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Abstract - The axion has emerged as a prime candidate for cold dark matter
and as a solution to the strong CP problem. As a novel approach the MADMAX
experiment uses axion-photon conversion on dielectric interfaces in strong magnetic
fields and aims to cover a possible axion mass range of 40 - 400 µeV, corresponding
to a photon frequency range of 10 - 100GHz. This work revisits foundations for
optimizing the experiment’s control parameters on a physical prototype and improv-
ing and streamlining the process for the future. Similar prototypes exist at other
collaborative institutes, the installation at RWTH Aachen University was performed
during this thesis. One result is a software package providing a combined interface
to all components and tools for automation of the laboratory equipment. Several
optimization algorithms, namely the Nelder-Mead method, simulated annealing and
some linesearches, are explored and tailored to this specific problem. The fact that
the system’s response to a real axion field is unknown presents a major challenge.
It has to be substituted by a different measure of system response such as the elec-
tromagnetic reflectivity. The algorithms are tested with analytical simulations and
directly on the prototype.
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Preface

This thesis is a continuation of my previous work on the optimization software for
the MADMAX experiment. I intend for it to be a comprehensible guide for general
optimization on MADMAX, and more specifically, the resulting software.

https://github.com/bergermann/Dragoon.jl aims to mimic an optimization on
a real experimental setup, both virtually and physically.

https://github.com/bergermann/JuXIMC.jl provides an interface to the labo-
ratory hardware, i.e. motors and measurement devices.

Both packages are written with the Julia programming language [1, 2] (version 1.9.2).

Vectors in this work are denoted by bold letters, x, and matrices in sans-serif, A.
Underlined natural numbers express the set n = f1; 2; :::; ng.
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1 Introduction

This �rst chapter quickly touches upon the theoretical development and astrophysical
discoveries that provoked dark matter searches to set the motivation of the experiment
and this thesis.

1.1 Strong CP problem and cold dark matter

During the development of Quantum Chromo Dynamics (QCD), the absence of an-
other light state in the hadronic spectrum besides the pion led physicists to conclude
that there was no U(1)A symmetry in strong interactions [3]. The reason for the
missing symmetry was found to be a more complex vacuum structure in QCD [4]. A
correction to the vacuum then yielded an additional term to the Lagrangian [5]:

L � = �
g2

32� 2
F ��

a
~Fa�� : (1.1)

F ��
a ; ~F��a = 1

2 � ���� F ��
a are the QCD �eld tensors,g the QCD coupling constant and

the so-called� -angle remains a free parameter. For values of� 6= 0 this term violates
time and parity symmetries but is invariant for charge reversal; hence it is breaking
the CP symmetry. A priori, every value of� seems possible [6], but measurements
of the vanishing neutron dipole momentjdn j < 3 � 10� 26 [7] imply � < 10� 9 [8]. The
seemingly arbitrary absence of CP violation in the strong interactions is known as
the strong CP problem.

Key astronomical observations such as gravitational lensing (e.g. bullet cluster [9])
and rotation curves of galaxies [10] strongly suggest a gravitational pull of unknown
origin beyond that of visible matter. Astrophysicists suggested a new type of matter
called dark matter to be the source of this force [11]. It would need to be non-
electromagnetically interacting to a measurable degree (hencedark) and account for
� 85% of the universes matter in the standard �CDM1 model [12]. Dark matter is
suspected to form large so-calledhalos around galaxies, reaching far beyond their
visible extents [9].

1Cold Dark Matter { cold meaning non-relativistic speeds/energies.
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1.2 The axion as a solution to both

In 1977 Helen Quinn and Roberto Peccei presented a solution to the strong CP prob-
lem by the addition of a chiral symmetry [13]. This symmetry is associated to a new
pseudoscalar boson { nowadays known as the axion { extremely weakly interacting,
long lived and very light [5]. It can be understood as an excitation of the axion �eld
with expectation value 0. Furthermore, axions can be used in a cosmological context
to sustain the e�ects attributed to dark matter. Unlike ordinary cold dark matter,
axions can also account for the alignment of cosmic microwave anisotropy multipoles
[14]. Axions could have been produced abundantly during the big bang [15] and pos-
sibly in stellar plasma [16].

A prime principle of axion detection is thePrimako� e�ect , which is responsible
for axion-photon conversion in strong magnetic �elds. This may for example be ex-
ploited to produce axion-induced radiation in cavities, or `shine light through walls'
with a forth-and-back conversion [17].

In combination, the axion embodies a very well motivated candidate for particle
searches, but the small coupling constants paired with a large parameter space present
major challenges. Prominent experiments for axion search includeIAXO (helioscope,
solar axions) [18] andADMX (haloscope, galactic axions) [19].

1.3 MAgnetized Disc and Mirror Axion eXperi-
ment

The MADMAX experiment is a novel cavity approach to axion detection, where di-
electric discs are placed in parallel in front of a metallic mirror. An antenna is situated
on the opposing end with an optional metallic focusing mirror in between. A strong
magnetic �eld is created around the setup. The contraption is then cooled to cryo-
genic temperatures and evacuated for noise reduction [20, 21]. Schematic views of
the concept are shown in �gs. 1.1 and 1.2.

Axions are intended to be converted to an electric �eld which emits photons from
the disc surfaces due to boundary conditions on dielectric interfaces. Through in-
terferences, the signal is enhanced for certain frequencies. MADMAX is expected
to be sensitive for axions in the mass range of 40 - 400µeV, which corresponds to
about 10 - 100 GHz in induced radiation. Fig. 1.3 shows a projection of the covered
parameter space in terms of axion mass to axion-photon coupling constant. In order
to reach the desired sensitivity, the magnetic �eld should reach for up to 10 T in
�eld strength. The disc material should feature a high relative dielectric constant�
and a small dielectric loss factor tan� . Interesting candidates are sapphire (Al2O3,
� � 9:4, tan � � 10� 5 � 10� 4 [22]) and lanthanum aluminate (LaAlO3, � � 24 � 25,
tan � � 10� 6 [23]). A �rst milestone is a prototype with 20 discs of 30 cm diameter,
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Figure 1.1: Schematic sideview of the MADMAX setup. A metallic mirror (left) and
an antenna (right) enclose a stack of dielectric discs (left) surrounded by a strong
magnetic �eld. From [20], �g. 1.

the full setup aims to have 80 discs with an area of� 1 m2 ('̂ 1.1 m in diameter) [21].

The key feature of MADMAX is that all discs are movable along the length of the
experiment. This allows it to focus constructive interference to certain frequencies
and thus amplify the axion induced signal { this ampli�cation will be referred to
as the boost factor2. The boost factor is the �gure of merit for MADMAX, as it
dictates whether the signal can be boosted to a measurable regime. Furthermore, by
moving the discs slightly out of resonant positions, the ampli�cation can be spread
across frequency ranges of certain sizes. This feature is very important to achieve a
realistic time schedule considering the large sensitivity range. The positioning and
control of the discs to achieve the desired boost factor response is to be treated as an
optimization problem and will be the topic of this thesis.

2More precisely, the boost factor is the relative power registered by the antenna w.r.t. axion-
induced emission on the mirror surface.
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Figure 1.2: Similar to �g. 1.1, with additional components such as the focusing mirror
(orange), a magnet (red) and a cryo/vacuum chamber (gray). From [21], �g. 8.

Figure 1.3: The projected sensitivity, i.e. potential discovery area of MADMAX and
a select few other detectors in terms of the axion-photon coupling constantga
 and
the axion mass. From [21], �gure 9.
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2 Physical principles

This chapter will give a short overview of axion theory and e�ects relevant to the
experimental concept, along with a very brief description of vector network analysis.

2.1 The axion

\In the standard model (SM) of particle physics, violation of CP in the strong in-
teractions is controlled by just one parameter, the� angle. This angle appears as
the sum of two contributions with a priori unrelated origins: the angle de�ning the
vacuum of QCD,� QCD , and the common phase of the quark mass matrix, ArgDetM q,
related to the Yukawa couplings of the Higgs sector. Observable e�ects derive only
from this combination. When we rede�ne quark �elds to make their masses real, the
phase appears as the coupling constant of the topological charge density operator of
QCD, i.e., the SM Lagrangian contains a term

� s

8�
� ~F ��

a F��a �
� s

2�
� E aB a (2.1)

which violates parity, time-reversal and thus CP.a = 1; :::; 8 denotes the color index
[...], and E a and B a the illustrative chromo electric and chromo magnetic �elds, re-
spectively. If � is interpreted to be a dynamical �eld, [the vacuum energy density]
VQCD (� ) becomes the potential energy of that �eld so that the expectation valueh� i
will be dynamically driven to zero, explaining the absence of CP violation. This mech-
anism relies on a global U(1)P Q symmetry that breaks spontaneously at the PQ scale
f a. A model-independent consequence is that excitations of� (x) around the minimum
of the potential represent a new particle, the axion. The dynamical� (x) �eld needs a
kinetic term f 2

a (@� � )(@� � )=2. The axion �eld is the canonically normalized version of
� , a(x)f a. Values of f a � 108 GeV are excluded experimentally and astrophysically,
so the axion o�ers a window to discover physics at ultra-high energies not testable
by current accelerator techniques. The cancellation ofh� i is dynamical, leading to
residual oscillations of� around the minimum, which are expected for generic initial
conditions. As the age of the universe is �nite, these oscillations are quasi-classical
�eld oscillations that could constitute today's cold dark matter referred to at the
realignment mechanism.

The axion mass is given by

ma = 5:70(6)(4)µeV
�

1012 GeV
f a

�
; (2.2)
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where the numbers in brackets denote the uncertainty in the last digit, dominated
by the uncertainty in the up-down quark mass ratio (�rst bracket) and higher order
e�ects (second bracket). The interaction of the axion with electric �eldsE and
magnetic �elds B is given by the Lagrangian density

L a
 =
�
2�

Ca

a
f a

E � B with Ca
 = 1:92(4) �
E
N

; (2.3)

the �ne structure constant � , and the model-dependent ratio of the electromagnetic
and colour anomaliesE=N of the Peccei-Quinn symmetry."1

For the non-relativistic axions MADMAX is designed for (i.e. va . 10� 3c), the
de Broglie wavelength

� dB =
2�

mava
= 12:4 m

�
100µeV

ma

� �
10� 3

va=c

�
(2.4)

is large compared to the proposed experimental setup. With a thus justi�ed approxi-
mation of the axion �eld as homogeneous, the local axion �eld oscillating with angular
frequency! = ma is given as

a(t) = a0e� im a t ; (2.5)

wherea0 is some amplitude given by the local axion dark matter density

� a =
m2

aja0j2

2
= f DM

300 MeV
cm3

: (2.6)

f DM is introduced as a fudge factor and represents uncertainty in the local dark matter
density. The axion-photon coupling constant is related to the color anomalies by

ga
 = �
�

2�f a
Ca
 = � 2:04(3) � 10� 16 GeV� 1

�
ma

1µeV
Ca


�
; (2.7)

which also relates it to the Peccei-Quinn scale and thus the axion mass [20].

2.2 Axion-induced electrical �eld

The working principle of dielectric haloscopes as axion detectors stems from the elec-
tric current induced by eq. (2.3) in the Amp�ere-Maxwell equation as

r � B � � _E =
�
2�

Ca
 B _�; (2.8)

where� is the relative permittivity { from now on dielectric constantor simply dielec-
tricity { of the medium2 [20, 24]. Coupled then with a strong, homogeneous external
magnetic �eld B e eq. (2.8) solves to [20]

E a(t) = �
�

2��
Ca
 B e� (t) = �

ga
 B e

�
a(t) = �

E 0

�
e� im a t ; (2.9)

1From [21], section 2: Theoretical motivation.
2Relative permeability � assumed to be 1.
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where E 0 := ga
 B ea0, E0 = jE 0j = jga
 Bea0j and eq. (2.7) was used for the second
relation. The limit va = 0 implies a static �eld, i.e. wave vectorka = 0 and B a = 0,
to solve the homogeneous Maxwell equations.

With the introduction of a dielectric interface, i.e. a discontinuity of � by a sec-
ond medium, boundary conditions need to be satis�ed by the overall electromagnetic
�eld. As an approximation to the �nite size case of a dielectric disc we start with the
derivation for an in�nitely large, 
at interface between two media of di�erent dielec-
tricities � 1; � 2, normal to ex and parallel to B e. The standard continuity conditions
at an interface

E jj ;1 = E jj ;2; H jj ;1 = H jj ;2 (2.10)

apply, simpli�ed with the aforesaid assumptions [25]. We further assume that both
media have negligible magnetic response and thusB e;1 = B e;2 = B e. In order to
satisfy eq. (2.10), propagating waves (denoted with subscript
 ) have to be intro-
duced, which are governed byk � H 
 + !� E 
 . They propagate perpendicular to the
interface with the wave numberk = n! , wheren =

p
�� =

p
� is the refractive index.

Thus H 
 = � nE 
 and with H a = B a =� = 0 the magnetic continuity is satis�ed
immediately with H 
; 1 = H 
; 2. By superposition ofE a and E 
 , we arrive at

� n1E 
; 1 = n2E 
; 2 (cont. of H jj ); (2.11)

E 
; 1 + Ea;1 = E 
; 2 + Ea;2 (cont. of E jj ); (2.12)

which is solved to [20]

E 
; 1 = +( Ea;2 � Ea;1)
n2

n1 + n2
; (2.13)

E 
; 2 = � (Ea;2 � Ea;1)
n1

n1 + n2
; (2.14)

H 
; 1 = H 
; 2 = � (Ea;2 � Ea;1)
n1n2

n1 + n2
: (2.15)

The full �elds are then �nally given by

E a;1 = Ea;1e� i!t ; E a;2 = Ea;2e� i!t ; (2.16)

E 
; 1 = E 
; 1e� i (!t + n1 !x ) ; E 
; 2 = E 
; 2e� i (!t � n2 !x ) ; (2.17)

H 
; 1 = H 
; 1e� i (!t + n1 !x ) ; H 
; 2 = H 
; 2e� i (!t � n2 !x ) (2.18)

and the discontinuity in Ea gives the missing amplitudes as

E 
; 1 = �
E0

n1

�
1
n2

�
1
n1

�
; (2.19)

E 
; 2 = +
E0

n2

�
1
n2

�
1
n1

�
; (2.20)

H 
; 1 = H 
; 2 = E0

�
1
n2

�
1
n1

�
: (2.21)
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In summary, the presence of an axion-induced electric �eld produces waves propa-
gating away from a dielectric interface, the measurement of which is the targeted
evidence of axions in dielectric axion detectors. The two cases of speci�c interest
for MADMAX are the transitions from air/vacuum ( � = 1) to a dielectric material
(� > 1) and to a metallic mirror (� ! 1 , j n1j ! 1 ; � � 1 + i�=! ). In the latter
case the amplitudes simplify toE 
; 1 = 0, H 
;i = 0, E 
; 2 = E0 and Ea;2 = � E0. With
the Poynting vector S = E � H the cycle-averaged energy 
ux density radiating
from the mirror surface3 is

P


A
= S
; 2 =

E 2
0

2
= 2:2 � 10� 27 W

m2

�
Be

10 T

� 2

C2
a
 f DM (2.22)

with the unit surface areaA. This amazingly small power output presents the pri-
mary challenge in axion detection and would entail unrealistically long measurement
periods if even detectable with current technology. With its array of dielectric discs
MADMAX attempts to magnify this power through constructive interference between
the discs. Hence thepower boost factor� is de�ned as the ratio of total power emitted
by the system w.r.t. the emission by only the mirror:

Ptot

A
= � 2 P


A
�: (2.23)

� corrects for a potential detector e�ciency; for the sake of simplicity we treat� as 1
for the remainder of this work.

2.3 Boost factor and transfer matrix formalism

This section will outline a calculation of the power boost factor as in [20] from MAD-
MAX's geometry with the assumption of in�nitely large discs as before4. The length
of the system is divided into homogeneous regionsr = 0; 1; :::; m with each region
representing either the mirror (r = 0), vacuum, a disc or the open end towards the
antenna (r = m). Every region is associated with its lengthdi , dielectricity and
refractive index � i ; ni and its left boundary x i (i.e. the transition interface between
regionsi � 1 and i ) given by the distance from the mirror surface (x1 = 0), cf. [20],
�g. 4. Further, every region contains two (planar) waves moving left and right re-
spectively, denoted by their amplitudesRi and L i . [20] employs thetransfer matrix
formalism [26] to relate the amplitudes of two consecutive regions by

�
Rr +1

L r +1

�
= Gr Pr

�
Rr

L r

�
+ E0Sr

�
1
1

�
(2.24)

3In comparison, the radiation from a disc surface carries an energy 
ux ofS
;i = E 2
0

2n i

�
1

n 2
� 1

n 1

� 2

that is in sum always smaller than the mirror emission (for realistic, �nite � ).
4The interfaces are still normal to ex .
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with

Gr =
1

2nr +1

�
nr +1 + nr nr +1 � nr

nr +1 � nr nr +1 + nr

�
; (2.25)

Pr =
�

e+ i� r 0
0 e� i� r

�
; (2.26)

Sr =
A r +1 � A r

2

�
1 0
0 1

�
: (2.27)

Gr describes the transition, i.e. re
ection and transmission at the interface,Pr shifts
the respective phase by the covered optical thickness� r := !n r (xr +1 � xr ) and Sr is
the source term of the axion-induced waves. The �eld strength of the axion induced
�eld is adjusted for every region asEa;r = A r E0; Ar = Be;r =(� r Be;max ). The �rst and
last region may then be connected by applying eq. (2.24) iteratively, resulting in

�
Rm

Lm

�
= T

�
R0

L0

�
+ E0M

�
1
1

�
: (2.28)

The path through all regions is accumulated in the transfer matrixT =
Q m� 1

i =0 Gi Pi

(left-sided multiplication), P0 = 1, M =
P m

s=1 Tm
s Ss� 1 collects all source terms. With

no external waves present, i.e.R0 = Lm = 0 we may �nd

L0 = � E0
M2;1 + M2;2

T2;2
; (2.29)

Rm = E0

�
M1;1 + M1;2 �

M2;1 + M2;2

T2;2

�
; (2.30)

with the matrix indices here denoting the respective entry. As we are only interested
in the power leaving the system towards the antenna, we �nally arrive at the (right
sided)amplitude boostB = Rm

E0
. It is related to the power boost factor from eq. (2.23)

simply by
� = jBj ����!

n0 !1
jM1;1 + M1;2j: (2.31)

It is important to remember that the power output is scaling with � 2 (eq. (2.23)),
(power) boost factor is used for both � and � 2; we will be mostly referring to � 2

however, for the rest of this work. An ensemble of discs, mirror and antenna is also
referred to as abooster.

The approach with in�nitely large discs is equivalent to a one-dimensional calcu-
lation along ex due to the planarity of the waves. Thusanalytical 1d in the following
will always refer to this transfer matrix approach. More realistic calculations in 3d
�rst and foremost take into account the �nite size of discs and waves and sometimes
additional e�ects such as non-planarity and tilts of the disc surfaces or metallic, tube-
like waveguides. The necessary calculations may be approached with e.g. Bessel-mode
decompositions, propagation in Fourier space [27, 28] or �nite element simulations [29]
with varying degrees of computational e�ort. [30] features a collaboration internal
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collection of algorithms for said calculations, including one equivalent to the transfer
matrix approach from above. It will be used throughout the sections regarding sim-
ulation.

With the analytical 1d calculation we learn fromGr and Pr that the �nal boost
factor is dependent on the discs' dielectricity, the lengths of the vacuum gaps and
the angular frequency! (it also depends on the disc thickness, which will be �xed to
1 mm for the remainder of this work). The strength of MADMAX lies in its ability
to create a large boost value at almost arbitrary frequencies by 
exibly adjusting the
distances between the discs. The goal is to scan all frequencies5 from 10-100 GHz for
an axion-induced signal. For example, a high boost value may be focused in a narrow
peak to a speci�c frequency6 by placing the system in a strongly resonant, equidistant
state. It is possible to spread out high boost values over a larger frequency range or
bandwidth� � by moving the system slightly out of focus in speci�c ways. In general,
a higher boost factor is always better, as it makes the signal detectable and reduces
the necessary measurement period to make a signal statistically relevant over noise
(cf. Dicke's radiometer equation, signal-to-noise ratio increasing with

p
tmeas [31]).

This presents the possibility of measuring multiple frequencies at once and covering
the entire range quicker, with the trade-o� of having to measure each window for
longer. The ideal bandwidth that minimizes the overall required runtime of the ex-
periment depends on the actually achievable boost factor in the �nal experiment and
the identi�cation/reduction of noise; the boost during a measurement should be at
least 104 [20]. The overall height of the widened curve, or in other words its frequency
integral, is limited by the area lawwhich dictatesh� 2i d = h� 2i ! . In short, the average
in boost is the same when averaging over the disc con�gurations and over frequency,
with the consequence that

R
d!� 2 = const for all possible disc arrangements7 [20]. In

�g. 2.1 an exemplary focused boost peak at 22:025 GHz together with a wider variant
for a bandwidth of 50 MHz is shown. The process to �nd the wide curve may be
treated as an optimization problem, where we try to achieve the best highest possible
boost over all frequencies in the current bandwidth { the lowest value in the interval
representing the quality of the curve. The ideal goal is thus evenly allocating as much
boost to the target range as possible resulting in a box-like curve8. Former experi-
ences have revealed a large redundancy of 'good' con�gurations, meaning that a large
number of di�erent states may yield similar results; this e�ect seems to increase with
the amount of discs. The exact process of achieving a spread-out curve is a primary
topic of thesis and will be discussed in detail during the following chapters.

Unfortunately, the boost factor is not a directly measurable quantity simply be-
cause it depends on the unknown axion �eld. The MADMAX collaboration has
devised methods to estimate it from available measurements such as the boosters

5From here on, we will switch from angular to standard frequency� = != 2� .
6E.g. to validate a potential discovery.
7For a �xed amount of discs with �xed properties. This value increases generally with the disc

amount and their � value.
8The 'box-likeliness' of optimized curves increases with the disc amount.
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re
ectivity [32, 33, 34], which can be extracted from the transfer matrix calculation
as

R = Rm=Lm

�
�
�
�
R0=0

=
T12

T22
: (2.32)

It will be discussed further in the following section.

Figure 2.1: Boost factor values (top) for the corresponding distances in-between discs
(bottom), using 20 discs of� = 24 and 1 mm thickness. The peak reaches a maximum
height of � 508� 103. The dashed lines indicate the target range of the widened curve
{ 50 MHz centered at 22:025 GHz. Calculated using the analytical 1d simulation.
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2.4 Microwaves and the network analyzer

Vector Network Analyzers (in short, VNA) are versatile multi-port measuring de-
vices with the primary function of characterizing the microwave responses of adevice
under test9 (DUT). The speci�c VNA in use for this thesis (see chapter 7) features
two ports, but only one will be required; the working principle remains the same,
a basic schematic of which is shown in �g. 2.2. In general, a network analyzer
sends a signal to a speci�c porti of the DUT and receives the signal from a sec-
ond port j { thus gaining knowledge about the transmission process fromi to j .

Figure 2.2: Basic setup of a 2-port network an-
alyzer. A wave is generated by the source and
split between the DUT and the input receiver. The
transmitted power is picked up by the output re-
ceiver of the second VNA port. The wave-couplers
between splitter and DUT direct waves coming
from the DUT to the respective output receiver.
The switch next to the source allows to internally
swap input and output port.

As is shown by the schematic,
every measurement port fea-
tures two receivers, one behind
a wave-splitter in forward port
direction and the other after a
coupler in backward port direc-
tion. The coupler acts as a one-
way junction, thus only allowing
signals coming from the DUT
to reach its receiver. The port
sending the signal can there-
fore simultaneously measure the
wave's re
ection from the DUT.
Suppose thatE i; + =� is the wave
incident on/leaving port i of the
DUT, the scattering parameter
or S parameter from port i to j
is de�ned as10 [25, 35]

Sij =
E i; �

E j; +

�
�
�
�
Ek; + =0 ; k6= j

(2.33)

or, expressed as a matrix11 for
the entire system, as

E � = SE + : (2.34)

Scattering parameters are generally complex and depend on the wave's frequency,
possibly its input power and naturally the DUT.

For practicality, the DUT is usually not mounted directly on the VNA but rather
connected with coaxial cables and potentially additional devices12 { each of which

9May be multi-ported, likewise.
10E i; � being the (complex) amplitude of the respective wave.
11Note that E � is the vector of in-/outgoing amplitudes, not a �eld/wave vector.
12Such as ampli�ers or �lters.
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in
uences the passing waves by introducing losses, phase shifts and re
ections. By
usingcalibration standards, i.e. DUTs of which the exact expected response is known,
the unwanted e�ects may be calculated out to some degree. The calibration procedure
is explained in more detail in chapter 7. Every high-end VNA is capable of scanning
(i.e. sending and measuring) multiple frequencies in a singlesweep, the interval size is
given by the amount ofsweep points. VNAs are an essential tool for MADMAX in the
research and development of the receiver chain and for understanding and character-
izing the booster's microwave response. For this work, however, it will only be used
as a one-port device with a MADMAX-like prototype as the DUT, i.e. onlyS11 is of
interest. It will be referred to as there
ectivity and denoted byR in an attempt to
semantically decouple it from the scattering matrix or the electromagnetic re
ection
coe�cient �; we are only interested in recording some sort of system response and
in doing so, uniquely identify the system's physical state. It can be extracted from
the transfer matrix calculation asR = Rm=Lm . The exact procedure is detailed in
chapters 4 and 7.

The relevant port will eventually be connected to a circular horn antenna pointing
at a parabolic focusing mirror (see chapter 7, appendix C). This produces aGaussian
beamcharacterized by

E (r; x ) /
1
w

exp�
r 2

w2
� ikx �

i�r 2

�R
+ i � ; (2.35)

wherew = w0

p
1 + ( z=zc)2 is the beam width,R = z+ z2

c=z the wave fronts' curvature
radius and � = arctan z=zc some phase o�set. Further,zc = �w 2

0=� is the so-called
confocal length. Methods to examine shape and quality of the beam were studied
on the same local setup [33, 34] and could be used in the future for boost factor
estimation and/or alignment checks. For now, the exact wave paths play only a
minor role. The antenna serves both as the emitter and as the receiver.
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3 Optimization theory

This chapter will feature an introduction to general optimization problems and a
select few numerical optimization algorithms which have proven fruitful in this speci�c
project. This introduction will follow the theory and notation of [36].

3.1 General optimization

In a general optimization problem one usually tries to �nd an extreme point of an
arbitrary scalar function

f : D � Rn ! R; x 7! f (x ) (3.1)

which is commonly referred to as anobjective function or cost function, x will be
known as thestate (vector). The host setD of x , also known as thefeasible region
of x , can be replaced withRn by introducing explicit boundaries onx , namely a set
of equality constraints ci (x ) = 0 ; i 2 E and a set ofinequality constraints ci (x ) �
0; i 2 I . Conventionally an objective function is minimized1; in order to maximize
a function we may minimize the functionf (x ) = � g(x ) instead. An optimization
problem can then be formulated as

min
x2 R

f (x ) subject to
ci (x ) = 0 ; i 2 E;
ci (x ) � 0; i 2 I :

(3.2)

While the problem at hand is technically constrained, we will see that the constraints
will not be reached in regular cases, hence we will formulate them in due time but
are focusing on unconstrained optimization for now.

One usually desires to �nd the global minimum of a function; if a function is con-
vex and a minimum exists it is global. For non-convex functions it is often impossible
or impractical to determine whether a minimum is either local or global. Fig. 3.1
contains a simple example proving that our objective function is not convex.

1A lesser known consequence of capitalism.
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Figure 3.1: Two arbitrary optimized boost factor curves with similar �nal objective
value (top) but di�erent solution states (middle). The objective value is scanned
along a straight linex A + � (x B � x A ) (bottom). The epigraph of f along � is clearly
not a convex set, hencef cannot be convex on its entire domain. The objective value
is the lowest boost value between the dashed, vertical lines.

While global optimization algorithms exist for constrained non-convex functions,
they often come at high computational complexity. We will later introduce a tool to
decide whether an optimum is `global enough' and will focus only on local optimiza-
tion algorithms.

We make the assumption that the motors carrying the discs can move to su�-
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ciently small precision, such that we can treat the host setD as continuous. Thus we
need to employ continuous opimizers2.

As is the struggle with all physical experiments, everything from the instrument
readout over the device positions to the calibrations is subject to errors and uncer-
tainties. There are several approaches for optimization under uncertainty to try and
optimize the result under assumption of certain likelihoods, see e.g. [37]. However,
at this point in the development we should focus on the basics of the problem and its
solution. We therefore leave the error investigation, analysis and proper optimization
for future work; although we should keep the inherent stochasticity in mind when
analyzing the �rst results.

With this we can summarize the problem of interest as an unconstrained, non-
convex, continuous and deterministic optimization problem and can focus our atten-
tion accordingly.

3.2 Optimality conditions

A point x � is analytically considered optimal or a solution or aglobal minimizer of f
if

f (x � ) � f (x ) 8 x 2 D; (3.3)

whereas it is considered alocal minimizer of a neighbourhoodN � Rn around x � if

f (x � ) � f (x ) 8 x 2 N (x ) \ D: (3.4)

Assuming that f is continuous and (at least twice) continuously di�erentiable on
N (x ), we can derive more useful criteria, akin to well known conditions for extrema
in calculus. We �rst apply Taylor's theorem on f in �rst and second order as

f (x + p) = f (x ) + r f (x + tp)T p (3.5)

= f (x ) + r f (x )T p +
1
2

pT r 2f (x + t0p)p (3.6)

for somet; t 0 2 (0; 1); p � x 2 N (x ). r f and r 2f describe thegradient and Hessian
matrix of f respectively. The�rst order necessary condition then follows as

x � is a local minimizer off ) r f (x � ) = 0 (3.7)

and the second order necessary conditionas

x � is a local minimizer off ) r f (x � ) = 0 ; r 2f (x � ) is pos. semidef. (3.8)

We may also de�ne asecond order su�cient condition as

r f (x � ) = 0 ; r 2f (x � ) is pos. def.) x � is a strict local minimizer of f : (3.9)

Proofs for all conditions may be found in [36], chapter 2.1.

2As opposed to discrete optimizers for binary/decision tree or mixed problems.
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3.3 Optimization strategies

We �rst make a distinction betweenblack boxor derivative freeand line searchmeth-
ods. Whereas a black box algorithm requires only knowledge of the objective value
f (x ), line search methods also need access to the objective function's derivatives, up
to second order. The performance of an algorithm may be evaluated in computa-
tional performance (i.e. run-time, amount of objective function calls), convergence
rate, or globality of the solution. We will later introduce another metric speci�c to
our problem.

3.3.1 Nelder-Mead algorithm

Originally proposed by J. A. Nelder and R. Mead in [38] as adownhill simplexmethod.
This algorithm is a black box method which improves on the objective value by iter-
atively replacing the worst point of a set of state vectorsX = f x 1; x 2; :::; x n+1 g with
a better one. The state vectors are required to describe the vertices of asimplex3,
an n+1-dimensional polytope. X needs to be a�nely independent, that is the set
f x 1 � x i ; :::; x i � 1 � x i ; x i +1 � x i ; :::; x n+1 � x i g must be linearly independent for all
i 2 n + 1.

This short description and the �nal implementation will follow the more modern
formulation of [39, 40]. We choose an initial statex 0 and construct the simplex from
there, as is explained later in this section. We then iteratively perform the following
steps:

1. Reorder and reassign the vertices ofX such that

f (x 1) � f (x 2) � ::: � f (x n+1 ):

2. Calculate there
ection point

x r = x + � (x � x n+1 ) = (1 + � )x � � x n+1 (3.10)

and determinef (x r ). x :=
P n

i =1 x i =n is the centroid of X , excluding the worst
point x n+1 , � > 0 is the re
ection parameter.

If f (x 1) � f (x r ) < f (x n ) replacex n+1 with x r and terminate the iteration.

3. If f (x r ) < f (x 1) calculate the expansion point

x e = x + � (x r � x ) = (1 + �� )x � �� x n+1 ; (3.11)

where� > 1 is the expansion parameter.

If f (x e) < f (x r ) replacex n+1 with x e, else replace it withx r . Terminate the
iteration.

3https://en.wikipedia.org/wiki/Simplex

17



4. If f (x n ) � f (x r ) < f (x n + 1 ) calculate the outside contraction point

x oc = x + 
 (x r � x ); (3.12)

where
 2 (0; 1) is the contraction parameter4.

If f (x oc) � f (x r ) replacex n+1 with x oc and terminate, else continue with step
6.

5. f (x r ) � f (x n+1 ) calculate the inside contraction point

x ic = x � 
 (x r � x ): (3.13)

If f (x ic ) < f (x r ) replacex n+1 with x ic and terminate, else �nalize the iteration
with step 6.

6. Shrink the simplex towards the best point by setting

x i = x 1 + � (x i � x 1); 8 i 2 n + 1nf 1g (3.14)

where� 2 (0; 1) is the shrinking parameter.

As the simplex could technically be shrunk to arbitrarily small sizes we must limit
the amount of iterations to a sensible value or implement a termination condition.
A natural option could be a threshold on the distance betweenx 1 and the furthest
other vertex.

The parameters�; �; 
; � can be freely chosen within the given bounds and in-

uence the convergence properties of the algorithm. The default implementation by
Nelder and Mead [38] uses

�; �; 
; � = 1; 2; 1=2; 1=2;

[40] suggests to scale them with the dimensionality ofx to

�; �; 
; � = 1; 1 + 2=n; 0:75� 1=2n; 1 � 1=n:

We will apply the latter option during testing. Fig. 3.2 illustrates the possible oper-
ations in a 2-dimensional example (i.e. the simplex is a triangle). The blue arrows
indicate which length the respective parameter scales.

The simplex can be constructed for example by settingx n+1 = x 0 and adding the
verticesx 0 + dei ; i 2 n with some sensible lengthd 2 R� 0, whereei is the unit vector
along axisi . Similarly, following [41], every vertex can be set as

(x0;1; x0;2; :::; x0;i ; :::; 0; 0) + (0 ; 0; :::; bx0;i + a; :::;0; 0); i 2 n:

4This is the same parameter as in step 5. Technically one could de�ne a new one for the inside
contraction, but we will stick to the standard.
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Figure 3.2: The six steps in the Nelder-Mead algorithm with their respective control
parameters: 1) Ordering by objective value. 2) Re
ection on the centroid. 3) Ex-
pansion of the re
ection point. 4) Contraction of the re
ection point. 5) Contraction
towards the centroid. 6) Shrinking of the simplex. Cf. [39] �gs. 1-2.

This option follows the same idea as the �rst, but with regards to eventual scaling and
a fail-safe if an entry ofx 0 happens to be 0. Another option could be the construction
of a regular, n-dimensional polytope, orn-dimensional tetrahedron, with x 0 being
the baricenter. This balances the distribution of the vertices aroundx 0. It can be
constructed with the incircle and circumcircle radii of n-dimensional tetrahedrons5:

r in (d; n) =
d

p
2n(n + 1)

; r cc(d; n) = d
r

n
2(n + 1)

(3.15)

d is the edge length of the tetrahedron/resulting simplex. The vertices are then
iteratively created by shifting the already existing vertices along axisi by � r in (d; i)
and adding the new vertexx i +1 = x 0 + ei r cc(d; i) until n + 1 vertices are in place.
The starting point x 0 is both the base vertex of the �rst iteration and the baricenter
of the construct (as which it will remain for every iteration).

3.3.2 Simulated annealing

This algorithm is another black box method and takes inspiration from the physi-
cal cooling process of metals, where atoms perform random thermal movements and

5Proof. Formulae derived by looking at geometrically easily calculable cases forn = 1 ; 2; 3; 4 and
guessing a generalization forn. Proof by obtaining the correct result6. �

6Which has been validated for n = 1 ; :::; 20; 80 by checking a�nity, edge length, baricenter and vertex radii of the

resulting simplex.
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eventually settle at low energy/stable positions. A notable early formulation may be
found at [42] (among others), we will focus on the description in [43], ch. 9.1. A solid
state physicist might be familiar with a similar approach when simulating an Ising
model, see for example [44].

The algorithm works with two state vectorsx sol and x c which describe the overall
best found value and the current working state. We initialize by settingx sol = x c = x 0

with the starting point x 0. Further we require a strictly monotonically falling, but
always positive seriesT � R� 0, also referred to as theannealing schedule7. The
behavior of T is free to chose, e.g. linear, exponential; the best choice is problem
dependent. For each entry inT we then perform the following steps

1. Generate a statex 0 2 N (x c).

2. If f (x 0) � f (x c) set x c = x 0.

3. If f (x 0) > f (x c) set x c = x 0 only with probability 8

P(x c; x 0; Ti ) = e� f ( x 0) � f ( x c )
T i : (3.16)

4. If f (x c) < f (x sol) set x sol = x c.

We can introduce a termination condition by simply choosingT with a �nite length
or setting a minimal allowed value forTi as a breakpoint. The starting value ofT
should be chosen toT1 & � f (x ), i.e. the average rate of change one would expect in
a single step. Far higher values will lead to an e�ective randomization of the starting
vector, which can be bene�cial in some cases, whereas too low values will con�ne it to
its current local minimum. The probability can easily be probed by checking whether
p � P(x c; x 0; Ti ) for a uniformly random p 2 (0; 1). The method of our choice to
generate a neighbourx 0 2 N (x c) will be

x 0 = x c + �
erand

kerand k
; (3.17)

where erand is a vector with uniformly random entries2 [� 1; 1] and � a uniformly
random variable2 (0; d]. d is thus the second control variable of the algorithm, along
T. This gives us a circular distribution aroundx c, biased towards the center. It is
a choice by design, as we want to biasx 0 towards similar objective values asf (x c),
which can be achieved by predominantly probing the closer proximity.

This rather simple yet, as we will see, quite e�ective algorithm can be built upon
by e.g. guiding the neighbour selection even further, soft-resettingx c to x sol if f (x c)
gets signi�cantly worse or having a dynamic, self-adjusting annealing schedule.

7Akin to the temperature of a material cooling down.
8Here, the connection to the Boltzmann probability distribution should become apparent.
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3.3.3 Linesearch algorithms

In this section we will discuss a group of 
exible algorithms which can be customized in
several ways to adapt to the problem. All of them follow the pattern of determining
a direction in which to move and then scanning along this direction for favorable
points, one iteration is formulated as

1. Find descent directionp at x .

2. Find step length� such that f (x + � p) < f (x ); � 2 R� 0.

3. Setx = x + � p.

We move back to [36] for reference, namely ch. 2.2 and 3.

Descent directions

As the name suggests, adescent directionp at x points to where the objective function
is decreasing, or as a general formulation:

p is descent direction atx , 9 � 2 R� 0 j f (x + � p) < f (x ): (3.18)

In most cases this also means that the directional derivative alongp at x is negative:

r p f (x ) := pT r f (x ) =
@
@a

f p(a) < 0; (3.19)

wheref p(a) := f (x + ap). If we choosekpk = 1 it follows

pT r f (x ) = kpk kr f (x )k cos� = kr f (x )k cos�

which is minimal for cos� = � 1. Therefore

p = �
r f (x )

kr f (x )k
(3.20)

is the steepest descent direction, i.e. the (unit) direction with the greatest (negative)
rate of change. It is perpendicular to the contour lines off at x . If we think back to
eq. (3.7) it is obvious that at a local minimum no descent direction can be found.

We can derive a more sophisticated descent direction from a second order Taylor
expansion (see 3.6):

f (x + p) � f (x ) + r f (x )T p +
1
2

pT r 2f (x )p (3.21)

for some su�ciently small kpk. Under the assumption thatr 2f (x ) is positive de�nite,
we can solve locally for the minimum off (x + p) in p by setting @f(x + p)

@p = 0. We
gather

p = � (r 2f (x )) � 1r f (x ); (3.22)
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Figure 3.3: The steepest descent direction is perpendicular to the �eld lines and this
may not point well towards the local minimum. With an ill-suited step length an
iteration can overshoot and lead to poor convergence, as seen on the right. From [45],
�gs. 6.6 and 6.7.

known asNewton's descent direction. The quality of this direction of course depends
on how well the expansion approximates the true function locally; a quadratic prob-
lem would be solved in a single step. Since the solution is exact in the approximation,
the step length is �xed, however it is usually bene�cial to normalizekpk to 1 and
combine it with some sort of linesearch. Furthermore, ifr 2f is not positive de�nite,
p could not be a descent direction or worse yet, not de�ned. Several options exists to
tackle this problem, such as adding unity tor 2f until positive de�niteness is reached;
we, however, choose to ignore this problem and see that it works nonetheless in the
examples given.

While the necessity of the Hessian matrix comes with higher computational cost
we usually achieve better convergence. An illustration of why a higher order approx-
imation may improve convergence is shown in �g. 3.3.

A prominent compromise is theBFGS9 algorithm [36], ch. 6.1. It is aquasi-
Newtonian method, i.e. it follows the same procedure but approximates the Hessian
matrix B to save on computational e�ort.

We start with an (optionally already approximate) Hessian

B0 � r 2f (x 0) (3.23)

and iteratively update it as

Bk+1 = Bk +
yky T

k

yksk
�

BksksT
k BT

k

sT
k Bksk

; (3.24)

9C. G. Broyden, R. Fletcher, D. Goldfarb, D. Shanno.
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where yk+1 = r f (x k+1 ) � r f (x k) and sk = x k+1 � x k . Then, as with Newton's
algorithm the step is pk = � B� 1

k r f (x k). We can spend computational power to
improve the approximation by properly calculating the Hessian everym steps or if
no (signi�cant) improvement is to be found alongpk .

Linesearch

Now equipped with a (normalized) descent directionp, a step length� needs to be
determined. We will quickly discuss conventional methods to motivate how and why
we do it di�erently later on, see [36], ch. 3.1 for reference. Ideally we �nd the local
minimum of f p(� ) := f (x + � p), i.e. solve the sub-optimization min� 2 R� 0 f p(� ).
We do however not want to use a further optimization routine and instead content
ourselves with a step of su�cient decrease. TheArmijo condition states that sincep
is a descent direction and thereforer pf (x ) is negative, that

9 � 2 R� 0 j f p(� ) � f p(0) + c1� r p(0)f = : l(� ) (3.25)

wherec1 2 (0; 1). In other words, l(� ) is a line that lies strictly above f p in at least
some domain. Assuming thatf p has a lower bound, they are guaranteed to cross at
some point. A su�cient decrease is required to satisfyf p(� ) � l (� ). This condition
is met for all su�ciently small � , hence we introduce the curvature condition which
requires� to ful�ll

r p f (� ) = f 0
p(� ) � c2r p f (0) (3.26)

with c2 2 (c1; 1). This ensures that we do not terminate the linesearch prematurely,
as we demand the slope off p(� ) to have 
attened su�ciently (as should be the case
near a local minimum10). Additionally, we also guarantee to terminate if no further
signi�cant change can be expected or the slope is even positive. Together, eqs. (3.25)
and (3.26) are also known as theWolfe conditions.

A realistic linesearch implementation will setc1, c2 as above, some� 2 (0; 1) and
an initial step length � (e.g. 1 for a true Newton step).� is then iteratively updated
to �� until the conditions are satis�ed.

Terminal conditions

Inspired by the �rst order necessary optimality condition (eq. (3.7)), a threshold� grad

is de�ned as a minimum slope requirement, i.e.

� grad

!
� kr f (x )k2: (3.27)

If this condition is not met when the gradient is calculated, terminate. Later on we
will introduce a procedure to handle unsuccessful linesearches, see section 4.5. One
option is to just terminate. Additionally, the maximum amount of iterations can
simply be limited.

10This can be enforced more strictly by taking the absolute value of both sides of eq. (3.26).
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Compound methods

Some linesearch methods hybridize approaches, such asPowell's dog leg methodor
the Levenberg-Marquardt algorithm. A common strategy is the so-calledtrust region,
which makes an estimation for the area in which a second order approximation is
su�ciently accurate. More precisely, if a Newton step lies within the trust region,
perform a Newton step, otherwise do a linesearch along the steepest descent direction.
The size of the trust region then gets dynamically in-/decreased, depending on which
step was chosen. As of now we have only implemented a simple compound method
which uses Newton's step, but falls back to a steepest descent step in certain cases.
We will in fact replace/augment Newton's method during testing with this hybrid
approach; the reasoning alongside a detailed description will be given in chapter 4.
Future work could focus on a more sophisticated combination.
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4 MADMAX speci�c optimization

Here, we will revisit the methods introduced in the previous chapter and discuss nec-
essary and optional modi�cations to accommodate for our speci�c needs. We start
by properly formulating the optimization problem for the MADMAX booster.

As discussed in section 2.3, the boost factor is the �gure of merit. In order to
reduce the overall time required to scan the entire range from 10 - 100 GHz, we wish
to broaden the signal, i.e. move a bit away from a highly resonant state; achieving a
boost as high as possible still is the key to a possible axion discovery. We therefore try
to maximize the lowest boost value in a chosen frequency band, or with the convention
introduced in section 3.1:

min
x

f � (x ); f � (x ) = � min
�

� 2(x ; � ); � 2 [� min ; � max ] (4.1)

Note that practically, the frequencies will be some �nite, discrete set� i . The resolu-
tion should be chosen according to the local smoothness of� 2(x ; � ).

Since the boost factor cannot be measured directly we have to rely on di�erent
system response metrics, such as the re
ectivityR. For the �rst physical tests we
therefore use as the objective function

f R (x ) =
nX

k=1

g(jR (x ; � i ) � R 0j); (4.2)

whereR 0 is some reference re
ectivity1 and g an optional scaling function, e.g. iden-
tity, square or exponential. An ultimate approach could be to determine the re
ectiv-
ity of a desirable boost factor curve e.g. by simulations and optimize for that reference
re
ectivity. In chapter 6 we show that this approach works analytically in 1D, with
the physical setup we take the re
ectivity of some position as reference, see chapter 7.

The domain ofx is constrained by the range of the motors

x i 2 [r l;i ; r r;i ] , r l;i � x i � 0 ^ x i � r r;i � 0; (4.3)

where r l=r;i is the left/right movement boundary of disc i . Further, the discs cannot
move through each other and obviously should not collide, hence

x i � x i � 1 + br;i � 1 � bl;i � 0: (4.4)

1With f R (x ) = 0 being the lowest possible value, a perfect match.
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br=l;i describes the physical size of the discs along the booster including the �xture
and possibly the motor carriage2. In distance space (see below) eq. (4.4) can be
reformulated as

� (di + � ) + br;i � 1 � bl;i � 0: (4.5)

If we want to be thorough we can limit the maximum length of the booster asxn �
xmax � 0 or setr r;n accordingly. As previously mentioned we still chose unconstrained
optimization algorithms simply for the ease during implementation and chapter 6 will
show that in a full setup the constraints usually remain ful�lled. We do however use
these formulations to implement safety measurements for the physical setup, i.e. pre-
movement checks for collisions and out-of-bounds movements. Extra care is exercised
to choose initial conditions where no forbidden movement occurs.

4.1 Traveling time as a performance metric

Under the assumption that the di�erent algorithms arrive at comparably good results,
we should introduce a metric to decide which one performs best. From a practical
viewpoint we can identify two main issues. The �rst is the overall time it takes for
the system to reach an optimal position, i.e. the time it takes to switch between
two frequency scanning areas. This is imposed by the �nite speed of the motors; the
time to move between two state vectorsx during the opimization is dictated by the
motor that has to travel the farthest. In the lab setup this is determined by simply
measuring the time, in the analytical simulation we keep track of

� t =
kx � x 0k1

vmotor
=

maxi jx i � x0
i j

vmotor
(4.6)

and sum over every movement3.

Since the experiment is intended to run for extended periods of time, we also need
to consider the wear on the motors. Further, motor movement introduces additional
heat to the system, which needs to be cooled close to absolute zero. We therefore
record the boosters total travel distance in each step

� X = kx � x 0k1 =
nX

i =1

jx i � x0
i j (4.7)

and sum it up as well. Overall, a reduction in both values is desired, computational
e�ciency is not of concern at this point.

2In an analytical setup considering purely the discs,br;i = � and bl;i = 0 for all discs.
3Here, we omit that physical motors have short acceleration periods.
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4.2 Distance space vs. position space

Figure 4.1: Disc con�guration in its two possible
representations. The position spacex measures
the distance of the left disc edge to the (usually
stationary) mirror, i.e. it can be thought of as the
laboratory frame. The distance spaced measures
from the right edge of a disc (or the mirror) to the
left edge of the subsequent disc. The disc thickness
� is therefore not included in the distance space.

As is illustrated in �g. 4.1, there
are two ways to numerically de-
scribe the disc con�guration; in
the laboratory frame w.r.t. the
mirror ( position space) and with
respect to each other (distance
space). The latter is handy
for simulating the experiment as
the wave propagation relies fore-
most on the distance traveled.
Especially a 1d approach as the
matrix formalism natively works
in distance space. For a realistic
setup however, the motors and
disc carriages will most likely4

be mounted on a literal labora-
tory frame. At the very least,
this is the setup for the prac-
tical part of this thesis. Hence
the motors and therefore the
discs will be controlled in posi-
tion space. The conversion be-
tween the two is the simple lin-
ear connection

x i = � (i � 1) +
iX

k=1

dk , di = x i � x i � 1 � �; (4.8)

wherex denotes the con�guration in position space andd in distance space. We have
corrected for the disc thickness� . This distinction is of further signi�cance in regard
of the derivatives as they are not interchangeable. With eq. (4.8) we gather

@xi
@dj

=
iX

k=1

@dk
@dj

=
iX

k=1

� jk =

(
0; i < j

1; i � j
; (4.9)

@di
@xj

=
@xi
@xj

�
@xi � 1

@xj
=

8
><

>:

1; i = j

� 1; i = j + 1

0; else

: (4.10)

In other words, if we change the position of one disc, both adjacent distances vary
(but their sum will stay the same), changing one distance makes all subsequent discs
move by the same amount in position space. Therefore one important insight will
be whether optimization still works if the state vector is in position representation;

4Mounting the discs on top of each other seems structurally unsound and prone to failure.
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previous optimizations were carried out in distance space. Uncertainties on the disc
con�guration 5 also occur in position space. Lastly, a motor failure would lead to a
disc being stuck to a �xed position, the position space would be the natural choice
to examine such cases.

4.3 Finite di�erences

With the linesearch algorithms we have introduced a class of methods that require
knowledge of the objective functions derivatives. In analytical simulations these can
be calculated e.g. by forward di�erentiation (see for example [46]). In the physical
setup however, we are left with only the re
ectivity as the direct system response
which does not yield derivatives. To remedy the lack thereof we employ simple �nite
di�erence methods, akin to the formal de�nition of the di�erence quotient:

@f
@xi

= lim
h! 0

f (x + hei ) � f (x )
h

(4.11)

�
f (x + h 0

i ) � f (x )
h0

(4.12)

�
f (x + h 00

i ) � f (x � h 00
i )

2h00
(4.13)

for some su�ciently small h0, h00and h 0
i = h0ei , h 00

i = h00ei . For a better, but costlier
approximation we can use the double sided option. Some variants for the second
order derivative are

@2f
@xi @xj

�
f (x + h 0

i + h 0
j ) � f (x + h 0

i ) � f (x + h 0
j ) + f (x )

h02
(4.14)

�
f (x + h 00

i + h 00
j ) � f (x + h 00

i � h 00
j ) � f (x � h 00

i + h 00
j ) + f (x � h 00

i � h 00
j )

4h002
:

(4.15)

The Hessian matrix is generally symmetric which allows us to save e�ort by only
calculating the upper or lower triangle directly if the approximation is good.

4.4 Linesearch

The linesearch algorithms introduced in section 3.3.3 perform their search by starting
with some step length� and reducing it towards 0. Given that the motors physically
have to move to each new position, it is highly impractical to move out and then search
'backwards'. Instead, we can search 'forwards' by taking measurements along the way.
Considering the usual speed of the motors in use and the high measurement frequency
of the VNA, it should even be possible to take measurements while the motors are
moving. In other words, by measuring while moving, the booster inherently performs

5Be it imprecise positioning by the motors or statistical errors from measurement.
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the linesearch for us. This introduces the challenge of adjusting the motor speed
accordingly, such that the state vector moves in a straight line between two positions,
see �g. 4.2 for an illustration6. For now, we are satis�ed with incrementally moving
a small step and adjust the linesearch algorithm to

ˆ For k = 1,2,...,kmax

{ set x k = x k� 1 + � p

{ if f (x k) � f (x k� 1) > � ls

* set x = x min , with x min as the minimizer off (x i )
* break

Figure 4.2: A two-dimensional example of
how to move in a straight line through the
state space. If both motors operate at full
speed (upper line), the one with the shorter
path will stop �rst. For a straight line, the
shorter axis needs to be slowed down.

Inspired by the original algorithm, we
have introduced an additional termina-
tion condition with � ls which allows us
to reject insu�cient slopes in f p . Set-
ting � ls = 0 simply means we stop as
soon as we move uphill, whereas� ls > 0
allows us to probe for hidden local min-
ima and make it more robust towards
early termination (at the cost of longer
run time). As long as the motors move
su�ciently slow this approach yields a
scan off along p with a reasonable res-
olution. The choice� � f measure � vmotor

lets us emulate the behavior of measur-
ing during movement,f measure is the av-
erage measurements per second achiev-
able by the device. Higher resolution
could be achieved by slowing down the
motors.

An interesting opportunity arises here, if we think back to the Nelder-Mead algo-
rithm and speci�cally �g. 3.2. We note that the centroid, the expansion point and
both contraction points all lie on a straight line through the centroid. This allows
for unique combination with the linesearch, where we perform all the Nelder-Mead
steps and probe everything in between with a single scan. We then simply take the
best found point as the replacement vertex. Some restraint should be put in place
to prevent the new point from being too close to the centroid (in order to preserve
the a�nity of the simplex). This sophisticated compound approach is not yet im-
plemented but makes for a substantial improvement opportunity to the Nelder-Mead
algorithm for future work.

6First promising tests with motors faster than used here were carried out by Nick Michealis in
his bachelor's thesis [34].
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4.5 Unstucking

With the area law introduced in section 2.3, we have a powerful tool at hand with
which we can gauge the quality of a solution. This means that even if we did not
have a reference from di�erent algorithms or previous optimization, we can formu-
late a rough expectation7. As time is of essence, we should not have to restart the
optimization from scratch if it terminates below this threshold8. If the algorithm has
already performed a few iterations, it likely made some good optimization progress.
Therefore it is a sensible approach to perform a soft reset in an attempt tounstuck
the progress and have it run again. We will go through a few natural ideas for each
algorithm.

The most basic approach would be to 'shake up' the system by applying a random
shift as

x 0 = x + � (4.16)

where� i could be e.g. randomly uniformly distributed from [� �; � ] or distributed nor-
mally from N (0; � ). The magnitude � of the shift has to be chosen carefully, lest we
destroy too much of the progress made or make no signi�cant impact. This method is
especially applicable for the linesearch algorithms, as they only have a single working
state vector. In the case of the BFGS algorithm this completely destroys the approx-
imation of the Hessian, which relies on its previous iterations. Hence we also need to
properly recalculate the Hessian matrix.

This is in principle possible in the Nelder-Mead algorithm too (e.g. by shifting the
entire simplex by the same vector or shifting each vertex individually), but instead
we choose to enlargen the simplex. Several options are available, such as expanding
every point away from the simplex center, perform an expansion from the worst point
(similar to a shrink step, but towards the worst point, with a � > 1) or set up a new
simplex entirely.

Given the nature of simulated annealing, where each step is essentially a random
shift in itself, this seems a bit in vain. A much more sensible procedure is to resetT
to some higher value and optionally resetx c to the current best solutionx sol. Then
it should unstuck itself by design.

Pairing the normal algorithms with such an unstucking technique hopefully gives
us fairly robust one-o� methods.

7The quality of this guess of course depends on our understanding of the entire system and the
loss sources.

8Especially algorithms like the Newton method are at risk of regularly doing so if the approxi-
mations made are not accurate.
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4.6 Custom hybrid method

During testing, a fundamental 
aw in the Newton method became apparent. The
second order approximation of the objective function �guratively approximates the
contour lines9 as an ellipsis from the local derivatives and moves to the center of
said ellipsis. If, however, the local contour line is concave in downward direction, the
center of the ellipsis will point uphill and the step should be taken in the opposite
direction10. We therefore introduce a test of the Newton direction, where the step
direction is searched similar to the linesearch approach forntest steps with a length
of � test . If every step does not yield a slope below� test , search the opposite direction
in the same manner. We then simply fall back to our standard steepest descent step
if both tests failed, as the gradient has already been calculated anyways.

9Lines of constant objective value.
10There likely is some mathematical property of the gradient and/or Hessian that allows to 
ip

the sign of the step accordingly. No such thing was found in literature implementations, however.
Here, a more direct condition is chosen.
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5 A few words on the implementation

This chapter will shortly discuss some functionality, terminology and the extent of
the developed packages.

5.1 Optimization

The optimization package features implementations of the aforementioned algorithms.
They are designed to be 
exible through costumizable modules. It is possible to per-
form both analytical and physical optimization; the latter requires interfacing with
the second package. Julia's multiple dispatch paradigm is employed to use the same
algorithm in both cases, we de�ne ananalytical booster and a physical boosterre-
spectively. Both contain all information required to describe the system, namely disc
number1, relative disc dielectricity, disc thickness and disc positions. They also carry
timing information which is handled accordingly. The physical type is further ap-
pended by quantities of the physical motors, such as calibrations, possible movement
ranges and motor internal zero positions. The striking di�erence is then how move-
ment commands are handled; an analytical booster will just have its position vector
updated, whereas the motors actually move in the physical counterpart. It should be
noted, that most of the movement and collision detection functionality is situated in
the second package.

The modules of the algorithms are inserted as a customcallback function type
consisting of a function and a tuple holding extra arguments. We will compile a short
list of modules and as of now implemented options in the following:

General, same for all:

ˆ Objective function: how a position is evaluated for the optimizer {f � , f R from
analytical 1d, f R from a direct VNA measurement.

Nelder-Mead:

ˆ Simplex initializer: constructs the staring simplex { as described in section 3.3.1,
a�ne simplexer from [41].

ˆ Simplex objective: de�nes the order in which each vertex is visited { numerical
with choice to only visit speci�c indices.

1Redundant with length of position vector, but easier to access.
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ˆ Unstucker: performs an unstucking step { create new simplex either from best
or worst point, expand simplex away from worst point.

Simulated annealing:

ˆ Resetter: decides if and how the current solution should be soft reset { reset
if no improvement is made tox sol for nreset steps, terminate if resettednterm

times in a row.

ˆ Unstucker: performs an unstucking step { not yet implemented.

Linesearch:

ˆ Solver: calculates the step direction using derivatives and previous steps { steep-
est descent step, Newton's step, BFGS step.

ˆ Derivator: provides the derivatives { �nite di�erences in �rst and second order,
single and double sided; can be improved to save steps.

ˆ Stepper: prepares the step vector { normalizesp to 1 or such that maxp = 1.

ˆ Search: performs the linesearch { search as long as slope is below threshold,
search for �xed steps or �xed length, perform a true Newton step (step length
1 if p is not normalized).

ˆ Unstucker: performs an unstucking step { random shift, search along coordinate
axes.

Every optimizer needs to be supplied with a vector of states calledhistory { a
state contains the position vectorx , the objective valuef (x ) and a timestamp. Every
time the objective value is requested, it is pushed into the history. Thus we gain a
record of all visited states. It can be of arbitrary length, but minimally as long as
required by some sub-processes (e.g. the double sided derivator compares the four
most recent steps for every entry of the Hessian matrix). The optimizers each return
a trace which contains algorithm speci�c information about every iteration step. In
the sections below we will use both the history and trace to visualize the `trajectory'
of booster and optimizer respectively.

We want to emphasize that neither analysis nor development are �nal. One major
use-case of optimization in MADMAX is shifting the frequency position of an opti-
mized curve { which is achievable by multiplying all distances2 by a factor � � 1=� 2 {
to eventually cover the entire frequency range. Depending on the starting frequency
and the shift distance, the booster has to be re-optimized slightly as the shift usually
changes the boost factor shape to some degree. These optimizations are often very
quick as the shifted state is generally better than the equidistant state. This requires,
however, an optimized state in the �rst place, which is why we will be focusing on

2Could be performed in a linesearch-like manner.
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optimization from scratch in this thesis.

With the incomplete analysis and most experimental details not yet settled, a
large and 
exible optimization toolbox will allow us to properly decide on the best
approach when the time is right.

5.2 Motor and VNA control

At the core of this package is a Julia wrapper3 of the XIMC software package provided
by Standa Ltd. [47]. The base version of the wrapper is prepared using the Clang
package4 [48]. This API provides the basic communication with and control of the
motors. From here the interface is further developed for practicality and ease of use
with Julia's struct and multiple dispatch paradigms, suited to our speci�c needs. The
connection to the devices is provided either via USB or more conveniently { because
wireless { through an Ethernet hub.

This package also includes a control interface for our Keysight network analyzer5.
We can establish a connection to the device with aTCP socket6. Commands, such
as settings and measurement requests, are sent as bytestrings inUTF-8 encoding7

through the socket. The speci�c command strings are found in the manual section
on the device itself. We can request data directly from the device in 64-bit 
oating
point format and transform it to Julia arrays. Among other options, the data can
be read out directly after the VNA applied calibration and error correction or after
internal transformations, such as time-gating.

3Julia is natively capable of calling C and C++ code; a wrapper `wraps' Julia functions around
a call for every public C function.

4Tragically, this process is not perfect and both the Julia documentation for theC / C++ interface
and the XIMC manual are ambiguous and lacking at times. The wrapper is �xed with the scienti�c
method of arbitrarily placing or removing Ref and Ptr statements until it works.

5Special thanks to Nick Michaelis for greatly expanding the VNA control interface and Alexandros
Deslis for providing and explaining to me his Python version of the code. Both thoroughly helped
in testing the system.

6https://en.wikipedia.org/wiki/Transmission_Control_Protocol
7https://en.wikipedia.org/wiki/UTF-8
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6 Optimization in analytical simulations

In this section we explore the new implementation in an analytical setup, i.e. we
employ the aforementioned analytical 1d code to calculate the boost factor and re-

ectivity of the system. The booster itself is likewise simulated as an analytical
construct. We use lossless lanthanum aluminate discs, i.e.� = 24:0 and tan� = 0 of
1 mm thickness. The frequency bandwidth is chosen as 50 MHz at 22 GHz for all trials.

With the area law in mind we try to initially allocate a signi�cant portion of
boost value to the target range. Thus, the starting pointx 0 will be derived from
an equidistant state with � 0;i = � 8 i 2 n. � is found by solving the one dimensional
problem

max
� 2 R

� 2(x (� ); � center ); (6.1)

i.e. we try to �nd the distance at which a largest possible peak is centered in the
frequency window. This distance is known to be� �= 2; we simply search the area
around this value by brute force. For our speci�c parameter set we gather� � 7:21 mm
for 20 discs and� � 7:22 mm for 80 discs.

6.1 20 discs by boost factor

The frequency window is sampled at 10 evenly spread points, which proved to be
su�cient to capture the structure of the boost factor curve. From previous experiences
with optimization for such a setup we know to expect an objective value of� � 14 000.
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6.1.1 Nelder-Mead

In �gs. 6.1 to 6.3 the boost factor evolution, trace and history of the optimization
progress are displayed. The noticeably angular shape of the best vertex distances in
�g. 6.2 re
ects jumping of the best vertexes index. From the noise-like structure of
the distance history in �g. 6.3 we conclude that the simplex size is consistent until it
eventually converges to 0 at the end; it indicates a good choice of the initial parameter.

Figure 6.1: Nelder Mead { 20 disc optimization, process of the boost factor curve.
1000 iterations, simplex initialized along coordinate axes withd = 10 µm, minimum
simplex size of 1µm and no unstucking. Total elapsed travel time is 2 minutes and
13 seconds with a combined travel distance of 8:8 cm.

36



Figure 6.2: Nelder Mead { 20 disc optimization. Trace of the objective value (top)
and distances (bottom) for the best vertex.

37



Figure 6.3: Nelder Mead { 20 disc optimization. History of the objective value (top)
and distances (bottom).
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6.1.2 Simulated annealing

In �gs. 6.4 to 6.6 the boost factor evolution, trace and history of the optimization
progress are displayed. Comparison of history and trace (both objective value and
distances) clearly show the random movement over the current best solution. The
tail at f � � � 14 000 shows that the system is now much more sensitive to changes
and how rarely any further improvement is found until �nally the early termination
condition triggers.

Figure 6.4: Simulated annealing { 20 disc optimization, process of the boost factor
curve. TemperatureT falls linearly from 1 to 0 in 2001 steps,� = 25 µm, nreset = 50,
nterm = 2, no unstucking. Total elapsed travel time is 54 seconds with a combined
travel distance of 5:0 cm.
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Figure 6.5: Simulated annealing { 20 disc optimization. Trace of the objective value
(top) and distances (bottom) of the current best solution.

40



Figure 6.6: Simulated annealing { 20 disc optimization. History of the objective value
(top) and distances (bottom).
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6.1.3 Steepest descent

In �gs. 6.7 to 6.9 the boost factor evolution, trace and history of the optimization
progress are displayed. It is immediately noticeable in �g. 6.8 that the objective trace
is not monotonously falling as was the case with the previous optimizations. Each
spike indicates, that an unstucking step has been performed during this iteration,
we gather that his happens regularly. The tail region after iteration� 110 shows
how destructive unstucking can be to the objective value but also that algorithm can
usually recover quickly. Most important however, it converges fairly consistently in
the beginning but struggles to reach the really low objective values. This is likely due
to the �nite di�erence approximation not being able to resolve the structures at high
boost factors. If we seth smaller it does, however, not converge well early on.

Figure 6.7: Steepest descent { 20 disc optimization, process of the boost factor curve.
Linesearch step length of 0:1µm for 100 steps,h = 1 µm for �rst derivative and ran-
dom unstucking with � = 10 µm and a threshold of� 14 000. 250 iterations maximum.
Total elapsed travel time is 2 minutes and 45 seconds with a combined travel distance
of 3:9 cm.
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Figure 6.8: Steepest descent { 20 disc optimization. Trace of the objective value (top)
and distances (bottom).
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Figure 6.9: Steepest descent { 20 disc optimization. History of the objective value
(top) and distances (bottom).
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6.1.4 Hybrid method

In �gs. 6.10 to 6.12 the boost factor evolution, trace and history of the optimization
progress are displayed. A look at the objective trace in �g. 6.11 reveals a good im-
provement in terms of convergence over the steepest descent method, as the optimizer
does not get stuck until it reaches objective values below� 13 000. In this region it
faces the same struggle as described above. The same stair-like structure is observable
in the history, now more pronounced as the second derivative is calculated as well.
This also causes the long runtime, combined with the 'empty' iterations at the end.

Figure 6.10: Hybrid method { 20 disc optimization, process of the boost factor curve.
Linesearch step length of 1µm for 200 steps,h1 = h2 = 1 µm for �rst and second
derivative and random unstucking with� = 10 µm and a threshold of� 14 000. The
step direction was tested once at� test = 10 µm. 50 iterations maximum. Total elapsed
travel time is 28 minutes and 23 seconds with a combined travel distance of 29:2 cm.
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