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Abstract

To solve the strong CP problem, the axion, also a potential candi-
date for cold dark matter (DM), has been introduced. Axions have a
characteristic two-photon vertex, due to which they can be converted
to photons in a magnetic field (Be). Using B¢ = 10 T will produce an
output signal with power 10* times smaller than what can be experi-
mentally detected. Using a dielectric haloscope, the Magnetized Disk
and Mirror Axion Experiment (MADMAX) will use around 80 aligned
dielectric disks and a metallic mirror in a strong magnetic field in its
signal booster to increase the output signal power. MADMAX will
search for QCD axion DM in the mass range 40 400 peV correspond-
ing to 10 100 GHz electromagnetic waves. The spacings between the
disks can be adjusted to give a boost for a specific range of frequencies.
The experiment is currently in its R&D phase and the effect of varia-
tions of these spacings on the frequency response needs to be studied
extensively. In this work, using 1D simulations, it is found that up
to 25 GHz frequencies, Gaussian random variations of disks spacings
with standard deviation of 5 pm are required for less than 10 % change
in the final output power, with a 250 MHz bandwidth. Similarly, with
a 50 MHz bandwidth up to 1 pm accuracy is required for less than 10 %
change in the final output power, for frequencies up to 25 GHz. Also,
a novel setup is needed which can measure the distances between the
disks up to 1 um accuracy. Therefore, two systems are discussed for

the distance measuring device.
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1 Introduction

During the 1930s, the Swiss astronomer Fritz Zwicky coined the term Dun-
kle Materie, Dark Matter (DM), in the sense in which itis used today. Through
redshift, Zwicky observed the variance of peculiar velocities of visible mat-
ter in the Coma cluster and discovered that the gravitational attraction of
the visible matter is not enough to hold galaxies together in Coma because
of their high relative speeds. Therefore, there must be something else hold-
ing them together. His observations suggest that the total gravitational mass
in the Coma cluster is about two orders of magnitude larger than the visible
mass. In the following years more stringent evidence of dark matter came
from: rotational curves of galaxies, gravitational lensing, cosmic microwave
background radiation, and baryonic acoustic oscillations [1].

The possible candidates for this type of matter are standard model neu-
trinos, sterile neutrinos, axions and super-symmetric particles. The axion,
originally introduced to solve the problem of Charge Parity (CP) violation
in Quantum Chromo-Dynamics (QCD) has been discussed as a dark matter
candidate. Laboratory searches, stellar cooling and the dynamics of super-
nova 1987A limit the mass of axions . 0.01 eV. Furthermore, axions are
expected to be extremely weakly interacting with ordinary particles, which
suggests that they were not in thermal equilibrium in the early universe.
The calculation of the axion relic density is uncertain and depends on the
assumptions made regarding the production mechanism. Nevertheless, it
is possible to nd an acceptable range where axions satisfy all present-day
constraints and represent a possible dark matter candidate [2].

The Magnetized Disk and Mirror Axion Experiment (MADMAX) will
search for QCD axion DM in the mass range around 100 peV through a
dielectric haloscope, using the dish antenna idea and broad-band resonant
effects expected by dielectric layers. This experiment will cover a fraction

of the mass range of axion predicted for dark matter axions in the post in-



ationary Peccei-Quinn (PQ) symmetry breaking scenario.

In an external magnetic eld Be, the axion dark matter eld produces a
weak electric eld due to its conversion to photons. If in the presence of
Be the axion-induced electromagnetic eld in vacuum is Eyac, then in the
presence of a dielectric medium it will be Ej(t,e). As MADMAX will use
dielectric layers, therefore electromagnetic waves will be emitted due to the
discontinuity of E at the interface between different media, . The amplitude
gain due to the haloscope can be quanti ed in terms of an amplitude boost
factor b(ny) = jEout(na)/ Evad. The adjustment of the spacings between lay-
ers can lead to the ampli cation of axion-induced electromagnetic waves in
the 10 100 GHz domain corresponding to axion mass range 40 400 peV
[3].

If dielectric disks of uniform thickness and xed dielectric constant are
inside a homogeneous magnetic eld with a vacuum gap between disks
left as a degree of freedom, then by modifying these spacings one can either
have a broadband response which covers more frequency range or a narrow
band response with higher b. But in a realistic experiment the distances
between these disks cannot be precisely adjusted to the spacings given by
simulations for maximum boost.

Therefore, this work focuses on the behavior of the squared boost factor
with random Gaussian variations of the disks spacings with up to 4 differ-
ent standard deviations. It is found that disks spacings uncertainties up to
1 micrometer are reasonable if less than 10 % variation of the boost factor is
wanted for different frequencies with a 250 MHz bandwidth.

A setup is also required to measure the distances between the disks
to 1 um accuracy. Two systems, the SOFO measurement system and the
MADMAX distance measurement device by HighFinesse, are considered
here. The HighFinesse setup has better than 1 um accuracy and the work-
ing range is up to 40 cm compared to 2 um resolution and 15 c¢m working

distance of the SOFO system. The SOFO measurement system uses an LED



which has low intensity and is not optimal for working with more than 2

disks while the other setup uses a laser with controllable intensity.



2 Literature Review

The nature of DM is still one of the topmost unsolved mysteries in physics.
The axion, a pseudo-Nambu-Goldstone boson, is one of the best theoret-
ical candidates for DM. The PQ mechanism requires this low mass pseu-
doscalar boson. PQ provides a solution to the absence of CP violation in
QCD. To provide all or part of the relic DM density, the value of the axion
mass my depends on the cosmological history. If the PQ symmetry is bro-
ken after in ation, thenthe mg3range favored by the observed DM density is
50 200 peV. An experimental concept, the dielectric haloscope, has been
introduced to search this mass region of axions [4]. MADMAX will use a
mirror and around 80 parallel dielectric disks of LaAlO3in a magnetic eld

of 10 T with a receiver that can detect a signal of the order of 10 23 W.

2.1 Dark Matter

Matter, which neither emits nor absorbs electromagnetic radiation but in-
teracts gravitationally is referred to as DM. The most convincing evidence
for DM in the universe comes from the observation that several luminous
objects (stars, gas clouds, globular clusters, or entire galaxies) move faster
than expected, if they only felt the gravitational force of other observable
objects. The measurement of the rotational curves of galaxies along with
gravitational lensing effects indicate the existence of this type of matter.

An object on a stable Keplerian orbit with radius r around a galaxy, rota-
tional velocity n, and massm(r) inside the orbit follows the relation n(r) p
(M(r)/ r)¥2 . The expectation is that the relation changes ton p 1/ r'/2 | if
r lies outside the visible part of the galaxy and mass tracks light. But, n
is found in most galaxies to be approximately constant, even to the largest
values of r where the measurement of the rotation curve can be made. At
the placement of the solar system, in the milky way galaxy, n' 240 kms 1!

with small alteration out to the largest measurable radius. This leads to



the presence of a dark halo, which has a mass density of r (r) p 1/r?, i.e.,
M (r) u r ; for keeping the total mass of the galaxy nite r will have to drop
faster. The radius at which this will happen, is still unknown. Thus, there
exists a lower bound on the DM mass density i.e. Wpny 0.1,

Somewhat larger values, Wpy ' 0.2, are achieved from the observations
of clusters of galaxies. These observations include measurements of the pe-
culiar velocities of galaxies in a cluster, which are a measure of their po-
tential energy if the cluster is virialized. These also include measurements
of the X-ray temperature of hot gas in the cluster, which again correlates
with the gravitational potential felt by the gas; and most directly—studies

of (weak) gravitational lensing of background galaxies on the cluster [5].

2.2 Candidates for Dark Matter

It is suggested by the analyses of structure formation in the universe that
most DM should be cold or cool, i.e., should have been non-relativistic at
the onset of galaxy formation (when there was a galactic mass inside the
causal horizon). Non-baryonic DM candidates must ful |l the conditions:
stability over cosmological time scales (otherwise they would have decayed
by now), no or only weak interaction with electromagnetic radiation (oth-
erwise they would not qualify as DM), right relic density. Primordial black
holes, axions, sterile neutrinos, and weakly interacting massive particles

(WIMPSs) are the possible candidates [5].

2.3 The Strong CP Problem and Axions

The invariance of a law under a symmetry operation leads to a conserva-
tion principle e.g. invariance under translation in time, leads to conserva-
tion of energy. Some symmetry operations are not yet broken, while others
are broken, and the corresponding conservation law holds only approxi-

mately. There are 3 discrete symmetry operations in particle physics: Par-
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ity (P), Charge conjugation (C) and time-reversal (T) [6]. The P operation
changes the sign of any true (polar) vector e.g., linear momentum gd P p,
Charge conjugation reverses the sign of the additive quantum numbers e.g.,
for electromagnetic charge Q! P Q, and the T operation changes time

f P

t [6]. Therefore, under CP transformation a left-handed electron ¢
transforms into a right-handed positron, e; Although, the symmetry CP is
violated in weak interactions, it is respected by strong interactions. So far, it
has been observed that CPT is indeed a symmetry of nature and T violation
can be thought of as a corollary of CP violation [5].

CP symmetry (or equivalently T symmetry) is not conserved by the La-
grangian of QCD. The term which possibly violates P and T in the QCD

Lagrangian is normally written as
Lg=  d(as/8 p)GhGin (1)

and is called the gterm. Here as 1 is the coupling constant for the gluon
eld G, and is the QCD analogue of the ne structure constant a = 1/137
in electrodynamics, while color index a= 1,2,...,8. The productéﬁhGﬁ‘1n
of the gluon eld strength tensor ( G2,) with its dual ( G&, = %emnangb)
violates CP. The analogy with electromagnetic interaction (EM) can help in
understanding the problem better. The EM eld Lagrangian can contain

Lorentz scalars, such as
~mn —mn — 1 mnKkl|
FnrF where F'"'= Ee Fa (2)

and this scalar does not conserve P and T symmetries, as evident from its

three-dimensional (3D) form:
FoF™= 4E B (3)

sinceE B!I" EB (E is a polar while B is an axial vector) [7]. So this is
a pseudo-scalar term and as it turns out, there are no pseudo-scalar terms

in electrodynamics - one refers to electrodynamics as being invariant under
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parity. Therefore, the term FnF"" does not appear in the Lagrangian of
electrodynamics, although it could in principle.

The neutron electric dipole moment (EDM) gets a contribution from the
q term [8]. An upper bound on the neutron EDM of jdnj < 2.9 10 %6ecm
has been put by a recent experimental search [9], which requires the angle g
to be very smalli.e., g < 10 19 sinced, ' eqmg/ MZ [5]. Thisis called as
the strong CP problem [10].

A possible solution to this CP problem was proposed in 1977 by Peccei
and Quinn by introducing a new symmetry which breaks spontaneously.
Initially, the vacuum energy density of QCD is independent of . QCD
effects become applicable at the energy scalelL , the vacuum energy den-
sity Vocp then depends on g, which means that we obtain the potential
Vocp(0). The absolute minimum of Vqcp(Q) lies at g = 0. Therefore, we
can interpret g as a eld and see that g will oscillate around the minimum
of g = 0 and will be dynamically driven towards it [3]. This oscillation can
be interpreted as a new particle, the axion. The axion then corresponds to
the relic oscillation resulting from this relaxation process. This would be
an elegant explanation why the g-term is so small and therefore the QCD
Lagrangian becomes CP conserving. Alternatively, the smallness of q could
be explained by one of the quark masses being zero, which is not supported

by any experimental result [10].

2.4 Axions

PQ symmetry breaks at energy scale f; and the mass of the axion depends
on this scale. For solving the strong CP problem, the actual mass of the
axion is irrelevant [11]. The mass of the axion in terms of the energy scale

can be expressed as [8]

1 V
M. 6ev % | @)
a
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The original proposal was to set the PQ energy scale to the symmetry break-
ing scale of the electroweak interaction f;  fgw [12]. Under this proposal
the axion would have a mass of 100 keV. This high mass region however
has already been excluded by accelerator- and reactor-based experiments.
There are other models which allow for much lighter axions and higher f,.
Many axion detection methods rely on the conversion of axions to pho-
tons inside a magnetic eld. This conversion process is called the Primakoff
effect. The strength of the axion-photon coupling gqq is described in [8].

The axion photon coupling is given by
Oagg = S%E- (5)

Here, the parameter a = €/4 p represents the ne-structure constant
and Cyg a model dependent parameter of order unity. Different values of
Cqg can be derived from different axion models. More information on the
axion-photon coupling and the respective derivation of it can be found in
[11].

Making f;  fgw results in a very light, weakly coupled and long lived
QCD axion. These models are also known as invisible axion models. The
two most well known invisible axion models are the Kim, Shifman, Vain-
shtein, Zahkarov (KSVZ) model and the Dine, Fischler, Srednicki, Zhitnisky
(DFSZ) model [9]. Explaining these models in detail is beyond the scope of
this thesis. The most important result from these models is that they differ
in terms of the model dependent parameter Cgy. In particular Cog =  0.97
in the KSVZ model and Cyg = 0.36 in the DFSZ model [8]. SinceCyg modi-
es the axion-photon coupling strength this leads to different requirements
on axion searches.

The interaction Lagrangian which describes the conversion of axions
into photons is [13]

a

Lint = Qagg anﬁmna: 20

CaE Ba. (6)
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Here, E represents the electric eld, B the magnetic eld and g = & f,
the axion eld. The coupling gagg derived from equation (5) is valid only for
the QCD axion. For general models gagq is a free parameter, which results
in the so called axion like particles (ALPs) which also couple to photons.
But the coupling strength of these particles does not depend on the mass
[14].

When the interaction Lagrangian is added to the electromagnetic La-
grangian to introduce axion-photon coupling, the Euler-Lagrange equations
of motions for axion and photon elds are modi ed by axion contributions.
Therefore, the resulting modi ed Maxwell equations show that the axion
adds an additional current on the right-hand side of the Ampere-Maxwell
equation [4] [13]. The modi ed equation is
2

r B E =
e 20

CagBq (7)

for a medium with a dielectric constant e. The magnetic eld to induce
axion-photon conversion usually will be a homogeneous external magnetic
eld Be. Therefore axions can induce a tiny electric eld [4]

a

Ea(t) = ope

CagBed(t). 8)

2.5 Axion Cosmologies

The expectation for the mass region of dark matter axions depends on the
time when the PQ phase transition occurred. There are two possible cos-
mological scenarios, i.e. scenario A and scenario B. In scenario A, the PQ
symmetry breaks after cosmic in ation while in scenario B the symmetry
breaks before in ation. The PQ phase transition happens at an energy scale
fa L which means that strong interactions can still be treated pertur-
batively and therefore the QCD vacuum potential Vqocp can be neglected.
When axions appear due to the symmetry breaking they effectively have no

potential. This suggests that every value of q 2 ( p,p) is equally likely.
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The value of qthe axion has at the time of the PQ transition is called the ini-
tial misalignment angle ¢q;. Causally disconnected regions of the universe
can have different initial misalignment angles.

In the pre-in ationary scenario (A), during in ation one patch with a
certain misalignment angle gets in ated beyond the horizon, this implies
that g is identical everywhere in the observable universe. That means this
patch today makes up the total observable universe. Depending on the un-
known angle ¢ the axion can make up the entire dark matter density with
an arbitrary mass as long as f, > 10° GeV. This limit of f,is set by experi-
mental bounds. In this scenario, the expected mass of the axion depends on
the original misalignment angle ¢ which allows masses neV up to few
pev.

In the post-in ationary scenario (B), the PQ phase transition happens
after in ation. Therefore, today in the observable universe patches with
different initial misalignment angle exist and the axion mass essentially has
to be calculated as a statistical average from the different initial misalign-
ment angles. The preferred mass in this scenariois 26 peV by a recently
improved numerical simulation work. If in ation happens before the sym-
metry breaking axions can also be produced through the decay of topolog-
ical defects. Taking this production mechanism into account, the expected
axion mass is shifted to higher values and the uncertainty increases signif-
icantly. In this scenario, the preferred mass range for axionis 50 peV to
500 peV.

It is worth noting that the axions produced in these cosmological mod-
els are through the vacuum realignment mechanism (non-thermal axions).
These axions make up cold dark matter and have a non relativistic velocity
of O(10 3¢) [3].

15



2.6 Axion and ALP Dark Matter Searches

The high mass region my & meV is excluded by astronomical observations
and accelerator experiments. Therefore, axions with lower mass are in the
limelight of research. As discussed in the previous section, very light axions
are well motivated by theory. Coupling of the axion or axion like particles
to photons usually decides the masses of these particles, asgagg 1 1/ m; for
axions which is represented by the solid line labeled KSVZ axion in Figure
(1). For axion like particles the coupling strength gagg is a free parameter
[4]. Figure (1) recapitulates the current limits and experimental likelihood
on the (gagg, Ma) parameter space.

Any Light Particle Search Il (ALPS 1) is a lab based experiment which
utilizes light shining through a wall method. An opaque wall is targeted
by photons which pass through a magnetic eld. Due to the Primakoff ef-
fect these photons are expected to convert into Weakly Interacting Sub-eV
Particles (WISPs) which pass through the wall. After passing the wall, the
WISPs are supposed to convert back into photons. These WISPs could be
ALPs. ALPS Il features two optical cavities which both occupy the same
spatial modes. Therefore, the conversion of WISPs produced from photons
from the rst cavity back into photons again can be resonantly enhanced.
The full scale experiment will feature magnets on both sides of the wall to
detect axion like particles that could explain the anomalous transparency
of the universe for very high energy gs [15]. According to the sensitivity
prospects, ALPS Il could set a limit of gagg . 2 10 11 GeV 1 for axion like
particle masses below 0.1 meV [16][17].

The CERN Axion Solar Telescope (CAST) is another leading experiment.
It is a helioscope experiment and so it searches for axions coming from the
sun. These axions, if detected by CAST, would have been produced inside
the sun by photons scattering on charged patrticles in the stellar plasma.

Inside the experimental setup, these solar axions would then be converted

16



Figure 1: The graph shows the current axion mass and axion-photon coupling limits. Stel-
lar evolution and cosmological constraints have eliminated the possibility of axion masses
over 30 meV. Experiments which limits the axion coupling are experiments which use he-
lioscopes, and others which shine light through wall. Some of the latter experiments are
CAST, ALPS-II, IAXO and the dark matter axion experiment ADMX/ADMX-HF. Dashed
lines denote expected sensitivities of planned experiments and the QCD axion is marked
by the KSVZ axion line [3]

into X-rays by a 9 T magnetic eld of a 9.26 m long magnet. This con gura-
tion allowed CAST to set an exclusion limit of gagg < 0.66 10 °GeVv 1!
for axion masses ofm,; . 0.02 eV. Modi cations of the setup also allowed
CAST to explore the higher mass region upto  1eV but with lower sensi-
tivity due to shorter measurement times [18].

The International Axion Observatory (IAXO) is the successor experi-
ment to CAST. Both CAST and IAXO are not DM search experiments. IAXO
will also be a helioscope and will search for solar axions and axion like

particles. This setup is based on the detection of X-rays that emerge from
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axion-photon conversion in a magnetic eld. Instead of using an existing
re-purposed magnet like CAST, it will use a specially designed magnet to
push the limits on axion-photon coupling even further. This magnet system
will be about 25 m long with a magnetic eld of 5.4 T. The projected
sensitivity limit is down to an axion-photon coupling ofafew 10 10Gev 1
for axion masses upto 0.25eV. Therefore, it will also be sensitive to QCD
axions in the mass range of a few meV [19]. It could discover ALPs explain-
ing the anomalous transparency hint for very high energy gammas and the
anomalous cooling of horizontal branch (HB) stars [20].

In contrast to helioscopes, the Axion Dark Matter experiment (ADMX) is
a haloscope experiment and it looks for the axion halo believed to be present
around our galaxy. Axions originating from the PQ symmetry breaking
could constitute this halo. Like the other experiments discussed before,
it is based on the inverse Primakoff effect i.e. to convert axions into de-
tectable photons. A microwave cavity is used in ADMX to resonantly en-
hance axion-photon conversion. This is achieved by tuning the resonance
frequency of the cavity to the Compton wavelength of the axion. So far
ADMX excluded KSVZ axions in the mass range of 1.9 peV to 3.7 peV. On-
going upgrades of ADMX are expected to expand the search range up to
40 peV. Additionally, the sensitivity will be increased to reach the DFSZ
model coupling [21]. It can be noticed in Figure (1) that ADMX is far more
sensitive than helioscope experiments but at the same time limited to a nar-
row axion mass region. MADMAX is designed to cover the mass range of
40 peV to 400 peV for QCD axions which is a broader range than covered
by ADMX.

2.7 MADMAX

This section describes the working principle of MADMAX. The planned

setup and some upcoming challenges will be introduced. We will see that it
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is feasible to search some of the mass range in peV using a dielectric halo-
scope. It will also be studied that a combination of dielectric disks can am-
plify the axion produced electromagnetic signal in the presence of a strong

magnetic eld.

2.7.1 Theoretical Foundations of MADMAX

An introduction to the most important theoretical foundations of MAD-

MAX is given in the following sections.

2.7.2 MADMAX Search Range

To qualify as a cold dark matter particle, the axion mass has to be in the
range of  peV. This makes this low mass range very interesting. In this
mass region, only for a few masses a limit on the axion photon coupling
exist down to the QCD axion coupling, as shown in Figure (1). The axion-
photon coupling limits in this region are set by ADMX. This mass range
is predicted by the cosmological scenario A. However, the mass region
50 peV to 500 peV, predicted by scenario B is not covered yet. MADMAX is

a new approach to cover especially this mass range [13].

2.7.3 Axion-Photon Conversion

To resonantly enhance the axion signal, the MADMAX approach is differ-
ent than current haloscopes like ADMX. A microwave cavity is not suitable
for measuring large axion masses because the power of the signal scales
with the volume of the cavity. On the other hand, the volume is propor-
tional to the Compton wavelength of the axion V p | 3. For higher axion
masses (shorter Compton wavelengths), a smaller cavity volume is needed.
But the power scales with the volume, so high axion masses result in a
low signal power. This makes resonant cavities like ADMX especially suit-

able for small axion masses. The idea of MADMAX is to convert axions to
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microwaves through a dish antenna i.e. a mirror inside a magnetic eld.
Similarly, this type of conversion also happens at the surface of a dielectric
medium placed inside a magnetic eld. Details can be found in [13][4].

As stated in section (1), inside a magnetic eld axions produce an axion-
induced electric eld Ej. Since cold dark matter axions are non-relativistic
Ua . 10 °the de Broglie wavelength is 2p/ maua & 12.4 m (100 peV/my).
So, the length of the setup can be planned as short as the de Broglie wave-
length. Hence the axion eld inside the experiment is spatially approxi-
mately constant, i.e. at a xed time to the axion eld everywhere in the
setup has the same value. Therefore, the axion eld can be approximated
as a homogeneous, monochromatic eld q' ¢ycos(mat). When a magnetic
eld is applied parallel to a surface, then an axion induced electric eld is
set in the dielectric regions which are parallel to the surface. Then emission
of electromagnetic (EM) waves at the interfaces results due to the sudden
change in the dielectric constant between two media. If there is a medium
with dielectric constant e; on one side and a vacuum with e, = 1 on the
other side as shown in Figure (2), then the axion induced electric eld Ej
jumps at the boundary with E2 = E? e; and E§ = E2 So there is a discon-
tinuity between the parallel eld components at the surface.

Maxwell's equations tells us that the E and H eld components parallel
to the surface have to be continuous. The example depicted in Figure (2)

demands the following continuity conditions:
Be1= B2 and Hyq= Hy» 9)

E, ; and E , represent the parallel components of the total electric eld to

the left and right of the surface of the dielectric. Similarly, Hy ; Hy , rep-
resent the parallel components of the magnetic eld. To compensate the
discontinuity of the two sides, two electromagnetic waves EY,HY should be

emitted.
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Figure 2: The image shows two regions having different dielectric constant. The electric
eld Ejinduced by axion has a discontinuity at the boundary between the two dielectric

regions. Travelling EM waves, Eg and Eg, opposite to each other ensures the continuity of
the electric and magnetic eld. Be denotes the external magnetic eld. The k-vectors show

the propagation direction and momentum of the electromagnetic waves [4].
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Therefore, in the presence of axions, electromagnetic waves are emitted
from dielectric interfaces inside a homogeneous magnetic eld. The time
oscillation of the axion eld dictates that these emissions should have an

oscillation frequency p mj.

2.7.4 Power Boost Factor

The MADMAX design is based on the idea that many disks with a high
dielectric constant e can be assembled in front of a mirror (e = ¥ ). When

this setup is placed inside a magnetic eld, coherent emissions of electro-
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Figure 3: The image depicts a system ofr = 0,...,m dielectric regions. A right R; and
left L, moving EM wave exist in each region. The continuity relations are satis ed in each
region. Solving these equations through iterations gives the outgoing amplitude Ry and
left Lo. The system displayed here is open from both ends. The real MADMAX setup can
be realized by introducing a mirror on one side, which is equivalent to a dielectric region
with e = ¥ [4].

magnetic waves from all surfaces can lead to a boost of the total emitted
power of these surfaces. Therefore, the disks have to be placed in the right
positions relative to each other so that the emissions can constructively in-
terfere. The achieved power boost factor is the main quantity of interest
for MADMAX. The axion induced electric eld is small and therefore the
axion induced electromagnetic wave emission from a 1m 2 mirror inside a
10 T magnet only has a power of 2 10 27 W. Ampli cation of this
tiny signal is needed if one wants to detect it [3]. Let's rede ne the boost
factor (previously de ned in section (1)) as the resonantly enhanced signal
power relative to the power of the emission from a single perfect mirror of
the same area. It is both the result of the coherent sum of the emissions
from multiple dielectric interfaces as well as the resonance created by the
leaky cavities formed by these disks [4]. The power boost can be calculated
mathematically by subsequently solving the continuity conditions between
m dielectric regions. Figure (3) shows such a system of multiple dielectric
regions.

Introduced in equation (10), the electromagnetic emissions due to the
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continuity condition can relate the amplitudes of neighboring regions to
each other. This means that the continuity of €, and Hy at x,4, implies
Er(Xr+1) = Er+1(Xr+1) and Hy(Xr+1) = Hr+1(Xr+ 1) i.€. relating region r and

r + 1to each other [4]
EoAr+ Re%+ Lie %= EgAr1+ Ruq+ Liag

(11)
(Rr+ 1 L+ l)-

€+1

;%(RreOL Le %)=
p

r+1
In these equations, n, = ~ e, denotes the refractive index and d = wn,d,
the optical thickness. The physical thickness of the rt" region is d, which
can be a disk or the free space between two disks. w represents the an-
gular frequency. The variables L and R shows the left and right moving
electromagnetic waves in the dielectric regions. The factor A, is de ned as
Ar = (1/ e) (Ber/ Bemax) Which simpliesto A, = ( 1/ ), since the mag-
netic eld in the whole setup is supposed to be homogeneous. The electric
eld of the emission from a perfect mirror is represented by Eg. This results
in 2m linear equations for 2(m+ 1) eld amplitudes. For electromagnetic
emissions induced only by axions, the incoming amplitudes Rgand Ly, have
to be zero.

These linear equations can be solved using the transfer matrix formalism
[4]. We obtain the equivalent matrix formulation for equations (11) in the

form of 0 1 0 1 0 1

R R 1
@ A = GR@ A+ ES@A (12)
Lr+1 Ly 1

with the transfer matrices de ne8I as 1

N1+ Ne N n
G = 1 @'+t ro Nr+1 A (13)
2N+ Nr+1 Nr Npezt 0;
0 1
o
e 0
p=@ A (14)
0 e ¢
0 1
A A -1 O
S = %@ A (15)
01
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Transmission and re ection between the regions is described by the matrix
G; . P, describes the phase propagation of the electromagnetic waves andS;
contains the axion induced production of electromagnetic emissions. Equa-
tion (12) can then be solved with numerical iterations. The amplitudes in
region m can be expressed in terms of region m-1 and recursively in terms

of region 0 as

0 1 0 1 01
R R 1
@ A = Gy 1Py 1@ " A+ S, 1@ A (16)
Lm Lm 1 1
0 1 0 1 01
R R m 1
@A = TN@ °A + E § TS, ;@ A, (17)
Lm Lo s=1 1

A transfer matrix is de ned here from region b to a, which for b < ahas the

form
To = Ga 1Pa 1Ga 2Pa 2...Gpr 1Por 1GPy,  Ta= L. (18)
Equation (17) can be modi ed to
0 1 0 1 01
R R 1
@ "A = T@ °A + EEM@ A (19)
Lm Lo 1

where we have de ned

m
T=T" and M= § TIS; 1. (20)

s=1
The transmission and re ection coef cients for left moving and right mov-

ing waves are given by

R Det[T]
T, = M =+ 21
L™ Ry L0 T[2, 2] (21)
Lo 1
Te= 2 =+ 22
T Lmpeo T[22 (22)
Lo T[2,1]
R, = =2 = == 23
“T Ro_-o T[22 (23)
Rg= 1m _, 112 (24)

Lm =0 T12.2°
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The outgoing amplitudes are

M[2, 1] + M[2, 7]

Lo T[2,2] (25)
_ M[2,1]+ M[2,2]
Rm= Ep M[L,1]+ M[L,2 2.7 T[1, 2] (26)
the outgoing amplitudes Lg and Ry, and the boost amplitudes are then
Rm I—0
Br= — and B = —. 27
R L= g (27)

The modulus of the amplitude boost is de ned as b = jBj and the power as
b2 jBj 2. This means that the axion induced EM power is proportional to
b? [4].

In practice, a given haloscope will contain multiple dielectric plates with
xed properties that can be shifted relative to each other. If refractive in-
dices are xed, then B(n,d,w) becomesB(d,w), a function of an (m-1)-
dimensional con guration vector d = (di,...,dy 1) of distances and of the
frequency w. If all n, are real numbers (no losses), it is easy to show that

D E D E

jBj* = iBj* . (28)
The averageh . .i 4is over all con gurations and h...i,, over all frequencies.
The con guration average is independent of frequency and the frequency
average is independent of con guration. If the distances between the disks
are right, then a quasi continuous power boost over a range of frequency
can be created. The positions of the disks have to be variable to control the
frequency range for resonant signal enhancement. Changing the distance
between dielectric disks changes the width and height of the boost factor
and also its position in the frequency space. A typical boost factor as it could
be used in the nal setup e.g. has a width of 50 MHz, shown in Figure (4).
Because of the possibility to shift the boost in a frequency range of approx.
10 GHz to 100 GHz, MADMAX can scan a wide axion mass range between
40 peV to 400 peV.
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Figure 4: A 1D simulation of a setup of 20 dielectric disks with thickness of each disk
equal to 1 mm and refractive index n = 5 produces amplitude boost factor with a width
of 50MHz (red curve). Also, quantities correlated to the amplitude boost: the absolute
re ectivity R and the group delay ﬂ—'”nArg R are shown here. Both quantities are scaled to
be of the same order of magnitude as the boost factor. The re ectivity is calculated with
a relatively high dielectric loss of tan (d) = 5 10 2 to make it more pronounced. Such a

con guration can produce a quite top hat shaped power boost factor of 120 [4].

2.7.5 ArealLaw

To cover the mass range of about 40 peV to 400 peV, a broadband response
of the boost factor is desired. The behavior of the boost factor over a fre-
guency range can be predicted with the so-called Area Law. It states that
the boost factor integrated over all possible frequencies for a given con gu-

ration of disk distances is constant:
Zy

. b%dn = const. (29)
However, this works exactly when the complete frequency range is consid-
ered. If the majority of the boost is concentrated in the top hat, then it is a
good approximation to only consider the limited frequency range covered
by it. A realistic boost factor with a width of 50 MHz can be seen in Figure
(4). Furthermore, the boost factor can also be predicted for different setup
con gurations because the boost scales roughly linearly with the number of

dielectric disks N in the system [13].
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2.8 Experimental R&D Efforts

After discussing some of the important theoretical foundations of MAD-
MAX, now we will focus on the properties of the experimental setup. Some
of the important setup properties, the resulting experimental challenges and

open questions which arise will be discussed in this section.

2.8.1 Receiver System

For frequencies below 30 GHz, the receiver system is probably one of the
most mature components of the setup. The microwave detection is based on
pre-ampli cation using low noise High Electron Mobility Transistor (HEMT)
ampli ers followed by a heterodyne mixing of the pre-ampli ed signal. Fig-
ure (5) represents a scheme of this signal processing method. The signal is
ampli ed by a low noise pre-ampli er and then it is pre- Itered by a high-
pass. The ltering Iters the frequency range of interest and excludes noise.
The signal is then mixed in a non linear way with a carrier frequency and
therefore shifted to an intermediate frequency [22]. Suppose that the orig-
inal signal has a form sin (2pn;t) where m is its frequency and the carrier
frequency has a similar form sin (2pnyt) with frequency n,. The product of

these two signals is then
sin (2pn1t) sin (2pnat) = %fcos(Zp(nl np)t) cos(2p(n+ mp)t)g. (30)

The ltering after the mixing has the purpose to lIter out one of the ob-
tained mixing terms. Here, the difference term of the two frequencies is
kept. The shifted frequency in this example then has the new frequency
Mpew = M M. This mixing, ampli cation and ltering scheme is ap-
plied until the resulting shifted, Itered and ampli ed signal can then be
detected by digital 16 bit samplers. These samplers also perform a real time

fast Fourier transform and store the signal data [3].
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Figure 5: The image shows the ampli er, and the ltering and mixing stages in the hetero-

dyne mixing scheme [3].

2.8.2 Proof of Principle Booster

For the receiver and booster, rst proof of principle systems has been assem-
bled and veri ed. The receiver system was based on a HEMT preampli er
and heterodyne mixing. The booster consists of up to 5 sapphire disks and
the electromagnetic response was tested for different cases of equidistant
disk positions. To achieve high sensitivity of the receiver, an INP-HEMT op-
erating at an ambient temperature of 4 K is used. The ampli er has a noise
temperature of 5 6 K and a gain of 33 dB, which is suf cient to determine
the noise performance of the receiver. The frequency down-conversion is
done at room temperature to a center frequency of 26 MHz with a total
bandwidth of approximately 50 MHz. Data acquisition happens using four
time-shifted digital 16 bit samplers with a sampling rate of 200 10°s 1!
and internal FPGAs for real time FFT calculation and subsequent averaging.
This method allows the reduction of the system dead-time (the period after
the recording of a pulse when a detector is unable to record another) from
75% to less than 1%. The bin-width of the Fourier transform is 2.048 kHz.
A fake-axion signal with a level of 1.2 10 22 W and a bandwidth
of about 10 kHz was injected with a 4 K background temperature. This
fake axion signal could be detected in a cross-correlation within two days
measurement time with & 4.8 s separation from background. The power
spectrum is shown in Figure (6). The receiver thus meets the rst expecta-

tion.
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Figure 6: The receiver setup is used to record a test signal at 18.4 GHz and a power of
1.2 10 22 W. The region of the signal is represented in the inset together with the

background t (top inset) and the residuals from the background t (lower inset). The test

signal is detected with a signi cance of & 4.8s. The location of the inset is indicated by the

arrow [3].

The power boost factor b? can be calculated and the transmissivity and
re ectivity of the haloscope are correlated to it. Since the boost factor cannot
be measured directly, the correlation with the group delay, transmissivity
and re ectivity are used. It is more feasible to consider its phase or the
group delay tg = dF/ dw with F the phase of the re ected signal and w
the angular frequency. The group delay can be qualitatively understood as
the mean retention time of re ected photons within the booster, mapping
out resonances. The correlation between boost factor and group delay is
shown in Figure (7) (right) for a set of four equally spaced disks at 7 mm
distances. Here, it manifests predominantly in the correlation to the group

delay peak at the highest frequency.
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Figure 7: The picture on the left shows the prototype booster with 4 disks installed. The
image on the right compares the simulated (blue) and measured (red) group delays for a
typical 4 disk setup after optimization of the spacing (7 mm distances) of the disks. The

grey dashed line represents the corresponding power boost factor [3].

The prototype setup in Figure (7) (left) consists of a copper mirror placed
behind four sapphire disks, each with a dielectric constant of e 9.4 per-
pendicular to the beam axis, a thickness of 1 mm, and a diameter of 200 mm.
Precision motors change their position with an accuracy of a few um after
accounting for temperature effects and mechanical hysteresis. The phase
and amplitude of a re ected signal at a given frequency can be measured
using a Vector Network Analyzer (VNA) connected to the antenna shown
in Figure (8).

The temporal stability was investigated using longterm (15 h) re ec-
tivity measurements with up to 4 disks without any disk movement. The
frequency stability of a single group delay peak was of the order of 2 MHz
corresponding to a disk position variation of less than a um. The variations
are attributed to mechanical vibration or thermal contraction in the setup.
Compared to the envisioned boost factor bandwidth of 50 MHz, this indi-
cates that long-term stability of the system is suf cient even without active
vibrational damping and with temperature uctuations of the order 1 C.

The disk positions are determined by matching the group delay of the
system to the prediction of the 1D model. Optimization schemes need to

be employed, to minimize the number of function evaluations correspond-
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Figure 8: The graph shows the reproducibility of t results. The left image shows the
motor position offsets d; after tting the physical disk positions such that the observed
group delay matches the simulation. Right: Boost factor amplitude and position variation
after tting the model to each of the measured group delays corresponding to the data

points in the left plot [3].

ing to a realignment of the setup and measurement of the electromagnetic
response — while avoiding convergence in local minima. The convergence
criterion requires changes of the motor positions of less than a um. Fig-
ure (8) shows the distribution of motor positions after repeating the opti-
mization multiple times. While the repeatability in single spacing is bet-
ter than 40 um, the electromagnetic response is degenerate in the disk
spacings, such that higher disks separations at the one end can be partially
compensated by smaller spacings on the other end of the booster. To infer
the effect on the power boost factor, the disk positions in the model are op-
timized such that the model predicts the various measured group delays.
The change in frequency and power boost are outlined in Figure (8), being
Db2.« 10%bZ . and Df  10% FWHM. The conclusion is that the sys-
tem can be aligned to match the predicted response and achieve the desired
boost factors within acceptable accuracy for up to ve disks at equidistant

spacingsof 6 9 mm [3].
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2.8.3 Full Scale Booster Plans

The proof of principle setup is useful to learn about important physical
properties and resulting challenges for the booster. But the full scale setup
shall boost the microwave signal to a power suf cient to detect the axion
in the proposed mass range of approx. 40 peV to 400 peV. State of the art
radiometers in this frequency range can detect signals of 10 23 W within
one week of measurement time. The axion induced emission by a perfect
mirror of 1 m 2 surface area inside a 10 T magnetic eld however is only
of the order of 10 27 W. But with the help of dielectric disks of the same
size as the mirror, a booster setup can be arranged to enhance the emitted
signal. Disks and mirror with area larger than 1 m 2 are not feasible for cur-
rent magnet designs. A bore which ts larger disks inside is technically
dif cult while maintaining a large 10 T magnetic eld [13]. Neglecting any
losses the required boost to create a detectable signal is 10*. This can be
achieved by using 80 LaAlO3 (lanthanum aluminate) plates with a dielec-
tric constant of e = 24. Such a con guration can generate a suf ciently high
power boost with a width of approx. 50 MHz. A conceptual sketch of this
setup is shown in Figure (9) [3]. However, this is just a rst concept for the
nal setup. Details like e.g. the exact number of disks is still a matter of
ongoing research. Also for example the nal magnet design is not xed yet
and various systematics of the booster have to be understood. Loss mecha-
nisms for example could play an important role to determine the optimum

number of disks.

2.9 Experimental Challenges and Open Questions

It is necessary to study the feasibility of building a full scale booster setup
which can produce the required boost factor. With proof of principle setups
R&D efforts can be conducted. With the help of these setups information

can be gathered about how the full scale setup should be designed, and
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Figure 9: Preliminary baseline design of the MADMAX approach. The setup can be di-
vided into three parts: (1) magnet (red racetracks), (2) booster-consisting of the mirror
(copper disk at the far left), the 80 dielectric disks (green) and the system to adjust disk
spacing (not shown) (3) the receiver-consisting of the horn antenna (yellow) and the cold
preampli er inside a separated cryostat. The focusing mirror is shown as an orange disk
at the right. [3]

what the challenges for the projected measurement are? Simultaneously,
analytical considerations can be made about the measurements with the
full scale booster. One of these considerations is the sensitivity of the setup

to inaccurate positioning of the disks [22].

2.9.1 Noise Considerations

Noise in the receiver system is a limiting factor for the detection of a poten-
tial signal. It can be minimized by using low noise ampli ers and cooling
devices, but still random noise uctuations can mimic signals. The axion
signal has an expected linewidth of 10 © n, where n is the frequency at
which the signal appears. Noise uctuations and signal look similar and
therefore false signals must be identi ed and excluded. This results in a
two-stage measurement strategy: a broadband scan to cover a range of ax-
ion masses and a re-scan procedure where potential signals are re-measured
with a narrow boost factor to prove or disprove the detection of a real signal.

Especially interesting here is if in fact the number of false positives obtained
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with measurement of the already existing receiver system are as expected
[22].

2.9.2 Disk Spacing Inaccuracy

The nal output signal depends on the boost factor and the shape of boost
factor curve changes by changing the spacings between disks. 1D simula-
tions show that certain spacings between the disks can lead to boost factors
with certain value and bandwidth. Through simulations one can nd out
spacings which correspond to a desirable boost curve. But variation in these
spacings will lead to variations in the boost factor. Therefore, a detailed er-
ror analysis is required to nd out the effect of spacing inaccuracies on the

boost factor for different bandwidths.

2.9.3 Disk Spacing Measuring Setup

A state-of-the-art setup is required which can measure the spacings between
the disks with up to 1 um accuracy. So that the nal squared boost factor
remains above a xed threshold value for some xed bandwidth. Two se-
tups are under consideration and some of their properties are discussed in

the next section.
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Figure 10: The setup of the SOFO system [23]

3 Experimental Techniques

3.1 SOFO Measurement System

The deformation monitoring system, SOFO, is based on low-coherence in-
terferometry in single-mode optical bres. There are three main elements
of this system: the reading unit, the standard bre optic sensor, and the
data acquisition and management software. Figure (10) represents all the
components along with the functional principle of the system.

The reading unit consists of a light emitting diode (LED), a low-coherence
Michelson interferometer with a mobile scanning mirror, optical compo-
nents and an internal computer. Two single mode optical bers: the mea-
surement ber and the reference ber, generally make up the sensor. The
measurement ber is in mechanical contact with the host structure (since
it used in buildings so this hosts structure is the structure of the building)
at two points and follows its deformation (relative displacement between
these two points). The reference ber, placed close to the measurement
ber, is loose and independent of the behavior of the structure. Any de-
formation of the structure will change the length difference ( DI) between

the two bers.
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The LED emits infrared light and sends it through the single mode op-
tical bre to the sensor, the coupler splits it and gets injected into the two
arms of the sensor. Then, the light re ects off the mirrors deposed on the
ends of each of the bres and returns through the coupler to the reading
unit, i.e. to the compensating Michelson interferometer. The information
about the path difference between the measurement and the reference bre
is contained in the interfered light. This difference is compensated using
the mobile mirror and transmitted to an external computer. By successively
repeating the measurements, it is possible to determinate the evolution of
the deformation or displacement of the structure under observation. The

resolution of the system is 2 um [23].

3.1.1 Displacement Sensor Design

The SOFO measurement system got modi ed for the Large Hadron Col-

lider (LHC) at CERN to face extreme environmental conditions. Since it

was not possible to use the standard bre optic sensor for measurement of
LHC dipole magnet cold mass displacement, a new sensor, called displace-
ment sensor, was developed. Multiple constraints have been imposed to
the displacement sensor design due to the extreme environmental condi-
tions (1.9 K temperature and vacuum) and the geometry.

It was decided to use a light beam propagating in the space between an
optical head installed on the inner wall of the vacuum vessel and a mir-
ror attached to the external surface of the cold mass (called cold-mass mir-
ror, see Figure (11)). Optical bres are used to bring the light in and out
of the vacuum tube and also as reference path in the optical head. The
vacuum vessel and the thermal shield constrain the only free space where
the optical head can be installed, and the distance between them limits its
transversal dimension to 30 mm. The optical head is thermalised to the
vacuum vessel. The cold-mass mirror is subjected to temperatures as low

as 1.9 K ( 271 C) and must not get damaged during a cool-down to
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Figure 11: A representation of the principle of functioning of displacement sensor [23].

1.9 K. The optical head, installed on the interior of the vacuum vessel is to
be connected with the reading unit, which is at the exterior; hence, a special
vacuum feedthrough allowing this connection must be conceived.

The design criteria imposed on the displacement sensor are discussed
one by one. All parts of the sensor as well as the feedthrough must function
in vacuum without signi cant out-gassing. During the cooling and oper-
ation, the cold mass is subjected to small horizontal and vertical rotations.
This leads to the tilt of the cold-mass mirror. Poor alignment of the mirror
with respect to the incoming light beam can also produce tilt. The estimated
tilt of the cold-mass mirror is less than 1 mrad. The tiltin uence on the mea-
surement is restricted using a double pass delay line. The working distance
of the sensor is approximately 150 mm; such large working distance, com-
bined with possible tilt of the cold mass mirror, can signi cantly decrease
the intensity of the re ected beam, which is indispensable for a good mea-

surement [23].

3.1.2 Concept of Displacement Sensor

Figure (11) shows the schematic representation and a picture of the optical

head without the cover. Also, it shows the working principle of the Dis-
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placement Sensor. The optical head consists of a coupler, reference bre,
ferule, lens and the head-mirror. An aluminium armour protects all parts of
the optical head. The transversal dimension of the armour is of 30 mm. The
optical head, including the reference bre, is thermalised with the vacuum
vessel hence it works under almost constant room temperature. The optical
path and the reference bre have about the same optical length and consti-
tute a Michelson interferometer. This interferometer is demodulated using

the SOFO reading unit [23].

3.2 Distance Measurement Project by HighFinesse

A novel setup is under development by the HighFinesse laser and electron-
ics group Tuebingen, Germany. The goal of the project is to develop a mea-
surement system that can measure disks spacings between sapphire plates
on three measurement locations per plate with an accuracy better than 1
micrometer. The planned measurement range of the system is up to a few
m. Preliminary test measurements reveal that because of the mechanical
instabilities of the test system, temperature and pressure uctuations in the
environment, nm-scale measurements may only be performed in a vibra-

tion free system under vacuum.

3.2.1 Description of the System

Figure (12) shows the hardware setup, which consists of a laser system and
data acquisition electronics (not shown in this picture), and optical setup

implemented on the test system. The optical resonator, which is the base of
the measurement method, consists of mirrors attached to the disks. A single
disk is xed and serves as a reference plane, the other plate is movable by
a stepper motor (P1 L-220.70DG). A software customized to give real-time

measurement data has also been developed.
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Figure 12: An image of the HighFinesse positioning test system with the installed stepper

motor and mirrors.

4 Results and Discussion

Some of the work in this section till subsection (4.1.7) is a recreation of the
work of the MADMAX white paper [4]. Also, some disks spacings have
been taken from the MADMAX con uence page but the rest of the work is

my original work.

4.1 Generic Examples

There are two generic ways to boost the EM radiation emitted by a sin-
gle interface. The rst one is the coherent superposition of the radiation
from many surfaces, the second one is through the creation of a resonance
between two re ecting surfaces. A realistic layered haloscope takes advan-
tage of both effects in what can be a complicated arrangement of dielectric
disks. In this section, several generic examples are considered which illus-
trate these effects: a single dielectric disk, a resonator or cavity consisting of
a dielectric disk at some distance in front of a perfect mirror, and a series of

equally and variably spaced dielectric disks [4].
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4.1.1 Single Dielectric Disk

A single dielectric disk is the basic building block of a dielectric haloscope,
so we will make it as the rst generic example. We will take a disk of
thickness d, in nite in the transverse direction, with index of refraction

n n,; > 1, surrounded by vacuum with ng = ny, = 1. In this and up-
coming examples we assume that the external eld Bg is the same in all
regions. The phase accrued by an EM wave with frequency w traversing
thisdiskis d d; = nwd.

Equation (13) and (15) get modi ed into:

0 1 0 1
1 .h+1 n 1 1..n+1 1 n
Geu= — @ A . Gue= 2 @ A (31)
2N n 1 n+1 2 1 nn+1
and
1 n? nz 1
Seu = 2n2 l ) SUe = 2n2 (32)

For a dielectric disk, the total transfer and axion source matrices are given
by
Tp = GuePeGeu and Mp = Syet GuePeSeu. (33)

The explicit forms of transmission amplitude coef cient and boost factor is

2n
To = 4
D~ ncosd+(nZ+ 1)sind (34)

(n? 1)sind/2
nZsind/2 + ncosd2
The disk becomes fully transparent for frequencies w; = jﬁ?—d, where | =

BD:

(35)

0,1,2,..., while the boost factor vanishes for even values of j. The boost

factor is maximal for sin (d/2 ) = 1 and is given by

1

pmax= 1 . for j=1,3,.... (36)

Figure (13), shows the re ection and transmission coef cients along with

the boost factor for a single disk. The average squared boost factor of equa-
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Figure 13: For a dielectric disk, transmission coef cient jTpj (solid), re ection coef cient
jR pj (dotted) and boost factor jBpj (dashed) are shown in the picture. n = 2,3 and 4 (red,
black and blue) are used. The phase depth of the disk d = nwd is plotted on the horizontal

axis, where d is the thickness of the disk.

tion (28) becomes

D E

iBoj2 = 1 -

o o~ (37)

4.1.2 Mirror With a Dielectric Disk

The same matricesGey and Sgy as de ned in the previous section are needed
to derive the boost amplitude analytically for a mirror with a disk. The ma-
trix which advances the phase in the vacuum gap between mirror and disk
is given by P, = diage" % e %) where d, = wdy, and dy is the physical
width of the gap. For the disk we now write P, = diag(e" ®,e %) where
de = nwde is the phase depth of the disk. Moreover, we need the trans-
fer matrix for the interface from mirror to vacuum Gys where s symbolizes

the large conductivity of the mirror, and we also need the source matrix Sys.
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Writing the compound expression, as usual from left to right for a 1D cauvity,
Tc = GuePeGeuPuGus (38)

Mc = Suet GuePeSeut+ GuePeGeuPuSus. (39)
The boost amplitude in this case becomes

1 (1 L)[cosdy(1 cosde)+ nsindesind,]
c- e dcosd sinde(scosd, + nsind,)

This is periodic in both de and d,. Figure (14) shows the boost factor bc =

(40)

jBcj as a function of de and d,. jbj2 averaged over all frequencies and for

xed con guration becomes

D E 1

jBcj? =1+2 1 - 1 L

) (41)

The resonant mode occurs whend, = p and de = p/2, shown by the
resonant lines in Figure (14). The boost amplitude in this case is given by

max — 1
bc® = 2n = (42)

When d. = p or an odd multiple then the disk becomes transparent and the
boost factor becomes
1

be(e=p)= 1 1 3

2cosd, . (43)

4.1.3 Equally Spaced Disks

To boost the outgoing waves, a setup with multiple dielectric layers can be
used. As a simple case we consider a sequence of N equally sized, equally
spaced dielectrics with index of refraction n and thickness de (phase depth
de = nwdg). In terms of the transfer matrices used in section (2.7.4), we now
have a sequence of layers (from left to right) consisting of a disk plus a vac-
uum gap, i.e., each such layer has the transfer matrix GyePeGeyPy, iterated

N times, and removing one surplus vacuum gap at the end. We then have
T = ( GuePeGeuPu) N Py 1= (To Pu)N Py ! (44)
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Figure 14: Cavity boost factor jBcj of a mirror and a dielectric setup is portrayed in this
image. Here, jB¢j depends on the phase depth of the disk de = nwde (vertical axis) and on
the phase depth of the vacuum gap d, = nwdy (horizontal axis). If the distance between
the mirror and the disk is kept constant then the variation of w leads to resonances that
occur at deo/ dy = nde/ dy = 1/2 or 3/2. The transparent line is for d,/ depsilon= 1. These
lines are drawn are drawn for the condition of keeping the physical distances xed, while
changing the frequency. A single point along each line corresponds to full resonant and

transparent behavior.
[
N 1
M = Mp+ ToPuMp + ToPyToPiMp+ = § (ToP)® Mp. (45)

s=0

As two parameters ds and d, controls this setup, in principle the full param-
eter space can be studied. Moreover, one can derive an analytic solution
for the boost amplitude as a function of N, n, d. and d, because the matrix
powers which appear in equation (44) and (45) can be solved explicitly in
a basis where these matrices are diagonal. However, the resulting expres-
sions for matrices are too complicated to be illuminating even for small N.

The squared average for this setup is given by

D E
o 1 1
jBrj> = N 1 1 =

o = (46)
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Figure 15: The boost factor is shown here for N = 11 equally spaced disks with refractive
index n = 5. The phase depths are arranged asd./ d, = 1/2. The base frequency wg

corresponds to | /4 in the dielectric.

Which is N times of what we achieved for a single disk in equation (37) In
gure 15, it is shown that for N = 11 disks and a refractive index n = 5, the
boost factor on its resonance reaches around 111 and thus exceeds the nom-
inal benchmark value of 100. The full width at half maximum (FWHM)
of the jBj? resonance is 0.7 10 3, so if ng = Wg/2 p is 25 GHz, then the
FWHM is around 18 MHz, so b 100 is reached for only a very narrow
range. In order to satisfy the Area law, the integrated ij2 is proportional to
N, whereas the peak of jBj? scales with N4 and its width with N 3. There-
fore, further increase in N, with quick increase in the peak signal, makes it
exceedingly narrow, in practice probably too narrow for a controlled and
stable operation.

To get a large boost factor without very narrow resonances, we now con-
sider the opposite extreme where the response functions are very broad for
a given number of disks. In particular, we consider the homogeneous halo-
scope adjusted such that the distance between disks isd, = nde, implying

that the phase depths are the same,d, = wdy, = de = nwdg, the transparent

44



setup [24]. For the frequency wg = p/ dy = p/ (nde) both the dielectric lay-
ers and the vacuum gaps each accommodatel /2 of the EM wave. Here, all
the dielectrics emit EM wave whose amplitude is given by the boost factor
bp given by equation (36). p is the phase depth of every gap and every disk,
which makes the phase accrued by propagation through a vacuum gap plus
the next disk 2p. Therefore, all the amplitudes add up coherently, leading
to a combined boost factor of

K3

bT:NbD:N 1 nZ

(47)

For frequencies which are de-tuned from full transparency by a small
amount w = wg(l+ s) with jg 1, after passing a disk plus a gap, the
EM wave accrues an extra phase 2 s. After N disks and gaps this amounts
to 2p sN, leading to fully destructive interference if s= 1/ (2N). Therefore,
for the frequency range over which the boost factor is strongly enhanced,
we expectDw  wp/ N. The emitted power scales asb? p N?, this implies
that an increase in N increases linearly the ratio of the power to the band-
width. This behavior is in stark contrast to increasing the quality factor Q
in a resonator, where P p Q and the bandwidth p Q 1.

The full expressions for T and M can be used for frequencies other than
Wg to obtain the response of the haloscope. The boost factor of a homo-
geneous setup with N = 1, 2 and 20 dielectric layers (n = 3), is shown in
Figure (16). The central peak of the boost factor increases and gets narrower
as N increases. To reveal this scaling explicitly we show in Figure (17) the
real and imaginary parts of B/ N as a function of N(w  wg)/ wg. The cen-
tral peak of the scaled boost factor as a function of w for two disks is quite
similar to that for twenty disks, i.e., it is a nearly universal function. At
the edge of the central peak, the imaginary part dominates the boost am-
plitude, i.e., the emerging EM wave is strongly phase shifted relative to the
primary axion eld. However, over most of the frequency range the real

part of B dominates. As a function of frequency, the boost factor is almost
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Figure 16: Boost factor jBj for sets of N = 1, 2, 20 (red,black, blue) for dielectrics (n = 3)
is presented here. The thickness of the disks isde = p/ nwg and disks are separated by

vacuum gaps of dy, = p/ wy, i.e., for w = wg we have the transparent mode.

box-shaped. Its frequency average was given in equation (46) for any ho-
mogeneous haloscope.

Adding more disks concentrates the response around w = wg, which
means that the height of the central peak increases with N, whereas its
width decreases with 1/N . Similarly, increasing n narrows the boost pro le
and increases it. At the same time, the dips in the transmission and boost
factors increases. The central depression of the boost factor has a value
given by equation (47) and does not change much with increasing n. How-
ever, the height of the two bumps increases, so the pro le loses its box shape

for larger n.

4.1.4 Disk Spacing Inaccuracy

A realistic setup, cannot have arbitrarily precise distance between dielectrics

and thus cannot be precisely adjusted to d. = p/ wg for every gap r =
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Figure 17: For sets of N = 1, 2 and 20, the real and imaginary part of the boost amplitude,
and the boost factor are plotted here. The amplitude is scaled with 1/N, frequency with N

to make the central peaks of similar size for all N values.

1,...,N 1 (neglecting the dielectric regions). Rather, each gap distance
will have an uncertainty Dd,. If these errors are small, then the boost factor

for the many disk transparent mode bt = Nbp = N(1 1/ n?) changes to

N1
br § eWodro1Ddo (48)
r=1

The average shift of the power boost factor is negative and can be estimated

by assuming Gaussian positioning errors with standard deviation ~Dd? =

2

S®as

(49)

D E
o = el DN 2N 3,

Rewriting these results as a function of the boost factor itself we get Db%

w2s?b3/6. In order to secure the control over the boost factor we would

need
Db?

& wis?b 1 (50)
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whichimplies s |/ (pr b) with | the wavelength. Therefore, we need

1® Y2 100 pev
s 200um = T“e , (51)
a

As s p b 12 so the sensitivity varies slowly with b.

However, different setups with same b do not show the same sensitivity
to errors: setups arranged so that the boost factor is a local maximum with
respect to changing the positions of the dielectrics can be more susceptible
to error as all errors necessarily reduce the boost factor. Further, much larger
bandwidth can be achieved by a setup with many dielectrics than a cavity
[4]. To see how the boost factor changes by the misalignment of the disks in

1D some simulations are generated in sections (4.1.7,4.1.8).

4.1.5 Broadband Response

For a realistic haloscope, a resonant response function is not necessarily
optimal, depending on various practical considerations. If the number of
dielectric disks is constant with uniform thickness of each disk, then adjust-
ing each vacuum spacing independently offers a large number of degrees
of freedom to tailor a frequency-dependent response function within the
limitations of the Area Law.

Asymmetric setups should be studied for practical experiment. A neces-
sary trait is the ability to search a wide mj range via a scanning procedure.
Speci cally chosen thicknesses for the dielectrics are required by the setups
discussed in the previous sections and also by those considered in [24, 25].
Theses setups also need a new set of disks for each measurement, which is
impractical.

It is useful to have both broad rectangular (top-hat) responses and nar-
row resonant ones for a realistic experiment. Broadband setups are less sen-
sitive to positioning errors and compensate for the potentially non-negligible
time tr required to readjust the disk positions between measurements. With

a broadband response, one can scan a large frequency range in one go, and
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Figure 18: A setup with 20 dielectric disks of permittivity 24, separated by distances of

around 7 mm to get a central boost at 22 GHz. It can scan a frequency range of 250 MHz.

then use narrow resonances to con rm or reject a potential detection. While
the homogeneous setup discussed in section (4.1.3) can be adjusted between
a wide range of frequencies, the ability to move from broadband to narrow-
band responses at the same central frequency is still lacking. To show that
such versatile setups are possible, dielectric disks of xed uniform thick-
ness, with each vacuum gap as a separate degree of freedom are considered
here. Adjusting these spacings, we will see that one can control the height,
width, shape, and position of the boost factor as a function of frequency.
From now on, the focus will be on setups which have a mirror on one
side of the disks. This ensures that the full power emerges at the non-mirror
side direction of the setup and can be measured by a single detector. Other-
wise, we would need two detectors, which will introduce new issues about
adding the signals coherently or incoherently and introducing two sources
of detector noise. Also, since the output power is proportional to the b?,

so we will be concerned more with b? = ij2 than the boost factor. Our
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speci c examples e.g. the one shown in gure 18 use a set of 20 aligned
dielectric disks (1 mm thick, refractive index n = P 24), providing enough
degrees of freedom to make our point, yet few enough to handle them with
relative ease. Our benchmark frequency is 22 GHz (m; 88 peV), which
corresponds to a vacuum wavelength of | ¢ = 1.36 cm and a wavelength
in the dielectric of | ¢ = | o/ n = 0.27 cm, i.e., there is no special relation

between the disk thickness and chosen central frequency [4].

4.1.6 Shifting the Response in Frequency Space

In a realistic experiment one needs to scan over a much broader frequency
range. It is one of the main attractions of our approach that one can eas-
ily shift the response function from its original center, for example in steps
of 250 MHz to achieve continuous coverage of a broader search range, as
shown in Figure (19). The spacings of the variants of the original graph can
be further modi ed by adding random spacings in micrometers to them,
until a speci ¢ bfnm is reached. The resulting disk spacings for a shifted con-
guration are very similar to the previous ones and indeed we always used
the previous con guration as a starting point for nding the next shifted
one. Notice that the ability to shift the response function in this way de-
pends on the dielectrics not having a special thickness relative to the chosen
frequencies, i.e., they are neither transparent nor fully re ective.

The same boost factor for all con gurations cannot be reached, i.e. the
central frequency relative to the chosen dielectric thickness is not irrelevant.
A single set of dielectrics is not enough to scan all frequencies. When the
disks are transparent, then Min [b(n)] 2N + 1. It can be shown that,
the disks do not emit any radiationat n= 2,4, 6, p/ P ed. Therefore, a
realistic dielectric haloscope will require at least two sets of disks of different

thicknesses to avoid such issues [4].
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Figure 19: A setup with 20 dielectric disks of permittivity 24, separated by distances which
are arranged to get a minimum squared boost factor around 3350, shown by the purple
colored area graph (the rst one from left side). The bandwidth is 250 MHz. The frequency

range was shifted towards higher frequencies by changing the disk spacing.

4.1.7 Effect of Inaccuracies in Disks Spacing on Boost Factor

The setup which produced gure 18 is taken again and Gaussian random
numbers with different standard deviations are added to the disk spacings.
Random numbers for each standard deviation are iterated ten thousand
times and the corresponding boost factors are calculated. The 5" and 95"
percentile of the squared boost factor distribution are shown in Figure (20).
The original spacings setup (represented by the red curve) has a squared
boost factor of b> 3500 for a 250 MHz bandwidth. Variations up to 0.1 pm
in the spacings shows small variations in b2. So in this setup up to 1 pm
variation in disks spacings is reasonable if we want our squared boost fac-
tor to be above 2500 with a bandwidth of 250 MHz, as shown in Figure (21)

left. Accuracy up to 5 um can decrease b? below 2000 at certain frequencies,
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Figure 20: Disks spacings of gure (18) are taken and the squared boost factor produced
is shown as the red curve which is centered around 22 GHz. The b? at the the top of the
image is the minimum b? for this red curve. N is the number of disks in the setup and e
is the dielectric constant of them. Then Gaussian random variations of the disks spacings
with precision of standard deviations of 0.1, 1, 5, & 10 um are iterated 10,000 times, for
each standard deviation. The corresponding boost factors are calculated. The lower line of
each area graph shows the 8" and the upper line of each shaded color represents the 95"

percentile of the squared boost curves. The in between has been lled with colors.

if we look at its 5 percentile. Or it can be above 2500 if we search the fre-
guency range of 22.006 22.247 GHz, with a bandwidth of 240 MHz, with
the 5 um accuracy. Similarly, with an accuracy of 10 um, there is a chance
that b? can go below 1000, at certain frequencies.

The distribution of 10,000 b? associated with Gaussian random varia-
tions of disk spacing with 1 pm precision is divided by the  b? (red/original
curve in Figure (20)) associated with the spacings which gives the maxi-
mum bfnin. The graph of this normalized distribution of b? for the frequency
range of 22 22.25 GHz is shown in the right side graph of Figure (21). It

shows that b? due to random variations of disks spacings with a precision of
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Figure 21: The left graph shows the 5™ and 95 percentiles of the boost factor for an error
of 1 um in the spacing of the disks for the 250 MHz bandwidth setup. The graph on the
right side is obtained when the 10,000 boost factors for the 1 um precision of the Gaussian

random variations of spacings are normalized and plotted against frequency.

standard deviation of 1 um uctuates between -25 and +25 % of the original
b2. The maximum variation can be seen for the frequencies around 22 GHz.
A similar graph was plotted for the 5 um variation and the frequencies be-
low 22.1 GHz showed more variation in the b? than the ones above it. The
variation was between -80 and +80 %. For the 10 um variation it was be-
tween -99.95 and +250 %. This asymmetry could be due to squaring the
absolute value of B, which eliminates negative values.

Similarly, the distribution of 10,000 b? associated with variations of disk
spacing for each standard deviation is divided by the b? (red/original curve
in Figure (20)) associated with the spacings which gives the maximum bfmn.
Histograms of these normalized boost factors are plotted in Figure (22) for
each standard deviation. Normal distribution ts are applied to them and
the standard deviation ( s) of each t is shown in the legend. The infor-
mation about the variation of b? for each frequency is lost but the overall
variation of the b? is summarized in the s of the t. The larger the sigma
of the t the more the variation in the b? and vice versa. Thes of the t
increases as the variation in the spacings between disks increases.

The spacings of Figure (18) are modi ed so that the bandwidth narrows
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