost factor from a booster
design perspective to set quantitative requirements for the exprimental setup. Ultimately, the
uncertainty on the power boost factor itself is what is relevant for the axion dark matter search.
In particular we have assumed that the boost factor is a quantity dedudble from known quantities
which simply needs to be adjustable accurately enough. However, itsiimpossible to directly
measure the power boost factor. In this section we hence investigat®e which extent it is possible
to derive constraints on the power boost factor and its systematic unertainty from re ectivity
measurements on a realistic booster including tilt and thickneswariations of the disks. We thereby
suggest a rst procedure to obtain this uncertainty by a t with a mor e simpli ed model. This
study should be understood as a rst step towards this important direction for the realization
of a dielectric haloscope likeMadmax , and in order to pave the way for more detailed studies
including further systematic uncertainties and more re ned measres for the relevant errors.

This study is premature to give conclusive results for a large scale 20r 80 disk system. Such
systems have not yet been built within the Madmax collaboration such that the nal design and
the resulting governing systematic uncertainties are still open Here we consider a smaller scale
system with only ve dielectric sapphire disks, which can be diectly compared to the experimental
proof of principle setup we are going to discuss in the next part of thé thesis.

A Simple Small-Scale Booster

Five dielectric disks allow to nd disk positions to adjust the boost factor bandwidth quite freely
within a range between afewMHz and 500MHz respecting the area law. We show two
examples in gure 8.44. The more narrowband boost factor on the right has seval advantages:
First of all, the frequency shift of the second mode compared to theundamental mode is already
at the order of 50MHz. Thus, the narrowband boost factor contains signi cant contributi ons
of the fundamental mode only within its main frequency range. It makesthe results in general
more easy to understand in terms of the e ects of phase errors, mode xing and loss on only
the fundamental mode. Since in the ideal case the modes propagate ingendently within the
booster according to the eigenmode approximation, it also justi es omparing to a 1D model in
the ideal case. Moreover, the group delay clearly maps out the frequey position of the boost
factor, while in the broadband case the correlation is less clear. Apart fim this, the bandwidth
of this boost factor equals roughly the one from the currently available eceiver system of 50 MHz,
cf. section 2.2, and therefore maximizes the achievable power boosttiin the receiver bandwidth.
Lastly, the narrowband case is comparable to the benchmark cases with eglistant disk spacings
that we will study in the experimental part of this thesis. For these reasons, in this section we
will consider the 50 MHz con guration shown on the right of gure 8.44.

Figure 8.45 shows the correlation of the same boost factor as in gure 8.44 (righ with the
group delay over a broader frequency range. It is worth to point out that the axion-induced eld
only couples dominantly to one of the resonances inside the systemei, only one of the resonances
contributes signi cantly to the boost factor curve. When correlatin g a re ectivity measurement
with the boost factor it is therefore important to correctly map the pe aks in the re ectivity spectra
with the boost factor.
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Figure 8.44: Two example boost factors with the corresponding group delayor a small scale 5
disk booster. The panels on the left resemble the same underlyindisk spacings for a broadband
boost factor con guration over 250MHz. The upper panel shows the power boost factor in
terms of the power contributed by the various modes. The bold blue ihe indicates the power
times the coupling to a Gaussian beam antenna with a beam waist of 6:5cm. The lower panel
shows the group delay signal re ected on the booster using this antema. The right panels are
analogous but for a con guration corresponding to a 50 MHz boost factor bandwidth.

Figure 8.45: Correlation of the example boost factor (upper panel) with thecorresponding group
delay of the re ectivity (lower panel) as in gure 8.44 (right) but ov er an enlarged frequency range
of 9GHz. The black curve in the upper panel corresponds to the power dost factor in linear
scale, the gray curve to the power boost factor in log-scale.
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Monte Carlo Setup

Let us rst assume that we have put the disks at exactly the positions predicted by the ideal
model. Since our system is not ideal, but contains tilts and thicknas variations, the measured
re ectivity will be slightly di erent from the one predicted by the model. We call this di erence
the error on the re ectivity measurement. In this section we will investigate how this (measurable)
error correlates with the equivalent (not measurable) error on the boosfactor. To this end, we
calculated the boost factor and re ectivity of the booster for a random sd of over 2500 systems
with random tilts and thickness variations.

We used Recursive Fourier Propagation since this approach needs to makess assumptions
than Mode Matching, but still allows for computation of a large sample of 5 dsk systems within a
reasonable time. For the simulations we considered the frequency rge from 222 GHz to 227 GHz
with 7 MHz resolution. These values have been chosen as a trade-o be&en computation time
and gaining su cient information on the electromagnetic response. We corsidered an antenna that
matches to a Gaussian beam with a beam waist located at the front disk sdiace ofwg = 6:5cm.
All presented results take the antenna matching into account but nglect possible back re ections
from the antenna back into the booster. We discuss the impact of antena re ections later into
account, when discussing our proof of principle setup in part IV, seeection 10.3.

In order to study the correlation in the whole needed range, we set thescale for the tilts and
thickness variations larger than what we expect in a realistic setup.For the thickness variation we
consider a correlation length parameter = 3:5cm, which is similar than what we expect in our
proof of principle booster discussed in part IV from previous disk hickness measurements. It is
also at the same order of magnitude than =10 which gave to strongest impact on the power
boost factor in the simulation studies in section 8.4.3. The maximum sca for the tilt between
two disks max and the maximum scale for the thickness variation standard deviation 4.max have
been set to

max = 10mrad; (8.22)
d:max = 100 m: (8.23)

Notice that these values are at least one order of magnitude beyond the reg@ments we found
in the previous sections. In addition, for the experimental setup dscussed in the next part of
this thesis, tilts can be adjusted at the mrad level and we expect thickness variations at the
order 10 m, both values are respectively one order below the considered scdlere. In order to
uniformly “scan' over di erently strong perturbations of the setup, we sampled tilt scaless and
thickness scalessy such that the total geometrical perturbation scale s, , de ned by

S

2 2
S S
Stot = + S (8.24)

max d; max

is approximately uniformly distributed between 0 and 1. For each samped (s ;sy) we simulated
the response of a corresponding booster. The maximum tilt between gntwo disks in both x and
y direction is eachs , and the standard deviation of thickness variations in any region issy.
Figure 8.46 shows example results from about every vehundredth run selected in order to
represent di erent total geometrical perturbation scales. We see ttat we have cases that are close
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Figure 8.46: Example electromagnetic responses for six geometrically garbed systems from
the complete set of more than 2500 simulated boosters. The gray curves @l the ideal case for
orientation corresponding to gure 8.44 (right). The red curves show the results of the simulation
for the perturbed systems. For each run the upper panels show thegwer boost factor, the middle
panels the group delay and the lower panels the magnitude of the re edtity. The 2-values denote
the squared di erences averaged over all shown frequencies befen the simulated and ideal case.
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Figure 8.47: Scatter plot of various samples of more than 2500 perturbed boostershowing the
correlation between resulting boost factor perturbations and the geomtical perturbation of the
setupsi: as de ned in equation (8.24). Left: Power boost factor amplitude times antenna coupling
relative to the same quantity from the ideal case. The horizontal gray Ihes show the band in
which the power boost factor is reduced by less than 10 %Right: Shift of the boost factor curve
maximum with respect to the ideal case. The horizontal gray lines she the band in which the
boost factor is shifted by less than half of its bandwidth.

to the ideal boost factor and re ectivity and some which are far away, ie., we can study the
full range. As expected, we can also already qualitatively see that ther indeed is a correlation
between the power boost factor and the re ectivity measurement. We study this quantitatively
below. Also take note of the fact that the scale of the perturbation is sinilar for two runs this
does not necessarily imply that the deviations in the electromagneti response are comparable,
cf. for example runs 501 and 2001. This illustrates again that some of the systeatic e ects can
compensate each other to some extent, as we already argued at the end of sent8.2.3.

Boost Factor of the Non-ldeal Small-Scale Booster

Before studying the correlation of the boost factor with re ectivity , let us only look at the power
boost factor and check the consistency with previous results. Figwr 8.47 shows how the boost
factor changes due to these perturbations of the system. On the left & show the e ect on the
amplitude. We consider the relative amplitude reduction AZZAS, where "2 is the maximum of
the perturbed power boost factor curve and "2 the maximum of the unperturbed boost factor
curve. Thickness variations and tilts introduce in general additional di raction loss in the system
and therefore reduce the power boost factor amplitude in nearly all cass. We see that the
reduction is roughly linearly correlated with sy;. AS Syt takes s and sq as independent, see
equation (8.24), this is an indication that the thickness scalesy and tilt scale s increase the
loss in a statistically independent manner, i.e., the mean systeumtic reduction of the boost factor
expected from both e ects and can be added in quadrature. This is con ms the physical intuition
that both e ects happen at di erent transverse length scales, as disassed in section 8.4.3, and
are therefore independent.

On the right we show the e ect on the boost factor frequency position. The di erence -0
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Figure 8.48: Same as gure 8.47 but showing the correlation o$,; with the more general error
on the boost factor 2 which takes into account the whole simulated boost factor curve.

guanti es the shift between the frequency of the maximum from the perturbed boost factor curve

and the frequency of the maximum from the unperturbed boost factor cuve .,. Besides
the losses, the perturbations change the phase depths of the dielet disks and air gaps in the
booster and therefore may change the frequency position of the boost faww. However, opposing
phase errors can average out, such that there remain many cases in whiche frequency shift is
still within the bandwidth of the ideal boost factor itself. The dis cretization in frequency is due
to the 7 MHz resolution of the simulation. We see again, that for low enoughs,,; the maximal
frequency shift this e ect causes, increases linearly withs; .

Notice that st & 0:1 leads to a reduction in the boost factor amplitude considerably worse
than 10 % and shift of the frequency position by more than half the bandwidh. This corresponds
to less than about 1 mrad tilt and less than about 10 m thickness variations. Therefore, this result
is roughly consistent with the 20 and 80 disk values obtained in section 8.3 where we have argued
that these values only have a weak dependency on disk number for a xeboost factor bandwidth.

Besides the frequency shift and amplitude reduction, we may empy a more general measure
for the error on the power boost factor taking into account all available data. Here we use the

averaged squared di erence de ned as

2 — 1 22

2()  2()*%d; (8.25)

2 1,

where ( 1; 2) is the considered frequency range corresponding to all frequeres shown in g-
ure 8.46, 2 is the ideal power boost factor and 2 is the power boost factor of the perturbed
system for which we want to calculate the error. The corresponding and g are de ned analo-
gously for the group delay 4 and the magnitude of the re ectivity jRj?, respectively. Notice that
the de nition of the same quantity over the degrees of freedom, 2=ndf, is not useful here, since
the calculation of 2 does not take into account any uncertainties and is in general not dimen-
sionless. Hence, di erent values for ? have to be compared to each other in order to de ne what
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Figure 8.49: Scatter plot of various samples of the boosters with random tik and thickness
variations showing the correlation between the frequency shift of he group delay peak and boot
factor peak (left), and the the correlation between the minimum re ectivity magnitude and the
amplitude of the power boost factor peak (right).

corresponds to a good or bad match between both considered curves. Figu8.48 shows how 2
depends on the perturbationsy,; of the system. As expected, decreasing perturbations generally
lead to a decrease in 2.

Correlation with Re ectivity

In the next step we study how the re ectivity measurement can give us information on the pertur-
bation of the power boost factor. First, we consider again intuitive guantities such as frequency
shift and magnitude reductions. As an example we show in gure 8.49 (left how the frequency
shift of the group delay correlates with the frequency shift of the bost factor peak. Notice that
in some lossy systems the group delay can be negative, such as for exampieruns 1001, 2001
and 2501 in gure 8.46. We will discuss negative group delays later in more dail in section 10.2.
Due to the negative group delay peaks, here we determine the freqoey of the group delay peak

as the frequency of the maximum from the squared group delay curve. lis evident that the
group delay frequency position is correlated to the central boost faair frequency. Though, for
very lossy runs the group delay can have many peaks, such as for example iun 2501. For
these runs the correlation of the frequency position is obviously lost This explains the outliers.
In addition, the magnitude of the minima in the absolute re ectivity can give an indication of
the losses inside the system as shown in gure 8.49 (right). Note that inthe ideal system still
some power is lost in the re ectivity measurement due to di racti on losses and antenna mismatch.
These e ects are already taken into account for the ideal power boost faor corresponding to the
unperturbed booster. Hence, the full power boost factor includimg this loss is realized when the
absolute re ectivity has a minimum with min  (jRj2) 0:6.

We show in gure 8.50 how the amplitude of the power boost factor (upperpanels) and the
frequency shifts of the boost factor peak (lower panels) correlate \h the errors obtained from a
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Figure 8.50: Scatter plot of various samples of the boosters containing randortilts and thickness
variations showing the correlation between resulting boost factor pgurbation and the deviations
in group delay 2 (left) or the deviation in the magnitude of the re ectivity % (right). The
upper panels show the power boost factor amplitude times antenna caaling relative to the same
guantity from the ideal case. The lower panels show the shift of the bost factor curve maximum
with respect to the ideal case.
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Figure 8.51: Correlation between error on the re ectivity measurement % and boost factor 2.
The colors denote the probability density in 2 (vertical axes) for a given % (horizontal axes).
Assuming the distribution is approximately Gaussian, the contours iow where the probability
density drops to the values corresponding to 12 and 3 standard deviations.

re ectivity measurement 2 (left) and % (right). We can clearly see that even for a good match
of the group delay the amplitude of the boost factor peak can be reduced bg signi cant amount.
However, the frequency shift of the boost factor peak can be well constined with the group
delay requiring 2 . 10ng (bottom, left). It depends quadratically on 2 as naively expected.
For 2 & 10ng the frequency shift can be larger than the FWHM of the power boost factor
peak. In this case 2 cannot constrain the frequency position of the boost factor anymore. On
the other hand, we see that the error on the re ectivity magnitude 2 can give us information on
the amplitude reduction of the boost factor (top, right). However, it i s less powerful to constrain
the boost factor frequency position. This demonstrates that in a lossysystem it is necessary to
consider both, the group delay and the absolute re ectivity.

For this reason, we de ne a combined measure for the error on the re dvity 2

R as
2=gy 2+1ns 2 2 (8.26)

where g is a dimensionless con guration dependent scaling parameter. Sinceoth % and

have di erent dimensions and are not directly comparable,ap has to be set to an empirical value
making them comparable. Here we setag = 25 which brings the two summands to the same
order of magnitude.

What will be important in the experiment is the probability that 2 is smaller than a given
value, given a %. Therefore, we show the correlation between 2 and 2 in gure 8.51 in terms
of the probability density p( 2j 2). It can be calculated by using a bivariate Gaussian kernel
density estimator [168] on the distribution of ( Z; 2) combinations obtained from all simulations
and normalizing accordingly. We see that there exists a correlation beteen both quantities for

2 . 12. The jump around 2 12 is because larger errors are typically generated from a

2
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frequency shift larger than the FWHM of the power boost factor. In this case 2 does not change
much if the frequency shift is further increased. For 2 = 0 we constrain 2 . 25 10* at
the level of one standard deviation. This would be comparable to the dewtions in run 2, as
shown gure 8.46 (top, left). This demonstrates that the re ectivit y measurement can be used
to constrain the boost factor. This is roughly consistent with the fact that 2 = 0 (implying

2 = 2 =0) does not necessarily lead to zero boost factor reduction, as we haveeen for
example in the upper right panel of gure 8.50.

Fit with a 1D Model

Unlike in the above study, in the nal Madmax experiment one will not align the disks to xed
positions given by the model and then simply measure the re ectiviy to constrain the boost factor.
Instead, the disks will be realigned following similar optimization schemes as for the boost factor
described in section 5.1, until the measured re ectivity matchesbest the predicted re ectivity. On
one hand, one could argue that such a reoptimization could be problematic. 8cause we optimize
the match between measured and simulated re ectivity we might endup in local minima that
correspond to a good match in re ectivity, but still a bad match for th e power boost factor. Those
local minima would appear as outliers in the plots of the previous subsgions. However since
we did not run any optimization so far, it is not clear that these cases wee encountered in the
study above. On the other hand, this optimization process allows for gample to compensate some
of the phase errors introduced by 3D e ects by changing the disk posibns. While the random
perturbations of the booster above are very likely to have an adverse ect on the power boost
factor, the optimization should nd those disk positions that minimize the adverse e ects and
make use of the aforementioned compensation e ects as much as possiblehérefore, this should
allow to improve the systematic uncertainty on the boost factor. It is therefore important to take
the reoptimization of the disk positions into account for this study.

The computation time for a single optimization within the 3D model using Recursive Fourier
Propagation and the available resources were not su cient to optimize a hrge set of systems at
the time this study was conducted. Therefore, we did not optimize he disk spacings in the full
3D model. Instead, we optimized the disk spacings in the ideal case tihits re ectivity best
matched the results for each of the di erent runs above. For the idealcase we can make use of
the eigenmode approximation of the booster, cf. equation (6.21) in seaih 6.3 and the discussion
of its validity in section 8.3.1. Since the antenna is essentially couled to only the fundamental
mode, we only need to take this mode into account in our calculation, k., the problem is reduced
to a 1D model. Strictly speaking this does not correspond to the reagnment of the actual
disks anymore. It however corresponds to a procedure to predicthte power boost factor from a
re ectivity measurement and subsequent t with a simplied 1D m odel. Both, the optimization
of the setup and the optimization of the model, should however undergsimilar systematic e ects
and the above arguments still hold.

We consider two di erent tting methods: In method A only the mat ch for the group delay
is optimized assuming a lossless system. In this case, the quantithat is being optimized is

2, but now between the perturbed 3D result from above and the ideal cas obtained from the
1D eigenmode model. Method B optimizes both group delay and re ectiity and includes a free
parameter for losses  into the model. Tilts and thickness variations should naively increase the
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Figure 8.52: Example ts of the electromagnetic response from run 501 for twali erent tting
technigues. We show the ts of a 1D model in blue, the other colors arenalogous to gure 8.46.
The quoted 2 values now correspond to the frequency-averaged squared di ereadbetween the
tted response (blue) and the previously simulated response (refl Left: Only change disk spac-
ings in the 1D model to best match the group delay (method A).Right: Change disk spacings
and uniform loss parameter , to best match group delay and re ectivity magnitude simultane-
ously (method B).

di raction losses in the air gaps, while the disks themselves are lasa ected. Notice also that the
ideal model already contains some di raction loss 4 ( xed by the disk geometry). Therefore, we
set the total loss in the air gaps to the sum 4+ . Since the losses are a priori unknown, this is
an additional parameter to the optimization besides the disk spacings. 1 this case the quantity
that is optimized is % as de ned above but now between the perturbed 3D result and the new
ideal 1D result. We used the Nelder-Mead [116] algorithm to do the optinzations. Since this
method is gradient-free, it is a viable option also for the optimization of the actual disk spacings
in an experimental setup, as discussed in more detail in section 11.2.

The group delay has peaks at lower frequencies that do not correspond ta signi cant boost
factor peak at this frequency. Therefore, the optimization could end y reducing all disk spacings
such that all peaks are shifted upwards in frequency and the consided group delay peak is tted
with one that does not correspond to a boost factor at the same frequencylo avoid convergence
to such local minima, we assume the group delay of the 3D responses isradrom 22:7 GHz to
30:0GHz. Thus, if the optimization algorithm proposes disk spacings leadingo a peak in this
range, it will have a large 2.

An example for such ts can be seen in gure 8.52, where we show the t frommethod A
on the left and method B on the right. Even for a very good match of the groupdelay the
boost factor amplitude can be signi cantly o, which is consistent wit h the ndings above. When
taking into account the loss and re ectivity magnitude, we can achievean improved prediction for
the boost factor.

Eventually we are interested on the e ect of the tting procedure on the correlation between
re ectivity and boost factor. This is illustrated in gure 8.53, where we plot the correlation of
the error on the group delay for method A (left) and the combined error of the re ectivity for
method B (right) against the error on the boost factor. First of all, we seethat reoptimizing the
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Figure 8.53: E ect of reoptimizing the disk spacings on the correlation béween re ectivity and

boost factor. In both panels the blue dots are obtained by comparing the iitially de ned ideal

case and the perturbed 3D simulation. The gray dashed lines are only for @ntation and referred
to in the main text. Top: Correlation between the error on the group delay ? and error on
the boost factor 2. The red dots are obtained by comparing the perturbed 3D simulation with
the reoptimized ideal model using method A, i.e., only the group dealy is taken into account.
Bottom: Correlation between the combined error on the re ectivity 2% and the error on the
boost factor 2. The green dots are obtained by comparing the perturbed 3D simulation wth
the reoptimized ideal model using method B, i.e., both group delayand re ectivity are taken
into account.
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disk positions has the potential to signi cantly decrease the systeratic uncertainty on the boost
factor, i.e., the boost factor error 2 is signi cantly lower after applying the t for the same group
delay error or combined error, respectively (points under the lower dashed line). However, if one
only takes the group delay into account, we see that for very good matchei the group delay the
error on the boost factor can be signi cantly larger than without reoptimiz ation (points above the
upper gray dashed line). We can understand this, by taking a closerdok at some of the cases
that lead to a high boost factor error despite a low error on the group delay In most of these
cases the boost factor was signi cantly overestimated from the t, be@use there is no loss taken
into account. In fact, the example in gure 8.52 (left) belongs to thesecases. For this reason, this
e ect can be much improved by using method B and correlating to the combined error on the
re ectivity 2. Here only 5% of the studied cases ended up in this region. We can take doser
look at these remaining cases by only considering cases which are abde upper gray dashed
line, which corresponds to 2 =2 10* . This reveals that in all of these cases the boost factor
is in fact underestimated, which increases the error on the boost fdor in this parametrization.
The sensitivity estimated from such ts would therefore be rather too conservative.

Summary and Outlook

In this section we considered the systematic e ects of tilts and thckness variations on the re ectiv-
ity of the booster. We have demonstrated numerically that also for sub a system the correlation
between re ectivity and power boost factor can be used to constrain he the systematic uncertainty
on the power boost factor. To harness the full predictive power of a & ectivity measurement the
magnitude of the re ectivity should be taken into account as well. This holds in particular for
the correct prediction of the boost factor amplitude for a lossy systemin which the losses are not
known a priori. Assuming no other signi cant systematic e ects other than tilts and thickness
variations, tting a simpli ed 1D eigenmode model to re ectivity measurements can give a su -
cient prediction of the power boost factor. For an accurate prediction tis model needs to include
a parameter for losses. The model needs to be compared to both the maguadte of the re ectivity
and the group delay.

The considered values in this section (frequency shifts, amplitde reductions and 2) should
be understood as rst proposals to quantify the relevant errors. It is left for more detailed studies
to extend these to more speci c measures and compare their speci performance in terms of
how strongly they can constrain the boost factor. Possible extensionsauld be for example the
correlation of errors in individual subsets of the whole frequency bad. These could be sensitive
to the sign of the deviation at a particular frequency.

In short. We have demonstrated a basic calibration procedure to derive systgatic uncertainties on
the power boost factor from re ectivity data. Comparing to a 1D model is su cient to constrain
the boost factor for the presented system. While the group delay can & used to constrain the
frequency position of the boost factor well when including a su cient frequency range, using
in addition the absolute re ectivity signi cantly improves the con straints on the power boost
factor amplitude.
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Chapter 9

Proof of Principle Setup

In the previous part of this thesis we have discussed simulations afystematic e ects in dielectric
haloscopes. In additon, it is important to demonstrate experimentally that such a booster system
with the desired electromagnetic properties can actually be built. The performance of a realistic
setup will be limited by the obtainable mechanical accuracy and other gstematic e ects, such
as unwanted re ections on the receiving antenna. Moreover, it is esntial to understand the
implications of tuning the disk positions, for example by employingoptimization schemes to match
the predicted electromagnetic responses and hence to a desireddst factor as discussed above in
section 8.6. Here we present the implementation of such a rst proof of pnciple booster setup.
We evaluate systematic uncertainties and demonstrate basic tuning alorithms, as well as their
impact on the power boost factor.

We rst introduce the details of our experimental booster setup cortaining at present up to
ve sapphire disks in front of a copper mirror. After discussing sydsematic limitations, we describe
the tuning of the setup and consequences of the systematic uncertay on the power boost factor.
Finally, we describe rst measurements indicating deviations flom the 1D model in the proof of
principle setup which can already be understood in terms of more sdpsticated 3D models.

9.1 Setup and its Components

We show our experimental realization of such a booster in gure 9.1. The of of principle booster
consists of up to ve sapphire disks placed in front of a copper mirror.The disks have a dielectric
constant of 9:4 perpendicular to the beam axis (crystal C-axis), a thickness of 1mm 10 m,
and a diameter of 20 cm. Each disk is mounted on a holder connected to itsaan DC motor (PI L-
220.70DG [170]). The motors are equipped with a position encoder. The disk positns can be
changed with a precision of less than a m. The tilts of the disks are adjusted at the mrad level by
using manual tilting stages on the disk holders. The tilts are manuallyoptimized by maximizing
the measured absolute re ectivity of the booster. The disk holdersslide on rails which have been
aligned such that they are parallel up to 100 m over a length of 0:5m [8]. To determine the
temperature of the setup, Pt-100 sensors are placed at the metal frame, otihe backside of the
copper mirror, and in the air above the disks.

To determine the electromagnetic response of this booster we mea®d the phase and ampli-
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Figure 9.1: Left: Schematic drawing of the proof of principle setup. Up to 5 sapphire ks are
mounted in front of a plane copper mirror and can be moved using precisn motors. Test beam
re ections are studied via the parabolic-mirror-antenna assembly awnl measured with a vector
network analyzer (VNA). For clarity we only show a cross section orthogonal to he disk surfaces.
Right: Photo of the proof of principle booster extended to 20 disks taken fronthe antenna side.
The dielectric disks are placed in front of the copper mirror.

Figure 9.2: Left: Photo of the antenna-parabolic-mirror assembly taken from the booster sle.
The holders of the antenna are screened in part by re ective copperdil to reduce re ections.
Right: Manufacture's speci cation of the far- eld pattern of the antenna, adapted from [169]. The
red line shows the pattern in the H-plane (horizontal) and the black line in the E-plane (vertical).
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tude of a re ected microwave signal in the frequency range of 10 30 GHz using a Vector Network
Analyzer (VNA, Anritsu MS4647B [171]). Itis connected to a rectangular horn antenna A-INFO
LB-42-25 [169]) facing a 90-degree o -axis parabolic aluminum mirror with a diameter of 30cm
as shown in gure 9.2(left). The e ective focal length of this mirror given by the supplier is

15cm, such that the focal point lies within a few cm at the antenna wais. The far- eld pattern
of the horn antenna is shown in gure 9.2 (right). The E-plane has the typical side-lobe structure
expected from a rectangular horn.

We applied the following procedure to make sure the resulting bam shape is centered on the
disks and impinges orthogonal to the disks. To this end, we take re edvity measurements with
the VNA without any dielectric disks installed, but insert a rectan gular metal re ector with an
area of a few cm parallel to in front of the copper mirror. This causes additional diract ion
from the metal re ector and thus alters the measured re ectivity. | f the metal re ector is placed
in the xy-plane (parallel to the disks) at the same radiusr with respect to the beam axis, the
changes in re ected signal are expected to be the same, even if the taé re ector is inserted
at di erent angles, i.e., from di erent sides, into the beam path. From the perspective seen in
gure 9.1 (left) we hence inserted the re ector from the front, back and top roughly at the place
where the dielectric disks shown, as well as in front of them at otheplaces along thez-direction
towards the parabolic mirror. We afterwards changed the tilt and position of the parabolic mirror
in order to improve the beam position and repeated the measurement abve, until the changes
in measured re ectivity are matched best when inserting the re ector from di erent sides. By
comparing measurements in which the metal re ector is displaced gjhtly, we conclude that the
accuracy of this method is better than cm scale for the transverse position of the beam.

The VNA takes re ectivity measurements including phase and amplitude of the re ected signal
with respect to a previously de ned reference plane, for more detils cf. [172]. This reference plane
has been calibrated to the coax-connector end of the horn antenna. By takip a re ectivity mea-
surement without any dielectric disk installed, we measured thetransmission-coe cient between
the coax-connector end and the copper disk, including di raction losgs and the transmission fac-
tors of the antenna-parabolic-mirror assembly. Assuming a lossless coppmirror, we obtained the
re ectivity of a booster, i.e., a system including disks, by dividing its measured complex re ectivity
phasor with this factor.

9.2 Supplementary Material for Measurement of 3D E ects

In order to improve the antenna re ectivity discussed in section 10.3 and to extend the presented
studies further to include 3D e ects after performing the measuements with the setup described
above we have put the following improvements in place.

A custom-made Gaussian horn antenna together with a large ellipsoidal mior from Thomas
Keating Ltd. (TK) shown in gure 9.3 (left) has been installed. The goal is to further reduce
over-shining losses on the focusing mirror, match the antenna bégr to the fundamental mode of
the booster and minimize its re ection coe cient. A WG20 (WR42) near eld probe has been
used to measure its beam shape in front of the booster. The result isigplayed in gure 9.3 (right)
relative to the transverse position of the dielectric disks denotd as a circle. The beam shape is
compared to the expected beam shape from the manufacturer data sheetsAfter correction of
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Figure 9.3: Left: Custom-made Gaussian horn antenna and ellipsoidal mirror.Right: Result of
beam shape measurement® (62 3)cm in front of ellipsoidal mirror. The main panel shows
the measurement. The sub-panels show the measurement as a bluadiand the expectation from
the manufacturer's data sheet as a gray dashed line.

small obvious shift, the matching ratio between the measured beam @ipe (main panel and blue
lines) and the Gaussian beam shape speci ed by the manufacturer (gragashed lines) is 9735 %.
At this position the beam has a beam waist ofw (7 1)cm.

In order to quantify the real positions, tilts and thickness variation s of the disks independent
from a microwave measurement, a low-coherence interferomete8OFO V by SmarTec has been
acquired. By shining a broadband infrared beam through the disk stackthe disk positions can
be determined by mapping out their re ections in time domain, for more details cf. [173]. First
measurements showed that the relative tilt acceptance for the inteferometer between the dielectric
disks is 5mrad. Comparing position measurements to the motor positions lead to cosistent
values within a standard deviation of 7 m. The full version of this device is currently still being
installed and commissioned.



Chapter 10

Systematic Limitations

The precision at which the system described in the previous chagtr can be adjusted to a certain
boost factor is limited by the mechanical precision of the setup and sstematic microwave e ects,
such as unwanted re ection and losses. In this chapter we survey thee e ects.

10.1 Mechanical Stability

The mechanical stability of the system is limited by vibrations from the surrounding, as well as
long term displacement e ects during measurement caused, for exaphe, by temperature changes.
We investigated the long-term mechanical stability of our proof of prindple setup by observing
a resonant group delay peak of a single disk and mirror system. Figure 10.lhews the result
of a long-term measurement where the sapphire disk was placed 5cm apart from the mirror
without any motor movements. (a) shows the mean of all measured temperatres as a function of
measurement time. (b) shows the frequency position of the group dal/ peak of the 7th harmonic
from the resonance between the sapphire disk and copper mirror at 21 GHz. (c) shows the
hour-scale short-term uctuations in (b). We obtained the residual short-term uctuation by
subtracting a smoothed version of (b), which has been obtained by apping a Gaussian Iter with
one hour standard deviation. The frequency stability is mainly limited by temperature e ects of
2MHzK 1, corresponding to a dependency of the disk position of (5 3) mK ! [9]. This
value slightly varies for individual motors and motor position, which leads to the conservative
systematic uncertainty. Frequency analysis of the displacementsver time reveal that the residual
variations, i.e., the variations in (c) after subtracting the long-ter m temperature e ects, can be
attributed to vibrations such as table movements. They leave the goup delay peak stable well
below the MHz scale. The accuracy of the disk alignment is limited by he precision of the motors
and the mechanics of the disk holders. We determined the reprodiigility of positioning individual
disks by repeatedly placing the single sapphire disk to a prede ed position now 8 mm apart
from the mirror. The measurement revealed a mechanical hysteresien the order of 2 m
positioning di erence depending whether the motor is placed from ahigher or lower position.
When mitigating this e ect by placing the disk always from the same dde, the group delay peak
position was reproduced within a standard deviation of 1:5MHz. This corresponds to position
errors of the order of 0:7 m in this case. This is still well within the needed accuracy everfor
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Figure 10.1: E ect of mechanical deformation of the proof of principle setyp over a long-term

measurement with a single disk and mirror. (a) Average measured tempeture as a function of
time. (b) Measured frequency of the 7th harmonic of the group delay pealas a function of time.

The secondary axis shows the corresponding positioning error of the eliectric disk. More details
are given in the text. (c) Residual of the measured group delay peak figuency and corresponding
position after subtracting variations on the time scale of more than an hour.

a boost factor bandwidth of 50 MHz where 3 m is required, cf. section 5.3.

10.2 Losses

In the previous part of this thesis we have seen various ways eleamagnetic power can dissipate
in a dielectric haloscope, including dielectric loss, di raction, tilts, and surface roughness of the
disks. For small losses we can parameterize those using the usual logngent tan in the 1D
model. To rst order these reduce the total power in the system, ie., the power boost factor
and the absolute re ectivity. Therefore, the absolute re ectivit y may be used in a later stage
to calibrate the losses in the system and predict their impact on thepower boost factor. This
will in particular lead to a more realistic estimate of the boost factor amplitude, as we have seen
in section 8.6.

In addition, losses a ect the phase of a propagating electromagnetic waveFor high enough
losses this e ect can even change the sign of the phase and hence reeehew the phase evolves with
frequency. This leads to negative group delay peaks. For a more detadetheoretical explanation
why this happens cf. e.g. [174,175]. An example of this e ect is demonstratein gure 10.2. Here
we show group delays corresponding to a system with 4 sapphire diskn front of the copper mirror
each at a distance of 8 mm apart from each other, similar to the one consideddn section 8.6 for ve
disks as in gure 8.45. On the left of gure 10.2 we show the group delay from dD calculation for
di erent losses tan in air. For more lossy, and thus less resonant, systems the group delayepks,
counter-intuitively, become more narrow in frequency and eventally " ip' to negative values. On
the right, we have applied a time gate ranging from 1:5ns to a variable maximum time ty,,x to
our four disk measurement shown in gures 10.3 and 10.4. If the time gate rangebeyond 5ns, it
encompasses the re ection on the antenna and we see additional rippleshich will be the subject
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Figure 10.2: E ect of losses on the group delay of a booster with 4 dielecit disks. The left panel
shows group delays in the ideal 1D model after applying di erent loses tan in the air gaps. Each
curve corresponds to a group delay with either di erent tan as indicated by the labels on the
right. The right panel shows the group delay after applying di erent time gates to the data from
the measurement shown in gure 10.3. Each curve corresponds to a group by with di erent
maximum times for the gate tnax as indicated by the labels on the right. For clarity all curves
are shifted by less than a nanosecond with respect to each other, wittut any shift all of them
have their baseline at 0ns. The upper more light lines correspond to less loss and longer time
domain gates respectively. The lower more dark lines correspond to merloss and shorter gates,
respectively.
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Figure 10.3: Re ectivity in time domain for a setup with the copper mir ror and 4 sapphire disks
from measurement (red) and ideal 1D model (blue). The correspondingength assumes free space
propagation.

of the next section. If the time gate, however, is too short, it arti cially “breaks down' the resonance
after some time and thus introduces an e ective loss mechanism, whh results in negative group
delay peaks. Notice that the tan or maximum time tyax at which a speci c peak in the group
delay spectrum becomes negative, is di erent for the di erent resonances. This is because the
resonances at di erent frequencies correspond to di erent elegcbmagnetic eld con gurations in
the system which are in general a ected di erently by the same loss.

By minimizing losses from tilts and only considering a system withup to ve sapphire disks,
we ensured the above losses are small enough such that the losslessdeiaan still approximately
reproduce the measured group delays, i.e., we see no negative grouglay peaks. In the following
we will not consider the systematic e ects caused by various loss méanisms and focus on the
task to tune the booster, i.e., we will compare our measurements to aideal lossless model. For
this purpose it is su cient to only consider the group delay of the re ected signal, since the lossless
1D model predicts unity for the magnitude of the re ectivity indep endent of frequency. While this
does not take into account systematic e ects in 3D and from losses, it isu cient to evaluate the
alignment reproducibility of the real setup. It also lets us asses$o what extent the behavior of the
electromagnetic response as a function of disk spacings is as expecteonf the idealized model.

10.3 Unwanted Re ections

An important systematic e ect on the measurement of the electromagnett response results from
unwanted re ections on the antenna. Figure 10.3 shows the re ectivily in time domain for a
setup with four disks in front of the mirror. The booster re ectivi ty is essentially described by
an exponential decay in time domain corresponding to its resonant behaor. The time scale for
the exponential decay increases when making the system more resoniaa.g. by adding dielectric
disks. The time domain data is shifted such that the re ection on the front disk of the booster
happens atto = 0. The other peaks can be identi ed according to the time they occur. The time
between two such peaks is 6ns. This roughly corresponds to twice the distance between the
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Figure 10.4: Left: Group delay (blue dotted line) and boost factor (bold light blue line) for a
setup with 4 sapphire disks, each separated by 8 mm, in the ideal 1D odel with 50 % antenna
e ciency but without antenna re ections. Right: The same group delay but including antenna
re ection from measurement (red straight line), without antenna re ection in idealized loss-less
model (blue dotted line) and after including the antenna re ection (dark blue dashed line), as well
as the corresponding power 1D boost factor including the antenna re etion (bold dark blue line).
We only show a subsection of all recorded frequencies containing thresonant group delay peaks
of the booster.

antenna and the booster and increases accordingly, if the booster isaued farther away from the
antenna. The peak at 6 ns corresponds to an internal re ection inside the antenna back to he
VNA, mainly arising from the cuto frequency of the waveguide section at around 14 GHz. The
peak at 6ns corresponds to the re ection o the antenna back to the booster. This re ection
repeats every 6 ns since a re ected signal may be back-re ected again. For a low numdr of disks
we can Iter out this higher order re ections in time domain by simply multiplying with a window
function (time gating), cf. e.g. [176]. For more resonant systems the main @ak stretches over a
longer time period and begins to overlap with the peaks arising from tle unwanted re ection. In
addition, the axion-induced signal may also be a ected by the re ection. However, time gating
can only be done with a re ected signal, which can be related to the phas of the input signal over
a broad frequency range. The axion signal cannot be time gated since it is cbnuous in time,
oscillates in a narrow frequency band within a few kHz and its phase isinknown.

Figure 10.4 compares the group delay of the ideal 1D model without antennaerection (left)
with the model and measurement of the same booster but including te rst order re ection (right).
Note that we still apply a time gate, but include the rst antenna re e ction peak in time domain,
i.e., the time gate stretches untilt,x  10ns in gure 10.3. The longer runtime of the re ected
signal compared to the main signal causes a phase di erence between thewhich changes linearly
with frequency. Depending on frequency, the interference isonstructive or destructive, which adds
an additional sinusoidal structure (ripples) to the frequency spetra of the group delay and the
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boost factor. When tting the group delay of an ideal 1D model with the disk positions as free
parameters to such data, the predicted boost factor would therefore eshup at the wrong frequency
due to the ripples. The distance between the antenna and the frondisk of the booster de nes
the frequency di erence between neighboring ripples and thus ie maximum frequency shift this
e ect may cause. For our distance of around 70cm this shift is at the order of 200 MHz.
In the following we therefore discuss strategies to avoid re ectoins and include them into the
electromagnetic response model, if needed.

Minimizing Re ections

The methods below can be applied to the design of the experimentaksup to reduce the e ect of
the re ections.

Change the Distance to the Antenna.

The distance between the ripples g in frequency domain caused by antenna re ections is
given by
o

R = ﬂ; (10.1)

where c is the speed of light andd, is the distance of the front disk of the booster to the
antenna. Increasingd, could make g much smaller than the boost factor bandwidth,
such that the error it causes on the determination of the boost factor frguency range would
be negligible. However, the error on the boost factor amplitude will beharder to quantify.
One could even consider makingd, longer than the coherence length of the axion signal,
i.e., reducing R below the bandwidth of the axion signal. This, however, would requie
a distance at the order ofd,; 100 km, which is not feasible forMadmax . This fact is the
reason why astronomers do not have to care about such e ects. Alternativiy, decreasing
the distance could make g much larger than the boost factor bandwidth. This makes
modeling of the re ection e ect on the boost factor amplitude easier. In a realistic setup like
the nal Madmax there will be, however, a minimal distance set by practical issug, such
as the magnet length and even just the size of the focusing mirror and aehna themselves.
Due to the restricted feasibility of this method we have not expicitly applied this method
for the proof of principle setup.

Screen Re ective Parts of the Optical System.

By screening re ective parts of the antenna and surroundings with alsorbers the radiation
which is not directly detected can be absorbed before it is re ectd back. However, the
absorbers have to be put at low temperatures to minimize their contibution to the thermal
noise of the booster. An alternative is the use of crumbled copper foilhich instead scatters
the radiation in random directions. This is seen in gure 9.2, where theantenna has been
screened with copper foil.

Before the parabolic mirror shown in gure 9.2 had been implemented, nreasurements with
a smaller parabolic mirror had been attempted. The mirror is displayal in gure 10.5(a,b)
and has a diameter of 10cm. This small size led to additional re ections from the holding
stage and the re ection peaks in time domain as shown in gure 10.5(c). Dierent colored
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Figure 10.5: Strategies to reduce unwanted re ections. (a) Smaller parablic mirror without
absorber and re ective surfaces. (b) Screening the re ective stfaces with absorbers. (c) Reduction
of re ection peaks in the measured time domain re ectivity when the mirror in (a) is installed
(red), by screening the re ective surface as in (b) with absorbes (black) or crumbled copper
foil (orange).

lines refer to di erent screening strategies to avoid the re edion at the holding stage. The
red line corresponds to a measurement without any screening, theldck line corresponds
to a measurement with the absorber shown in (b) and the orange line coasponds to a
measurement with crumbled copper foil. By employing the parabolicmirror with a larger

diameter described in section 9.1 the rst two re ection peaks beome e ectively negligible.

Improve Antenna Matching.

Lastly, a mismatch between the antenna beam shape and the booster moslecause addi-
tional re ections. In addition, the intrinsic mismatches, such as re ections at the antenna-
waveguide interface, contribute to the re ections. These have ¢ be minimized by careful
antenna design. The new antenna described in section 9.2 is an atterhjm this direction for
the next generation of this setup.

Calibrating Re ections

If all options to minimize re ections have been implemented, the e ect of the remaining re ec-
tion may still need to be included in the electromagnetic model inorder to predict its e ect on
the re ectivity and boost factor. To this end, we perform a separate measurement during each
calibration to determine the residual re ection coe cient of the an tenna R . It can be obtained
by measuring the re ectivity only with the copper mirror and withou t dielectric disks installed.
By applying a time gate around the peak of the antenna re ection at 6ns to the measured
re ectivity, we can infer the antenna re ectivity assuming the copper mirror is lossless.

This re ectivity can be directly included into the 1D model afte rwards. We use the ADS circuit
simulator as introduced in section 4.1. For simplicity, we only include the re ectivity as seen from
outside the antenna rather than the re ectivity from inside and tran smission factors as in a full
antenna model. This is su cient to describe the unwanted re ection on the antenna seen from
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Figure 10.6: Extended antenna model inAdvanced Design System (ADS)[112]. “Z' is the
impedance in , "L'is the length, and "TanD' is the loss tangent of the respective element. For
simplicity, we use a power splitter diverting some of the powerreceived by the antenna to the
S-parameter data block ("SnP') where the measured antenna re ectiity can be included in the
model. See also gure 4.2 in section 4.1.

the outside which leads to the additional time domain peaks discussedbove. The re ection e ect

is implemented by adding a power splitter that diverts some of thereceived power to a re ective
S-parameter data block ("SnP') element, as shown in gure 10.6. We sete transmission factors
of the power splitter S,; = S3; = 1= 2, which leads to an antenna e ciency of 50 % in the model,
but can be easily adjusted to any other e ciency. Later, we will compare di erent boost factor

amplitudes from this model relative to each other. Since the antena e ciency is the same for
all compared boost factors, the exact value for the antenna e ciency is frelevant for comparison.
Notice also that the re ectivity of the "SnP' element is not directl y the measured re ectivity, but

scaled and phase shifted such that the total re ectivity of our antennamodel in gure 10.6 is the
measuredR o and happens without additional time shift.

We tested this model by measuring the group delay of the same boostetbut at varying
total distance of the booster from the antenna over more than the range of adw wavelengths.
Afterwards, we t the measured group delays with the model including the "SnP' element, i.e., the
e ect of unwanted antenna re ections. The di erences in the boost factors obtained from these
ts determine the systematic uncertainty on the boost factor remaining after applying this model
in order to predict the boost factor.

This procedure was done for boosters with one to four disks each. Theotal distance between
the booster and parabolic mirror was changed by moving all dielectric diks and the copper mirror
by the same amount in the same direction. Figure 10.7 (a) shows the relate disk spacings
obtained from the ts of the model as a function of the total distance to the antenna for the
example of the four disk booster. We see long range changes of the tted sk positions at the
order of around a few 10 m. This value is consistent with expectations from other independat
alignment measurements of the setup. In addition, we see periodichanges which repeat after

(8 3)mm, i.e., around half a wavelength at 20 GHz. This e ect is expected fom re ections
that are not included properly in the model. This is because the ditance to the antenna determines
the frequency position of the additional ripples in the re ectivit y spectra as discussed above, i.e.,
increasing the distance by half a wavelength shifts them by one pérd.

For this reason, from the inferred relative disk spacings in gure 10.7 v rst determined the
long range trends using a convolution with a Gaussian of standard deviatio20 mm. The standard
deviation corresponds to more than a full wavelength above 15 GHz. Thesleng range trends are
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Figure 10.7: Results of tting the group delay from a model including re ections to data from the

same booster at varying distances to the antenna. (a) Relative disk spacings between dielectric
disks obtained from the ts. We show the residual to the mean; the daa set for each spacing
is shifted by up to 120 m to make the individual dependencies onz more apparent. The dots
show the results from the ts, while the light curves show the result after convolving with a

Gaussian of standard deviation 20mm. (b,c) Changes in the power boost faot of the booster
without antenna when calculated with the disk spacings obtained from &) after removing long
term trends as described in the main text. We show the changes in tative power boost factor
amplitude in (b) and changes in the maximum power boost factor frequeny position in (c). The

right sub-panels show histograms of the respective deviations obtairmkfrom these data points.
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Booster Standard deviation of...
r%]ax =h r%maxi [%] ;0 [MHZ]
1 disk 01 16
2 disks Q7 9
3 disks 2 7
4 disks 3 6

Table 10.1: Standard deviation of the power boost factor amplitude and fregency position from
the ensemble of boost factors obtained from re ectivity measuremerg on the same booster but at
varying distance to the antenna as described in the main text.

shown as pale lines among the data points in gure 10.7 (a). Afterwards we shotracted the long

range trend to only obtain short range changes in the tted disk spacings. Usg these corrected
distances in the model we calculated the corresponding boost factosom the ideal 1D model.

Remember that when changing the total distance between booster and amtna, the re ections

change the boost factor. However, the boost factor without antenna is exected to stay constant,
since we did to not change the relative distances between the diskgithin motor position accuracy.

Therefore, we used the ideal 1D model in this step. Thus, any obseed change must arise from
systematics not covered by the model including the antenna e et; such as misalignments in the
setup or additional unaccounted re ections.

We show the changes in the relative power boost factor amplitude and &quency positions of
the boost factor maximum in gure 10.7 (b,c). The results clearly reveal the periodic structure
expected from re ections which have not been fully taken into accout in the tted model. For four
disks the e ect changes the boost factor amplitude at the order of 5% and tte frequency position
at the order of 10 MHz. Table 10.1 summarizes the standard deviations of thesquantities over
the full observed range and for all di erent booster con gurations for which this test has been
performed. Since these are systematic deviations, the standard d&tion is only a rough estimate
for the systematic uncertainty which is caused by the failure of themodel to include all systematic
e ects. We conclude that when using the improved electromagneticresponse model including
the re ections, a residual systematic uncertainty of 5% on the pover boost factor amplitude and
20 MHz on the boost factor frequency position needs to be taken into accoanThe latter is still
much smaller than the full-width-half-maximum (FWHM) of, for exampl e, the boost factors shown
in gure 10.4, which has a FWHM of 170 MHz. However, it may need further improvement for
more narrowband con gurations as envisioned in the nal Madmax setup.

In short. The presented proof of principle setup has the mechanical accuracy dnrepeatability to
align the dielectric disks to control the frequency of the electronagnetic response to better than
MHz level. However, unwanted antenna re ections need to be taken ito account when determining
the response of the booster, inducing a uncertainty of up to 20 MHz on th boost factor frequency
and up to 5% on the boost factor amplitude with up to four disks in this setup. E ects on the
group delay due to loss can be observed when e.g. time gating the re ggity measurement.
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Tuning and 1D Model Validation

Since di erent axion masses correspond to di erent frequenciesthe boost factor needs to be tuned
over the frequency range of interest during an axion search. In the ftdwing we develop a general
procedure to do this tuning for the proof of principle setup. The central goal is to demonstrate
that the booster can be tuned to a desired frequency range and that thelectromagnetic response
behaves as expected from the model, while here we consider rst gnthe 1D model. This will give
rst indications how long tuning will take and how this time could pos sibly be reduced. Finally,
we derive systematic uncertainties on the boost factor arising from outuning procedure.

11.1 Tuning Scheme

We demonstrated that such tuning can be achieved with up to ve equdistant disks using the
following general tuning procedure:

1. De ne Goal Boost Factor in Model.

First, the disk positions corresponding to the desired boost factorcenter frequency and
bandwidth are calculated with the 1D model, along with the corresponding group delay of
the re ectivity.

2. Align Experiment to Reproduce EM Response from Model.

Then, the disk positions in the setup are adjusted to approximatelythe calculated distances
from the model. Afterwards, the distances are ne-adjusted using anterative optimization
algorithm in order for the measured group delay to match the prediction fom the 1D model.

3. Constrain Boost Factor with the Model.
In the last step we test the tuning procedure by tting the model to the measured data.

This allows to infer the systematic uncertainty on the boost factor arising from tuning.

In the rst step, we adjust the boost factor to the right frequency b and only within the model.
This can be done numerically by optimizing the disk spacings in the snulation such that the
desired boost factor is obtained. For simplicity here we did not optinmize the disk positions, but
considered con gurations where all disks are at the same distancd. Figure 11.1 shows how the
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Figure 11.1: Simulated boost factor (top) and group delay (bottom) as a functon of frequency
(vertical axes) and separation between the sapphire disks (horizontahxes) for a system of four
equidistant disks.

boost factor and group delay change for a four disk booster as a function ef. By tuning d between
6 mm and 8 mm the boost factor can be tuned over a frequency range betwe@2 GHz to 28 GHz.
These con gurations correspond to a boost factor bandwidth full-width-half-maximum (FWHM)
between 170 MHz and 190 MHz, giving a ratio of boost factor central frequencywer boost factor
bandwidth = 140 which is constant over the whole tuning range up to 5 %.

11.2 Setup Optimization

In the second step we aim for aligning the real disk positions in the exgrimental setup such that it
reproduces the simulated boost factor. Simply placing the disks athe distances predicted from the
1D model and relying on the simulated boost factor is not the most feasit# solution. E ects such
as disk bending, surface roughness or variations in the dielectric catant may change the phase
depths of each region and therefore contribute to the systematic unatainty of the boost factor.
Here we conservatively assume that the model still predicts positins which are do not di er from
an optimal con guration by more than 100 m which is much more than one would for example
expect from the e ect of 10 m thickness variations of the disks. After moving to this position,
it is more straightforward to optimize the electromagnetic properties of the system directly, after
placing the disks at the positions approximately predicted by the deal 1D model. Since the boost
factor itself cannot be measured, we align the disk positions such thatite measured group delay
matches the simulated group delay. It is related to the boost factor as dscribed in section 4.4.3.
The cost function for such an optimization is the sum of the squared di @ences (goodness of
t) between the measured and desired group delay data points over fquency 2 analogous as in
section 8.6. In order to evaluate the cost function, the disk positions red to be realigned and
the re ectivity needs to be measured. This corresponds to one tal of the iterative optimization
scheme. In order to minimize the total time needed, we use gradieriree optimization algorithms



167

Figure 11.2: Number of trials needed for the optimization when using the Nkler-Mead algorithm

as a function of disk number. The orange data points correspond to optiming the disk spacings
in the experimental setup until the measured group delay matches bst the simulation. The blue
data points correspond to optimizing the disk spacings in the simulaton until the simulated group

delay matches best the measurement.

that minimize the number of trials, while trying to be robust against local minima. In this
work we consider custom implementations of the genetic [117] and simulatieannealing [118]
algorithms, as well as the Nelder-Mead algorithm [116]. As a convergence criien we require
changes of all motor positions of less than a m between subsequent iterations. We evaluate the
reproducibility of the system response by repeatedly performig the optimization using uniformly
distributed randomized starting positions within 100 m. We investigate the dependence on the
used algorithm with three dielectric disks installed and the disk number dependency using the
Nelder-Mead algorithm. Both investigations have been performed at di gent times during the
year with their own respective calibrations and possibly slightly d erent environmental conditions.
Before discussing the resulting reproducibility of disk spaaigs and electromagnetic responses
from this optimization, let us comment on its performance. During the realignment of the disks
the search for an axion signal is paused. Thus, the time needed for the abgnment needs to be
minimized. We have seen di erences in the number of trials the ajorithms need until convergence
depending on how speci c parameters of the algorithms are adjusted, sin as the probability
distribution for sampling the next step in the genetic algorithm. However, non of them was
signi cant enough to draw a conclusion on which algorithm provides the kest convergence time.
Besides the dependency on the used algorithm, it is important to ke in mind how the the
number of trials scales with the number of disks. This relation is slown in gure 11.2 for Nelder-
Mead. We nd an approximate linear dependency. The highest number ofrials corresponded to
realignment times of approximately 10 min in our setup, so naively extrapolating to 20 disks
one arrives at 600 trials or a realignment time of less than an hour. This is, bwever, still quite
speculative, since the dependency can change for a higher number okl and the realignment
time may also depend on the boost factor bandwidth. Nevertheless, th worst case scenario with
readjustment times of one day as assumed for the previous sensitiyitestimates e.g. in section 2.2
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seems su ciently conservative. Also notice that if the initial guess is closer to the optimum than
the assumed spread of 100m, the required number of trials would be reduced. The di erenceto
the optimal position roughly decreases exponentially during the optinization and we require 1 m
for convergence. Hence, starting for example with positions that are sgad 10 m around the
optimum instead would roughly half the needed number of trials.

Let us turn our attention to the reproducibility of disk spacings. Fi gure 11.3(top) shows a
scatter plot of the nal motor position di erences when running the tu ning procedure for 200
times. All runs correspond to the same calculated boost factor functiorwith four disks and 8 mm
disk spacings in the ideal 1D model. Figure 11.3 (bottom) shows the sameub when optimizing
disk spacings in the ideal 1D model instead. The correlations show thathere exists degeneracy in
the disk position phase space. Both measured and simulated position difbutions show the same
features. The nal positions are scattered more narrowly around zero wkn only using the model.
This is expected from additional systematic disk position noise soures in the setup. Typical
temperature uctuations are at the order of 1K and can already lead to a broadeing of 5 m,
as discussed in section 10.1.

The degeneracy can be understood by realizing that the group delay andoost factor maxima
frequencies are at rst order unchanged when changing the disk spaays along the correlation,
i.e., when moving along the gray lines indicated in gure 11.3. We demostrate this explicitly in
gure 11.4 for the correlation between the rst and last disk spacing, as wdl as the correlation
between the second and third disk spacing in the four disk setup. fe changes in frequency
position happen at second order, i.e., they are at rst order unchanged. Thus, the degeneracy is
a property expected from the ideal 1D model. Also remember that the opmization procedure
of the experimental setup only tries to reproduce a desired group €lay, but does not use any
further information from the 1D model, i.e., how this group delay depends on the disk spacings.
Therefore, the agreement between simulated and measured degeneiexplicitly con rms that
the measured group delays as a function of disk spacings behaves as exted from the 1D model
in the vicinity of the optimization minimum.

11.3 Boost Factor Reproducibility

To quantify the systematic uncertainty on the boost factor arising from this tuning procedure,
we optimize the disk positions in the 1D model until the calculated gioup delays best match the
measured ones. Afterwards, we calculate for each realization the correspding boost factor. The
systematic uncertainty on the obtained maximum of the boost factor can then be extracted from
this ensemble, thus taking into account the e ect of disk spacing @&generacy. Figure 11.5 shows a
scatter plot of the obtained relative power boost factor amplitudes againsthe shift of the boost
factor frequency for the same 4 disk case corresponding to the resalin gure 11.3. The boost
factor amplitude "2 is obtained as the maximum boost factor over the considered frequenaynge,
and the boost factor frequency as the frequency at which the boost factor was maximized. The
disk spacing degeneracy does not lead to a degeneracy in the boost facfquency and amplitude
phase space.
Based on this result we can quantify the systematic uncertainty wihin which the tuning

procedure leads to the same boost factor. We now may take into accounthat it is possible to
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Figure 11.3: Top: Final disk spacings after optimizing the actual disk positions in the bur disk
setup for 200 times. d; refers to the spacing between the copper mirror and the rst disk,d, the
following spacing, and so on. d; is the di erence of the nal spacing i compared to its mean. The
diagonal subplots show the histogram of nal disk spacings, the o -diagonal sulplots show scatter
plots illustrating the correlation between di erent gaps. The gray lines indicate d, = ds and

di = ds. Bottom: Same as on the top but doing the same optimization for 10* times
only within the ideal 1D model.
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Figure 11.4: Simulated boost factor (top) and group delay (bottom) as a functon of frequency
(vertical axes) and separation between di erent disks d;. Left: Both as a function of the distance
between the mirror and rst disk d; and changing the separation between the third and fourth
disk as d; = di, i.e., following the gray line in the rightmost subplot in the bottom row of
gure 11.3. The vertical dashed lines indicate the 100 m range comparable to the range of the
correlations in gure 11.3. Right: Analogous to the left panels but for d; = ds.

Figure 11.5: Scatter plot of the obtained power boost factor frequency posbns and amplitudes
after tting the model to the measured group delays corresponding b the physical disk positions
shown in gure 11.3. The horizontal axis shows the frequency shift of tle boost factor maximum
frequency compared to the mean of the considered ensemble. The tieal axis shows the relative
boost factor amplitude deviation compared to the mean of the ensemble. fe orange points
correspond to solutions with large 2 and can be rejected, more details cf. main text.
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Figure 11.6: Standard deviation on frequency position (left bars, light rel) and standard deviation
on amplitude relative to the ideal amplitude (right bars, dark red) of t he boost factor after tting
the model to the measured group delays corresponding to the physat disk positions. Left:
For one to ve disks when using the Nelder-Mead algorithm. Right: For di erent algorithms
and 3 disks.

accept or reject a solution based on the agreement between the two groupethys. Thus, we can
neglect obvious outliers, such as ts that converged to local minima wih only a subset of the
group delay peaks tted correctly. Here we do this by rejecting all ®lutions for which the cost
function 2 is larger than a standard deviation above the mean of 2 for the whole ensemble.
Notice that this corresponds to a xed threshold in 2 which does not take any information on
the boost factor into account other than how well the group delay matcheghe prediction. Hence,
such a threshold can always be set in any booster setup to reject badkitions. Points Itered by

this threshold are marked in orange in gure 11.5 and are rejected for the sisequent analysis.

Figure 11.6 shows the resulting uncertainties as a function of the nmber of disks for a mea-
surement for setups resulting in a boost around 22 GHz as shown in gurd0.4 on the left. For
this case, the frequency uncertainty ( 2MHz, i.e.,. 2% FWHM) and the amplitude uncertainty
(< 2%) would have an acceptable impact on the sensitivity of the boosterNote that for a xed
disk number the width of the boost factor peak is approximately inversely proportional to the
boost factor amplitude according to the area law in [89], i.e., the relaive uncertainty on the
FWHM is approximately the same as the relative uncertainty on the boostfactor amplitude. This
result does not contain possible systematic uncertainties due toosses and 3D e ects which are
not covered by the lossless 1D model. The dependency on the used opization algorithms is
shown on the right of gure 11.6. We see that the choice of the algorithm in uences the achievable
boost factor uncertainty.

Similar results have also been obtained for other equidistant con guations in the frequency
range between 22 GHz to 28 GHz but using the smaller parabolic mirror at a largedistance to
the booster and time gating only the main re ection peak.

In summary, we have demonstrated a basic tuning procedure of the jof of principle setup.
During this tuning the experimental setup behaves as expectedrom the 1D model. In addition,
the correlations in disk spacings and the resulting boost factors illgtrate that di erent disk spacing
con gurations can still result in the same electromagnetic response. fiis shows that phase errors
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can be compensated by corresponding phase errors resulting from othdisk spacings. This can
be an advantage for tuning since it reduces the e ective degrees of feelom of the system and thus
may help to nd optimal positions more quickly. In addition, the di e rences between the compared
optimization algorithms indicate that convergence time and/or systematic boost factor uncertainty
may be further improved by using another optimization algorithm. Since the setup behaves as
expected from the 1D model, future optimization algorithms could include more information on
the disk spacing dependency predicted by the 1D model. This wodl speed up convergence since
the algorithm can propose spacings which are most likely to be optimal accoidg to the model
rather than just randomly guessing.

In short. We have demonstrated that the electromagnetic response of the proof ofrimciple booster
in terms of group delay behaves like expected from the 1D model and came tuned to a desired
frequency with small systematic uncertainties due to the repeatbility of the tuning procedure.
The convergence time for tuning the dielectric disk positions to nove the boost factor to a preset
frequency band seems feasible.



Chapter 12

3D E ects

In the previous chapter we have demonstrated that with the proof of pinciple setup the expected
electromagnetic responses in terms of group delay from a 1D model can beproduced. In con-
trast, in this chapter we show rst results from measurements that cannot be properly described
by the 1D model. We give rst indications on their understanding by qualitatively comparing
to 3D simulations.

12.1 Diraction

As pointed out already in section 6.2 the transverse momentum of the elémmagnetic wave
increases the phase depth of the regions between the dielectricai@ to di raction. Here we test
how this depends on the number of disk in the proof of principle boagr. To this end, we
iteratively remove dielectric disks from a four disk booster whie leaving all remaining disks at
the same positions. After removing a disk we take a re ectivity measirement. Each measurement
is subsequently tted by the 1D model. Assuming the 1D model is sicient to derive the disk
spacings from the re ectivity measurement, the obtained spacings d@snated from each t are
expected to remain the same independent on how many additional diskare installed. Remember,
this is equivalent to a 3D situation in which the eigenmode approximation holds, the antenna only
couples to the fundamental mode and there is no dominant mode mixindbecause of thickness
variations or tilts.

We can compare the result of this procedure to the result from a 3D simlation to obtain the
group delay for each booster con guration. We use Recursive Fourier Proggation for the 3D
simulation and assume a Gaussian beam shape with a beam waistwf 10cm for the antenna
beam at the front disk (disk closest to the antenna). For simplicity, we do not include the antenna
re ection e ect in the 3D calculation and thus also do not take it into acc ount when tting the
1D model to the simulated group delays. Since the measurement sticontains the e ect of the
antenna re ection, we t the measured data instead with a 1D model taking the re ection e ect
into account as described in section 10.3.

We show the result of this procedure in gure 12.1. For the simulation,the obtained spacings
are compared to the ones set in the simulation, i.e., d; is the di erence between spacingi in
the 1D model t and the 3D simulation. For the measurement, the absolute position of the disks
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Figure 12.1: Relative prediction for the disk spacings when tting the group delay of a one to
four disk booster from a measurement (top) or 3D simulation (bottom) with the 1D model. When
installing disks the already installed disks are not moved. More deils cf. text.

is unknown. Hence, we only show how the tted spacings change relat& to each other when
inserting disks, i.e., d;j is the spacing obtained from the 1D model t relative to same value
obtained when the i disk has been rst installed. The error bars indicate the range of disk
spacings when repeating the t for multiple times. We repeated the same procedure about a
month later and saw the the same qualitative e ects though the observeddi erences changed.
This is expected since the disks have not been inserted again at theame positions, might be
tilted di erently and environmental conditions such as temperatur e have likely changed. We also
veri ed that when doing the same procedure but rst adding and later removing disks the results
while adding and removing disks are the same. This shows that the nohanical act of adding or
removing disks actually has insigni cant impact on the position of the other disks.

First notice that the predicted distances from the 1D t are all lower than the set distances
in the 3D simulation. This is expected since the boost factors in the3D simulations are typically
shifted upwards in frequency due to the transverse momentum of ta modes. For the 1D model
to predict the resonance at the same frequency, it requires thefere smaller distances between the
disks. In addition, the predicted distances change when insertip more disks both for the setup
and the simulation. This is also expected, since a more resonant sy&h only resonates with fewer
modes, thus changing the e ective phase depths between the diettrics. For the experimental
setup these e ects are expected to be stronger than in our simulationsince tilts and thickness
variations may introduce additional transverse momentum and mode mixng making higher modes
more relevant.

This result shows that the 1D model is not su cient when describing the re ectivity over a
larger range than only in the vicinity of an optimal position as we have done inthe previous
chapter. According to the eigenmode approximation the 1D model is su cient if the antenna is
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only coupled to the fundamental mode and there is no dominant mode mibg in the system, i.e.,
tilts and thickness variations are su ciently small, cf. section 8.4.3. Hence, the fact that the 1D
model fails to predict the same spacings for each inserted disk, stws that at least one of these
conditions is not ful lled.

12.2 Tilts

Another comparison has been performed for the tilt of dielectric disksusing the tilting stages on
the disk holders in the proof of principle setup. The tilt induced by one turn of the adjustment
screw was determined with a ruler measurement of the top displaceent of the dielectric disk when
turning the screw for 8 revolutions, leaving a relative uncertairty on the tilts at the order of 3%.

We show the results from a measurement for a booster with one dielatc disk in gure 12.2.
We tilted the disk around vertical axis going through the disk holder to leave the mean distance
to the copper mirror as much as possible unchanged as indicated in the stch on the left in the
gure. The left panel shows the measured group delays, while the ght panel shows group delays
from a 3D simulation with a Gaussian antenna beam withwg = 5cm. We see the same features
in both plots, i.e., the group delay is slightly reduced due to the ilt and seems to broaden. Note
that a more quantitative comparison is not very meaningful at this point of time, since the 3D
simulation lacks information on the exact disk position and its transverse thickness variation.

In addition, in gure 12.3 we also show the measured and simulated redu@n of the re ectivity
magnitude integrated over the whole measured frequency range (1629) GHz, as well as quantities
obtained from a t with the 1D model analogous to the previous section. It is intuitive that tilts
induce losses and therefore reduce the integrated re ectivity @ft panels). When tting the group
delays with the 1D model the disk position obtained from the 1D model banges (middle panels).
In addition, the value of the cost function 2 (right panels) tends to increase for larger angles.
This shows as expected that the 1D model describes the data bettewhen decreasing the tilts.
The 2 however has a plateau-like feature for low tilts both in simulation and measurement.

We see again that measurements and simulations show the same qualitatifeatures. Notice
that the exact position of zero tilt in the experimental setup is a priori unknown and was estimated
manually by maximizing the re ected power. Hence, we see that the gtrema corresponding to
zero tilt are slightly shifted in the measured data. This may potentially be useful to help guiding
the alignment. We also point out that a quantitative match between measued and simulated data
is di cult in this case. On the one hand, the losses predicted from the simulation are higher than
in the measurement. On the other hand, the t of a 1D model to the 3D sirulation data seems
to predict less shift in the tted spacing between disk and mirror. Moreover, we see that these
e ects depend strongly on the assumed antenna beam shape. This is uitive if we remember
that the beam shape determines to which modes of the booster the ant@a couples, while (mode
mixing) e ects of the tilt are individual for each mode. Hence this kind of measurement can
constrain the antenna beam shape. Conversely, a more quantitative conggison requires a more
precise independent measurement of the antenna beam. This has onbeen performed for the
new antenna described in section 9.2. We describe a rst measuremewith this antenna in
the next section.
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Figure 12.2: E ect on the group delay of tilting the dielectric disk in the proof of principle setup
with one one sapphire disk around 8 mm apart from the mirror. We show a skieh of the situation
on the left. The disk (gray) is tilted along its central axis such that the mean distance to the
copper mirror (orange) is unchanged. Not to scale. The plots show the groupelay of the proof
of principle booster for di erent tilts of the dielectric disk. W e show group delays measured with
the proof of principle setup in the left panel and group delays predited from 3D simulations in
the right panel.

Figure 12.3: Comparison of measurements of the proof of principle boostetdqp row) with one

dielectric disk as a function of disk tilt with corresponding 3D simulations (bottom row). The

3D simulation assumes a Gaussian antenna beam shape with a beam waistw§ = 5cm (blue)

and wp = 10cm (orange) located at the front most disk of the booster. The panels on he left
show the relative reduction of the integrated re ectivity in the f requency range (16 29) GHz.
The panels in the middle and on the right show quantities derived fom tting the simulated or

measured group delay using the 1D model. The middle panels show ¢tresulting relative distance
of the disk from the mirror predicted from the 1D model. The right panels show the 2 to which
the ts converged.
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Figure 12.4: Group delay measurement of a one disk booster with the TK amnna displayed in
gure 9.3(left). The pale red curve shows the measurement withouttime gating, the dark red

curve shows the same curve but smoothed with a Gaussian Iter of 20 MH=tandard deviation.

The orange curve shows the same measurement but after applying a timgate from 7ns to 8ns.
The upper sub-panels show beam shape measurements of the re ectdsbam measured at the
center of the corresponding frequency range in the main panel. The gyarange shows the region
for the frequency gate used in gure 12.5

12.3 Antenna Coupling

Besides the impacts of 3D e ects on the electromagnetic response of tHmoster itself, its coupling
to the antenna system is important. This becomes for example apparemivhen considering one of
the rst measurements with the new TK antenna setup described n section 9.2 with a booster
con guration containing one dielectric disk. We show the measured grop delay in gure 12.4, as
well as the response in time domain in gure 12.5. We see two jump of the wgated group delay
baseline in the vicinity of the resonance frequency of the systenspeci cally at around 20:5 GHz to
a higher baseline and at around 2 GHz back to the original baseline. The group delay di erence
between both baselines corresponds to approximately the distanceetween the two re ection peaks
in time domain. When gating only the main peak in time domain, the plateaudike jump of the
baseline disappears while the expected group delay peak of only the bster resonance becomes
visible. Its amplitude is approximately given by the length of the resonant ring down of the main
peak in time domain. A reason for this can be found by frequency gating thea ected region
and considering the signal in time domain again. We nd that in this frequency range the signal
received by the antenna after it has been re ected once on the antermmand passed through the
booster twice is higher than the signal directly received from the lposter.
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Figure 12.5: Re ectivity measurement of a one disk booster with the nev TK antenna displayed
in gure 9.3 (left) in time domain. The red curve shows the obtained time domain data for the
frequency range of the TK antenna (18 26) GHz, while the violet curve shows the same data but
only for the frequency range between 2@5 GHz and 2085 GHz. The gray range shows the region
for the time gate used in gure 12.4.

Our understanding is that on resonance a slight tilt between the diéectric disk and the copper
mirror can ‘rotate' the beam re ected by the booster such that it has a bad coupling to the
antenna. Since the ellipsoidal mirror still focuses it onto the anteéna, it gets mainly re ected
there. If it has left the booster under an angle , after the re ection on the antenna it impinges
the booster again under the angle , such that the booster rotates it back to around zero angle,
which couples well to the antenna. We tested this by inserting a giss plate as a beam splitter
in the beam path between antenna and booster around 0:5m at a 45 angle in front of the
booster. We then measured the beam shape of the beam after its re eath on the booster using
the WB20 near eld probe at a distance of 0:5m in front of the glass plate. The obtained beam
shapes are shown in the top row of gure 12.4. Each sub-panel corresponds someasurement of
the beam shape at di erent frequency. The frequency is given by tle central frequency under the
respective sub-panel. The circle indicates the mean position of #n beam without any dielectric
disk installed. The shift of the beam center near the resonance is caistent with the explanation
given above.

Besides the measurement, we conducted 3D simulations to verify #t this behavior can be
achieved with a tilted disk. We assumed a one disk booster as in therpof of principle setup, with
a tilted dielectric disk. The antenna beam was adjusted to match the data sheet value from TK
and its Gaussian beam waist was set to the front disk of the booster. We aame that all elds
which are not received by the antenna are re ected back towards the boster. After passing a
2" time through the booster, we further assume that higher order re ecions on the antenna are
negligible. Here we used the Mode Matching method ri"= 5= 2). When only including the
tilt, 30 mrad reproduce the observed group delay baseline jump. Thi, however, changes the beam
shape much stronger than we observed. It is possible that another loss raeanism contributes
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Figure 12.6: 3D Simulation of a one disk booster with a tilted disk of 12 mrad.The pale dark blue
curve shows the simulated group delay including one additional re etion on the antenna, the dark
blue curve shows the same curve but smoothed with a Gaussian Iteof 20 MHz standard deviation.
The light blue curve shows the same simulation but neglecting the atenna re ection. The upper
sub-panels show the re ected beam shape 80cm in front of the boosteorf the corresponding
frequencies.

which has less impact on the beam shape. Hence, we show the result ofchua simulation in
gure 12.6 analogous to gure 12.4 for a tilt of 12mrad and an additional loss at the orderof
tan 4 10 2 within the air gap. Notice that this loss corresponds to a 1D e ect and doesnot
change the beam shape and thus the antenna coupling. Therefore, a 1D los®aé cannot explain
the higher antenna re ection and thus the baseline jump in the group celay.

These results show the importance of antenna coupling for the wholedoster system. Although
a huge amount of power arrives at the antenna, it could not be received duéo the relative tilt
within the booster. Since time gating is not available for the axion sigral, one needs to make sure
that such e ects are small for the boost factor. In addition, we see that elative tilts between
the disks and mirror within the booster are more important than the relative tilt of the booster
with respect to the antenna, since on resonance the e ect of an interal tilt on the beam shape
is enhanced. Lastly, the presented results qualitatively agree wit 3D simulations, which is a rst
validation using measurements and a tool to gain better understandingof the booster.

In short. We have discussed rst measurements of 3D e ects from diraction andtilt including
antenna coupling, which qualitatively agree with 3D simulations.
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Chapter 13

Sensitivity Estimate for Proof of
Principle Setups

As physicists we strive to detect dark matter. In this chapter we thus conservatively estimate
sensitivities for small-scale prototype dielectric haloscopes toearch for hidden photon and axion
dark matter with currently available technology and based on ndings from this thesis. Such a
measurement could be an interesting glance into unexplored regions tfe hidden photon or axion-
like particle parameter spaces and could lead to surprises. The pregted sensitivities presented
here will also give a quantitative indication where on the way to the ll scaleMadmax experiments
the current proof of principle experiment is located and how it conpares with other similar e orts.

First, we detail our assumptions on the receiver system. The alreadgvailable proof of principle
detection system [2] using HEMT ampli ers inside liquid Helium bath achieves a total system noise
temperature better than 10K including the noise temperature of thesignal source. Its bandwidth
is ; =50MHz. Here we neglect the possibility to rescan observed excessasd require a signal-
to-noise ratio of 10. Already a signal-to-noise ratio of 6 leads to a probabilityto see a false positive
within 1 GHz total scanned bandwidth of 5 10 °. The value of S=N = 10 conservatively takes
into account that we may encounter other systematic noise sources at saanfrequencies leading to
additional unexpected candidates. For the signal power to which the gstem is sensitive we nd
thus, according to the radiometer equation (2.7),

r

[N
[N

Poens = 1 Ka Teys =3 107W S % un : (13.1)

Next, we discuss the power provided by the booster. We assume ggms with di erent number
of sapphire disks with diameter of 10 cm, which would t inside an availble liquid helium bath
cryostat. Figure 13.1 shows the result of boost factor calculations for dierent such con gurations
covering a bandwidth of 50 MHz at a frequency of 22GHz (m; 90 eV). The calculations are
done for the fundamental mode of the booster, taking into account its 70 % coupling-e ciency to
the axion-induced eld and thus the respective reduction comparedto the 1D model. Remember
that going to a larger disk diameter of e.g. 20 cm would give approximately tle same boost factor
for the fundamental mode, since it does not change this coupling e cency.

We also point out that the central frequency of this boost factor is an exanple. By changing
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Figure 13.1: Optimized boost factors for di erent number of sapphire dsks with a diameter of
10cm in 3D assuming the antenna is coupled to the fundamental eigenmedof the idealized
booster. The black dotted curve corresponds to 20 disks, the dark bk dotted curve to 10 disks,
dark blue dashed to 5 disks and the blue continuous line to 3 disks,aspectively.

the disk positions, the boost factor peak can be tuned in frequency asiscussed in chapter 11.
However, phase errors may shift the boost factor peak in frequency andnd change its amplitude.
Such phase errors may arise for example from thickness variations of thaisks, cf. section 8.4.3,
but also from thermal contraction when inserting the system into the cryostat. However, the
studies in section 8.6 show that these changes can in principle be dalated.

Before estimating the sensitivity in g, for axion-like particles and for hidden photons, we
need to account for possible reductions of the boost factor due to the syematic e ects surveyed in
this thesis. Table 13.1 shows a summary of the various studied e ectigether with their potential
impact on the power boost factor. The sapphire disks have a loss tangendf tan few 10 °
at room temperature which improves drastically at cryogenic temperatres [177,178]. We conser-
vatively assume the room temperature value leading to a reduction oftie boost factor by around

5% according to section 5.4. Measurements of the thickness variationsdim the sapphire disks
revealed that they are at the 10 m level [121]. From our rst measurements with the laser
interferometer, as well as manually adjusting the tilt in section 12, t is reasonable to assume that
the tilts can be controlled at the 1 mrad level. While the corresponding phase errors may shift the
boost factor frequency, the simulation studies in chapter 8 indicaé that the boost factor amplitude
may be reduced at the level 0fO(10 %) for the ve disk booster. The real impact might be further
reduced when taking into account the possibility of reoptimizing the disk positions, as discussed at
the end of section 8.4.3. In practice, however, when operating the siam at cryogenic temperatures
this is more di cult than in the proof of principle booster present ed in this thesis. Also remember
that the boost factor cannot be directly measured. Constraining the bast factor with simulations
following the aforementioned calibration procedure in section 8.6 carconstrain the power boost
factor amplitude approximately at the 10% level. This dominates over the repeatability of the



185

Source Relative Reduction See Chapter
Booster Dielectric Loss (tan few 10 °) 5% 5
Disk Tilt ( 1mrad 100 m=10cm) 10%
Disk Flatness ( 10 m) 10% 8
Boost Factor Calibration 10%
Alignment Repeatability 2% 11
Antenna Antenna Coupling 5% 6,8
Antenna Re ections 50 % 10
Total 70%

Table 13.1: Summary of conservative estimates for the relative reductiomf the power boost factor
from various systematic limitations in the proof of principle booster. The individual estimates are
detailed in the main text. We also give references to the respeate chapters with more details.

alignment of the proof of principle setup discussed in section 11, whie we have experimentally
demonstrated the aforementioned reoptimization. Besides the e et from the booster, we have
to take into account systematic reductions from improper coupling © the antenna. As we have
seen also in sections 8.3 and 8.6, the beam shape corresponding to the kdastor discussed here
is dominated by the fundamental mode. Here we assume the diameter of éhantenna beam is o

by up to 5mm and has a maximal transverse o set by 5mm to the booster beam These numbers
are reasonable taking possibly asymmetric thermal contraction of the antena and booster into

account. In this case the coupling e ciency between the booster mde and antenna is deteriorated
by at most 5%. While this value is comparable to the other reductions, we saw irsection 10.3
that the re ection e ect may shift the boost factor in the model comp ared to its actual location

by up to 20MHz. In our case this corresponds to half its FWHM such that the boost factor is

reduced by 50%. However, this is conservative, since we have obta&d the above shift with only

one dielectric disk, and the value improved for more disks. All e et¢s taken together lead to a

reduction of the power boost factor by almost up to one order of magnitude. his is conservative
since the di erent systematic uncertainties are independent ofeach other. Nevertheless, due this
result we assume a total e ciency of = 10% for the following estimate.

Based on these assumptions we can calculate the sensitivity in the ¢hlen photon mixing
parameter and axion-photon-couplingg, by rearranging the emitted power in equation (2.6),
see also [76, 89]. For hidden photons the sensitivity is given explidit by

=3 10 13 Psens 2 10% % 1000 % 10cm
- 3 10 2w o
p !
0:45GeV=cm® 2 2=3
e ; (13.2)
HP

where is the diameter of the disks, wp is the local dark matter density in hidden photons and
is a polarization parameter coming from the fact that only hidden photons pohrized parallel to
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Figure 13.2: Sensitivities of boosters with sapphire disks of 10 cm diaeter with the boost factors
shown in gure 13.1 on hidden photon dark matter (left) and axions (right) i n the coupling vs.
mass plane. The upper axis denotes the corresponding photon frequeas. The limits assume
Tsys = 10K, 4 days measurement time, a signal-to-noise ratio of 10 and an e ciemy due to
systematic uncertainties of 10%. The blue to black curves on the léfcorrespond to di erent
number of disks, while the orange dashed line corresponds to the casdere all disks are removed
and only the mirror is left (dish antenna). The blue curves on the right assume 5 or 20 disks with
a 05T magnetic eld, while the green lines assume a 1T magnetic eld. Foraxion-like-particles
the presented range has been probed previously by CAST [78] denoted bhé blue shaded region.
We also show the projected sensitivity of its successor IAXO [35] as blue dotted line.

the disk surfaces can be converted. For axion-like particles one ndé full analogy

P ® 10% ? 1000 ? 10cm 1T
. P = 1 11 vV 1 sens 1
j9a j=6 10 " Ge 3 10 2W 2 Be
1
ma 0:45GeVcm 3 2
- 13.
100 eV a ' (13.3)

where B, is the external magnetic eld strength parallel to the disk surfacesand , is the local
dark matter density in axions. We show the resulting sensitivities for the booster con gurations
and detection system discussed above in gure 13.2. Notice that the limg improve with the
square root of the disk numberNgyisx as expected. For axion-like particles the limits also improve
proportional to the magnetic eld in the case of axion-like particles. For axion-like particles the
estimated sensitivity is comparable to the exclusion limit set by CAST [78], which we indicate as
a blue shaded region. This existing limit could potentially be improved using a 20 disk setup.
For hidden photons previous exclusion limits could be improved by éw orders of magnitude.
Many path nder experiments typically rst operate only as hidden ph oton searches, since no
magnet is required. In order to compare our e orts to those experimens, we show a broader
range of limits on the hidden photon parameter space in gure 13.3. Here we alsassume that
not only the previous 50 MHz range is scanned but a range of 1 GHz by repeatinghe same
measurement at di erent frequency bands over around four months. his assumes that the time



187

Figure 13.3: Sensitivity of a three disk proof of principle booster tohidden photon dark matter
after four months of measurement time (blue line) compared with otherlimits, analogous to
gure 13.2 but for a wider range of the mixing parameter and hidden photon mass. The various
colored regions denote the limits from cavity experiments (red) [102179], helioscope experiments
(yellow) [180], as well as the SHUKET dish antenna [104] and dish antenna exgiments in Tokyo
(light blue [103], dark blue [181]). The gray region denotes the range whereosmological arguments
suggest that hidden photons are not a good dark matter candidate [76].

for one disk realignment is one day and thus still shorter than the 4 dag of signal integration time.
If this procedure is automated in the cryostat, using for example pieo-motors, the realignment
could still be speeded up signi cantly to below the hour scale, comprable to the readjustment
times of the proof of principle setup discussed in section 11. We sdbat already a small-scale
proof of principle booster setup yields competitive limits on the hidden photon parameter space
can be obtained. When comparing our estimated sensitivity with prevous e orts, we see that the
established cavity experiments [102,179] are much more sensitive, banly operate at lower hidden
photon masses, for which the cavity concept is optimal. Turning our attention to the higher masses,
notice that our estimated sensitivity is comparable to similar small-scale dish antenna experiments.
Current limits are from groups in Japan [103,181] and in particular the SHUKET experiment in
France which has been performed by our collaborators [104]. While all these orts rely on the
dish antenna concept, i.e., a mirror without any dielectric disks our proof of principle booster
would take advantage from the boost factor which increases the emitted pser by three orders of
magnitude.

In short. In this chapter we estimated the sensitivity of small-scale proof ofprinciple booster
setups, comparable to the one discussed in part IV. We nd that with corservative experimental
parameters (Tsys = 10K, S=N = 10, eciency = 10%, few sapphire disk booster with 10cm
diameter, B¢ = 1T, for more details see above) similar sensitivities than CAST [78] an be
achieved form, 90 eV axion-like particles, while for hidden photons at the same mass paible
exclusions could be two to three orders of magnitude more stringent thn existing limits.
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Chapter 14

Conclusions and Outlook

In the ongoing quest to hunt for axion dark matter, the novel concept of dielectric haloscopes
has recently been proposed in various variants [34,92,94,95]. This conceptssited to probe the
well-motivated mass range aroundm, 100 eV. Previous work such as [89] elegantly describes
these systems in theory while using an idealized, lossless 1D mddéesaving the experimental
feasibility and understanding of unaccounted systematic e ects tobe demonstrated. In this work
we have laid foundations to understand the electromagnetic response diielectric haloscopes and
its systematic uncertainties, using a range of di erent 1D and 3D simuations, including losses and
other important subtleties, as well as an experimental proof of princple setup. We will rst discuss
the main results of these studies and show their impact on thMadmax experiment. Afterwards,
we give an outlook by exploring how these results apply to other haloscap experiments.

Taking on the challenge of bringing the dielectric haloscope to life, w outlined a range of 1D and
3D methods to calculate electromagnetic elds and their behavior in delectric haloscopes. Previous
work for resonant cavities focused on simulating cavity modes, assning the axion-induced electric
eld as the driver of the resonance and power losses implicitly [82, 133, 134We generalized this
to open systems by explicitly including the axion source term in ow simulations and calculating
the out-propagating power. We also employed and justi ed dedicated asumptions allowing to
e ciently scale these simulations to systems stretching overO(100) photon wavelengths.

Based on these methods, this work presents the rst rigorous discision of possible systematic
uncertainties within the Madmax dielectric haloscope. First, these may arise from the driver
of the system: the axion-induced eld itself. It is proportional to t he external magnetic eld
and to the axion eld. As such it is important to quantify the acceptable scale of magnetic eld
inhomogeneities. A realistic transverse magnetic eld homogeneity at he percent level is found to
be insigni cant for the sensitivity of dielectric haloscopes, while longitudinal inhomogeneities can
be one order of magnitude larger when taken into account during tuning. Inaddition, previous
calculations assumed zero axion velocity. However, typical CDM veloities can a ect the boost
factor and in particular also the emitted beam shape. ForMadmax we showed that these e ects
are negligible belowm, 100 eV and that untii m, 400 eV they are below the 10% level.

However, the most signi cant impact on the boost factor in Madmax emerges during the
propagation of the emitted electromagnetic waves within the booster. e relevant e ects can be
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classi ed in phase errors, arising e.g. from misplaced disks, lossesuch as a dielectric loss, and
mode mixing, arising e.g. from transverse disk thickness variationsFor example, for a boost factor
bandwidth of 50 MHz phase errors are under control if the disks are placed ith an accuracy better
than 10 m, con rming previous 1D studies [2, 89, 124]. Losses modify the area law [89]e., the
fact that the area under the power boost factor curve is approximatelyproportional to the number
of dielectric disks installed in the haloscope and stays approximatg constant when changing the
disk positions. Due to loss the area law breaks down below a criticaboost factor bandwidth
where the boost factor is signi cantly reduced. For a typical frequency of 20 GHz this bandwidth
is  20MHz (tan =10 ). Notice that this sets a minimum bandwidth at which the booster can
be operated and thus will be important for the scan strategy of the expement. Mixing between
orthogonal eigenmodes of the propagating beam can only be treated with 3D simations taking
higher modes into account. This e ect occurs for tilted disks, thickness variations and surface
roughness. While tilts and thickness variations also lead to additionalphase errors, the e ect of
surface roughness can be approximated with an e ective loss. We nd tht for a 50 MHz boost
factor bandwidth tilts of the dielectric disks around their central axes corresponding to less than
100 m ( 0:1mrad) longitudinal displacements between their edges are acceptablfor Madmax .
However, in order to have negligible e ect on the same boost factor, theorder of 2 m or less
is required for transverse disk thickness variations varying overdength scales of a tenth of the
disk diameter. This requirement is much more relaxed for surface aughness corresponding to
disk thickness variations with a ten times shorter correlation lengh. Here 10 m is su cient.
Importantly, the tolerable losses and inaccuracies do not show a strongdependence on the number
of disks but rather on the boost factor bandwidth, i.e., the critical bandwidth mentioned above
stays approximately constant when adding dielectric disks. Hencefor negligible loss, i.e., above
this bandwidth, it is always advantageous to add dielectric disks, sice it increases the area under
the power boost factor curve. Moreover, since losses therefore a ethe Madmax prototype and
nal scale experiment in a comparable way, successful operation of thprototype will be a close
demonstration that the needed accuracy can be met also for the full-scalMadmax .

Aside from setting requirements on the dielectric disks and thei positioning, the understanding
of the working principle of the booster in 1D and 3D leads to critical impacts on the experimental
design and operation. As the magnet is one of the main cost drivers for an expiement, it is
worth investigating whether it is su cient if only some of the disks are inside the magnetic eld.
However, we con rmed a generalized version of the area law, i.e., tharea under the power boost
factor is proportional to the number of magnetized disks. On the other haml, the studies on
magnetic eld inhomogeneities showed that for Madmax a magnet with a signi cantly lower
homogeneity in the longitudinal direction corresponding to a shorter $raight section and than in
the initial design [105] can be ordered. Moreover, the beam shape is a @ial parameter for the
design of the optics system and the antenna in order to properly recee the emitted power [153].
The 3D studies presented in this thesis revealed for the rst time the expected emitted beam
shape of dielectric haloscopes and how it depends on its geometry, bodstctor frequency and
bandwidth. Moreover, the studies on phase errors and tilts inform tke experimental design on the
accuracy at which the disk positions and alignments need to be determed { a central input for
the conceptualization of a device to measure these quantities [182]. iélly, we pointed out that
the booster eigenmodes can be manipulated with controlled changes oféhdisk geometry, such as
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lens-shaped disks. Thereby, the coupling e ciency of the mode ¢ the axion-inducedE - eld could
be increased by clever optimization of the disk geometry. Hence, theessitivity of the experiment
could be optimized.

Besides the implications for the experimental design, the requements deduced in this thesis
indicate that a position measurement of the disks alone is likely insicient to reliably infer the
boost factor. Since the boost factor cannot be directly measured, it hago be deduced from
measurements of correlated quantities. To this end, we establisliea rst quantitative procedure
to calibrate the boost factor using the re ectivity of the booster and demonstrated its validity
on a Monte Carlo data set obtained from 3D simulations with a ve disk booster con guration.
We nd that in this case the comparison to a 1D model is su cient to constrain the boost factor
frequency. However, in order to not overestimate the power boostactor due to losses from 3D
e ects, the model needs to include a loss parameter.

Using the group delay of the re ected signal we applied this calibrationprocedure to an exper-
imental proof of principle booster. It consists of a copper mirror and p to ve movable sapphire
disks with a diameter of 20 cm. It is tunable over the frequency rangdetween 22 GHz and 28 GHz.
Using this setup, we have surveyed various systematic e ects wibh have adverse impact on the
re ectivity measurement and boost factor. The mechanical stability of the system corresponds to
a frequency stability at the order of MHz, which is su cient for the ¢ oncept of broadband dielec-
tric haloscopes. A major limitation for the measurement of the group delg is due to unwanted
antenna re ections. This e ect induces a spurious frequency sltit of the inferred boost factor
from the model. By employing strategies to reduce those re ectios and calibrate them within
the model, we have shown how this frequency shift can be redudeto less than 20 MHz in our
setup, which limits the minimal usable boost factor bandwidth. By utilizing an antenna with a
smaller re ection coe cient and increasing the distance to the booster we expect that this e ect
can be further reduced.

Moreover, we have demonstrated that our system can be tuned to a preously de ned desired
electromagnetic response. The measured group delays follow the exqted dependency on disk
spacing from the 1D model. This con rms the previous nding from 3D simulations above indi-
cating that a 1D model is su cient for the boost factor calibration. In par ticular, we con rm the
degeneracy of the group delay in the disk spacing phase space, whichagpected by the model.
Although the physical disk positions ended up in a range over more than 100m after our tuning
procedure, the measured electromagnetic response always corresped to a boost factor with its
amplitude remaining unchanged up to a few percent and which was shid in frequency by less
than 2 MHz. This degeneracy allows for compensating misaligned disks on erside with slightly
0 set spacings on the other side. Hence, this e ect shows that phase eors, arising for example
from position errors or surface imperfections of the disks, can be compsated by corresponding
phase errors resulting from other disks. Notice that the repeatability in boost factor shows that
the repeatability of the tuning procedure is su cient for freque ncy tuning. This does only include
systematic e ects covered by the lossless 1D model, i.e., lossé&®m 3D e ects still have to be
taken as additional systematic uncertainty.

Like this we demonstrated that a stable, small-scale dielectric halosope with electromagnetic
properties expected from an 1D model could in fact be realized and achie the necessary accura-
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cies, which is an important milestone towards the realization ofMadmax . The setup is currently
being extended with an independent disk position measurement, better antenna and higher num-
ber of disks, which will be the next step before going to theMadmax prototype with 20 disks.
First measurements revealing discrepancies to the 1D model can a&ady now be qualitatively
understood using 3D simulations.

Finally, we presented rst sensitivity estimates for a setup conparable to the proof of principle
setup described above based on the ndings within this thesis. Tks sets our e orts in relation to
the work of other groups and shows that under conservative assumptions copetitive limits, in
particular for hidden photons, can be obtained.

In addition, this work went beyond the current state of axion searches ly exploring the possi-
bility of directional axion detection. We developed a general analyticalformalism to parameterize
the changes in the power spectrum from axion-photon conversion due toikctional velocity ef-
fects. Using realistic experimental parameters we showed that anral and daily modulations can
be detected. This should be a useful basis for the post-detectiorra of the axion, enabling precise
measurements of the local CDM velocity distribution.

The interest in axion searches and beyond is shared by a broad communignd it is a vivid time
for new axion haloscope ideas and proposals. Many of these new approaches facdlar challenges,
i.e., still lack detailed 3D simulations or experimental veri cation. As such, the presented results
do not only apply to Madmax , but are useful for a broad range of other haloscope experiments.

For example, the discussion of di raction e ects applies to all dish artenna experiments oper-
ating in the GHz-range [103,104, 144,181,183, 184]. In particular FUNK employs a 14%optical
mirror tiled from smaller, quadratic patches [184]. This may a ect the di raction pattern of the
emitted radiation which has been studied also within this work. While these experiments search for
hidden photons, the BRASS experiment aims to also search for axion-lk particles by magnetizing
the dish with a Halbach array [144]. This leads to non-negligible magnetic eld inhomogeneities
which can be treated with the 3D formalisms described in this thess. We also like to point out
the relationship of dielectric haloscopes with multi-cell cavities like for example pizza cavities [82]
or RADES [83]. Here the separations between the cells is analogous to the Hssin dielectric halo-
scopes. Thus, both concepts face similar issues of locating the reson cavity modes coupling to
the axion-induced E - eld [185], or in other words, calibrating the boost factor. It is obvious that
the same holds for other dielectric haloscope experiments, like ORFEUS [92,93], DALI [94] and
LAMPOST [95]. ORPHEUS and DALI are both designed for similar axion masses asvMladmax .
Interestingly, DALI also aims at explicitly implementing directi onal velocity sensitivity. By em-
ploying an antenna array it is sensitive to the directional beam shag changes discussed in this
work. Moreover, this concept shares withMadmax the idea to use tiled disks. Opposed to these
haloscopes, LAMPOST is intended to operate at optical frequencies. Heranlike for Madmax ,
the diameter is 100 times larger than the de Broglie wavelength of the axion, which again makes
the velocity e ects relevant. In addition, the large diameter of the layers O(10 cm) compared to
optical wavelengths makes di raction negligible. However, e.g. trangerse thickness variations of
the layers still lead to analogous uncertainties as discussed in thiwork, a property shared by all
dielectric haloscope approaches. Hence, this work lays foundations dskto determine systematic
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limitations for all dielectric haloscope experiments.

Beyond lab setups, an interesting opportunity to look for axion signals ays in the observation
of radio signals from astrophysical objects such as neutron stars [186]. Wkia main challenge of
these endeavors is the systematic uncertainty in the neutron stamagnetosphere, it has also been
guestioned, whether 3D e ects may impact previous sensitivity estimates with 1D calculations [187,
188]. Since these systems are also much larger than a few photon wavelemgt the techniques
described in this work might be useful.

In summary, this work lays comprehensive foundations to derive sytematic uncertainties of di-
electric haloscopes using both simulations and experiment. This wterstanding has crucial impact
on the design of theMadmax apparatus, such as the required magnet, disk manufacturing accu-
racy and antenna design, but is also applicable to other axion haloscope eggments. In addition,
we went beyond the current state of axion searches by exploring the peghility of directional axion
detection. Thus, this work provides not only one of the cornerstonesdr a thorough understanding
of the working principle of dielectric haloscopes including major gstematic uncertainties, but also
a glimpse into the era after the discovery of an axion-like particle.
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